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Preface

Almost periodic solutions of differential equations have been studied since the very
beginning of this century. The theory of almost periodic solutions has been de-
veloped in connection with problems of differential equations, dynamical systems,
stability theory and its applications to control theory and other areas of mathemat-
ics. The classical books by C. Corduneanu [50], A.M. Fink [67], T. Yoshizawa [231],
L. Amerio and G. Prouse [7], B.M. Levitan and V.V. Zhikov [137] gave a very nice
presentation of methods as well as results in the area. In recent years, there has been
an increasing interest in extending certain classical results to differential equations
in Banach spaces. In this book we will make an attempt to gather systematically
certain recent results in this direction.

We outline briefly the contents of our book. The main results presented here are
concerned with conditions for the existence of periodic and almost periodic solutions
and its connection with stability theory. In the qualitative theory of differential
equations there are two classical results which serve as models for many works in
the area. Namely,

Theorem A A periodic inhomogeneous linear equation has a unique
periodic solution (with the same period) if 1 is not an eigenvalue of its
monodromy operator.

Theorem B A periodic inhomogeneous linear equation has a periodic
solution (with the same period) if and only if it has a bounded solution.

In our book, a main part will be devoted to discuss the question as how to ex-
tend these results to the case of almost periodic solutions of (linear and nonlinear)
equations in Banach spaces. To this end, in the first chapter we present introduc-
tions to the theory of semigroups of linear operators (Section 1), its applications
to evolution equations (Section 2) and the harmonic analysis of bounded functions
on the real line (Section 3). In Chapter 2 we present the results concerned with
autonomous as well as periodic evolution equations, extending Theorems A and
B to the infinite dimensional case. In contrast to the finite dimensional case, in
general one cannot treat periodic evolution equations as autonomous ones. This is
due to the fact that in the infinite dimensional case there is no Floquet represen-
tation, though one can prove many similar assertions to the autonomous case (see
e.g. [78], [90], [131]). Sections 1, 2 of this chapter are devoted to the investigation
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by means of evolution semigroups in translation invariant subspaces of BUC(R,X)
(of bounded uniformly continuous X-valued functions on the real line). A new tech-
nique of spectral decomposition is presented in Section 3. Section 4 presents various
results extending Theorem B to periodic solutions of abstract functional differential
equations. In Section 5 we prove analogues of results in Sections 1, 2, 3 for dis-
crete systems and discuss an alternative method to extend Theorems A and B to
periodic and almost periodic solutions of differential equations. In Sections 6 and 7
we extend the method used in the previous ones to semilinear and fully nonlinear
equations. The conditions are given in terms of the dissipativeness of the equations
under consideration.

In Chapter 3 we present the existence of almost periodic solutions of almost pe-
riodic evolution equations by using stability properties of nonautonomous dynam-
ical systems. Sections 1 and 2 of this chapter extend the concept of skew product
flow of processes to a more general concept which is called skew product flow of
quasi-processes and investigate the existence of almost periodic integrals for almost
periodic quasi-processes. For abstract functional differential equations with infinite
delay, there are three kinds of definitions of stabilities. In Sections 3 and 4, we prove
some equivalence of these definitions of stabilities and show that these stabilities fit
in with quasi-processes. By using results in Section 2, we discuss the existence of
almost periodic solutions for abstract almost periodic evolution equations in Sec-
tion 5. Concrete applications for functional partial differential equations are given
in Section 6.

We wish to thank Professors T.A. Burton and J. Kato for their kind interest,
encouragement, and especially for reading the manuscript and making valuable
comments on the contents as well as on the presentation of this book. It is also our
pleasure to acknowledge our indebtedness to Professor S. Murakami for his interest,
encouragement and remarks to improve several results as well as their presentation.
The main part of the book was written during the third author (N.V. Minh)’s visit
to the University of Electro-Communications (Tokyo) supported by a fellowship of
the Japan Society for the Promotion of Science. He wishes to thank the University
for its warm hospitality and the Society for the generous support.
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CHAPTER 1

C0-SEMIGROUPS, WELL POSED EVOLUTION
EQUATIONS, SPECTRAL THEORY AND
ALMOST PERIODICITY OF FUNCTIONS

1.1. STRONGLY CONTINUOUS SEMIGROUPS OF LINEAR OP-
ERATORS

In this section we collect some well-known facts from the theory of strongly contin-
uous semigroups of operators on a Banach space for the reader’s convenience. We
will focus the reader’s attention on several important classes of semigroups such as
analytic and compact semigroups which will be discussed later in the next chapters.
Among the basic properties of strongly continuous semigroups we will put emphasis
on the spectral mapping theorem. Since the materials of this section as well as of
the chapter in the whole can be found in any standard book covering the area, here
we aim at freshening up the reader’s memory rather than giving a logically self
contained account of the theory.

Throughout the book we will denote by X a complex Banach space. The set
of all real numbers and the set of nonnegative real numbers will be denoted by
R and R+, respectively. BC(R,X), BUC(R,X) stand for the spaces of bounded,
continuous functions and bounded, uniformly continuous functions, respectively.

1.1.1. Definition and Basic Properties

Definition 1.1 A family (T (t))t≥0 of bounded linear operators acting on a Banach
space X is a strongly continuous semigroup of bounded linear operators, or briefly,
a C0-semigroup if the following three properties are satisfied:

i) T (0) = I, the identity operator on X;

ii) T (t)T (s) = T (t+ s) for all t, s ≥ 0;

iii) limt↓0 ‖T (t)x− x‖ = 0 for all x ∈ X.

The infinitesimal generator of (T (t))t≥0, or briefly, the generator, is the linear op-
erator A with domain D(A) defined by

D(A) = {x ∈ X : lim
t↓0

1
t
(T (t)x− x) exists},

Ax = lim
t↓0

1
t
(T (t)x− x), x ∈ D(A).

The generator is always a closed, densely defined operator.

7



8 CHAPTER 1. PRELIMINARIES

Theorem 1.1 Let (T (t))t≥0 be a C0-semigroup. Then there exist constants ω ≥ 0
and M ≥ 1 such that

‖T (t)‖ ≤Meωt, ∀t ≥ 0.

Proof. For the proof see e.g. [179, p. 4].

Corollary 1.1 If (T (t))t≥0 is a C0-semigroup, then the mapping (x, t) 7→ T (t)x is
a continuous function from X×R+ → X.

Proof. For any x, y ∈ X and t ≤ s ∈ R+ := [0,∞),

‖T (t)x− T (s)y‖ ≤ ‖T (t)x− T (s)x‖+ ‖T (s)x− T (s)y‖
≤ Meωs‖x− y‖+ ‖T (t)‖‖T (s− t)x− x‖
≤ Meωs‖x− y‖+Meωt‖T (s− t)x− x‖. (1.1)

Hence, for fixed x, t (t ≤ s) if (y, s) → (x, t), then ‖T (t)x− T (s)y‖ → 0. Similarly,
for s ≤ t

‖T (t)x− T (s)y‖ ≤ ‖T (t)x− T (s)x‖+ ‖T (s)x− T (s)y‖
≤ Meωs‖x− y‖+ ‖T (s)‖‖T (t− s)x− x‖
≤ Meωs‖x− y‖+Meωs‖T (t− s)x− x‖. (1.2)

Hence, if (y, s) → (x, t), then ‖T (t)x− T (s)y‖ → 0.

Other basic properties of a C0-semigroup and its generator are listed in the following:

Theorem 1.2 Let A be the generator of a C0-semigroup (T (t))t≥0 on X. Then

i) For x ∈ X,

lim
h→0

1
h

∫ t+h

t

T (s)xds = T (t)x.

ii) For x ∈ X,
∫ t
0
T (s)xds ∈ D(A) and

A

(∫ t

0

T (s)xds
)

= T (t)x− x.

iii) For x ∈ D(A), T (t)x ∈ D(A) and

d

dt
T (t)x = AT (t)x = T (t)Ax.

iv) For x ∈ D(A),

T (t)x− T (s)x =
∫ t

s

T (τ)Axdτ =
∫ t

s

AT (τ)xdτ.
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Proof. For the proof see e.g. [179, p. 5].

We continue with some useful fact about semigroups that will be used through-
out this book. The first of these is the Hille-Yosida theorem, which characterizes
the generators of C0-semigroups among the class of all linear operators.

Theorem 1.3 Let A be a linear operator on a Banach space X, and let ω ∈ R and
M ≥ 1 be constants. Then the following assertions are equivalent:

i) A is the generator of a C0-semigroup (T (t))t≥0 satisfying ‖T (t)‖ ≤Meωt for
all t ≥ 0;

ii) A is closed, densely defined, the half-line (ω,∞) is contained in the resolvent
set ρ(A) of A, and we have the estimates

‖R(λ,A)n‖ ≤ M

(λ− ω)n
, ∀λ > ω, n = 1, 2, ... (1.3)

Here, R(λ,A) := (λ − A)−1 denotes the resolvent of A at λ. If one of the
equivalent assertions of the theorem holds, then actually {Reλ > ω} ⊂ ρ(A) and

‖R(λ,A)n‖ ≤ M

(Reλ− ω)n
, ∀Reλ > ω, n = 1, 2, ... (1.4)

Moreover, for Reλ > ω the resolvent is given explicitly by

R(λ,A)x =
∫ ∞

0

e−λtT (t)x dt, ∀x ∈ X. (1.5)

We shall mostly need the implication (i)⇒(ii), which is the easy part of the
theorem. In fact, one checks directly from the definitions that

Rλx :=
∫ ∞

0

e−λtT (t)x dt

defines a two-sided inverse for λ−A. The estimate (1.4) and the identity (1.5) follow
trivially from this.

A useful consequence of (1.3) is that

lim
λ→∞

‖λR(λ,A)x− x‖ = 0, ∀x ∈ X. (1.6)

This is proved as follows. Fix x ∈ D(A) and µ ∈ ρ(A), and let y ∈ X be such that
x = R(µ,A)y. By (1.3) we have ‖R(λ,A)‖ = O(λ−1) as λ → ∞. Therefore, the
resolvent identity

R(λ,A)−R(µ,A) = (µ− λ)R(λ,A)R(µ,A) (1.7)

implies that

lim
λ→∞

‖λR(λ,A)x− x‖ = lim
λ→∞

‖R(λ,A)(µR(µ,A)y − y)‖ = 0.

This proves (1.6) for elements x ∈ D(A). SinceD(A) is dense inX and the operators
λR(λ,A) are uniformly bounded as λ→∞ by (1.3), (1.6) holds for all x ∈ X.
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1.1.2. Compact Semigroups and Analytic Strongly Continuous Semi-
groups

Definition 1.2 A C0-semigroup (T (t))t≥0 is called compact for t > t0 if for every
t > t0, T (t) is a compact operator. (T (t))t≥0 is called compact if it is compact for
t > 0.

If a C0-semigroup (T (t))t≥0 is compact for t > t0, then it is continuous in the
uniform operator topology for t > t0.

Theorem 1.4 Let A be the generator of a C0-semigroup (T (t))t≥0. Then (T (t))t≥0

is a compact semigroup if and only if T (t) is continuous in the uniform operator
topology for t > 0 and R(λ;A) is compact for λ ∈ ρ(A).

Proof. For the proof see e.g. [179, p. 49].

In this book we distinguish the notion of analytic C0-semigroups from that of
analytic semigroups in general. To this end we recall several notions. Let A be a
linear operator D(A) ⊂ X → X with not necessarily dense domain.

Definition 1.3 A is said to be sectorial if there are constants ω ∈ R, θ ∈
(π/2, π),M > 0 such that the following conditions are satisfied:

i) ρ(A) ⊃ Sθ,ω = {λ ∈ C : λ 6= ω, |arg(λ− ω)| < θ},

ii) ‖R(λ,A)‖ ≤M/|λ− ω| ∀λ ∈ Sθ,ω.

If we assume in addtion that ρ(A) 6= �, then A is closed. Thus, D(A), endowed
with the graph norm

‖x‖D(A) := ‖x‖+ ‖Ax‖,

is a Banach space. For a sectorial operator A, from the definition, we can define a
linear bounded operator etA by means of the Dunford integral

etA :=
1

2πi

∫
ω+γr,η

etλR(λ,A)dλ, t > 0, (1.8)

where r > 0, η ∈ (π/2, θ) and γr,η is the curve

{λ ∈ C : |argλ| = η, |λ| ≥ r‖} ∪ {λ ∈ C : |argλ| ≤ η, |λ| = r},

oriented counterclockwise. In addition, set e0Ax = x, ∀x ∈ X.

Theorem 1.5 Under the above notation, for a sectorial operator A the following
assertions hold true:

i) etAx ∈ D(Ak) for every t > 0, x ∈ X, k ∈ N. If x ∈ D(Ak), then

AketAx = etAAkx, ∀t ≥ 0;
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ii) etAesA = e(t+s)A, ∀t, s ≥ 0;

iii) There are positive constants M0,M1,M2, ..., such that (a) ‖etA‖ ≤M0e
ωt, t ≥ 0,

(b) ‖tk(A− ωI)ketA‖ ≤Mke
ωt, t ≥ 0,

where ω is determined from Definition 1.3. In particular, for every ε > 0 and
k ∈ N there is Ck,ε such that

‖tkAketA‖ ≤ Ck,εe
(ω+ε)t, t > 0;

iv) The function t 7→ etA belongs to C∞((0,+∞), L(X)), and

dk

dtk
etA = AketA, t > 0,

moreover it has an analytic extension in the sector

S = {λ ∈ C : |argλ| < θ − π/2}.

Proof. For the proof see [140, pp. 35-37].

Definition 1.4 For every sectorial operator A the semigroup (etA)t≥0 defined in
Theorem 1.5 is called the analytic semigroup generated by A in X. An analytic
semigroup is said to be an analytic strongly continuous semigroup if in addition, it
is strongly continuous.

There are analytic semigroups which are not strongly continuous, for instance, the
analytic semigroups generated by nondensely defined sectorial operators. From the
definition of sectorial operators it is obvious that for a sectorial operator A the
intersection of the spectrum σ(A) with the imaginary axis is bounded.

1.1.3. Spectral Mapping Theorems

If A is a bounded linear operator on a Banach space X, then by the Dunford
Theorem [63] σ(exp(tA)) = exp(tσ(A)), ∀t ≥ 0. It is natural to expect this relation
holds for any C0-semigroups on a Banach space. However, this is not true in general
as shown by the following counterexample

Example 1.1

For n = 1, 2, 3, ..., let An be the n× n matrix acting on Cn defined by

An :=

 0 1 0 0 . . .
0 0 1 0 . . .
...

...
. . . . . . . . .


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Each matrix An is nilpotent and therefore σ(An) = {0}. Let X be the Hilbert space
consisting of all sequences x = (xn)n∈N with xn ∈ Cn such that

‖x‖ :=

( ∞∑
n=1

‖xn‖2Cn

) 1
2

<∞.

Let (T (t))t≥0 be the semigroup on X defined coordinatewise by

(T (t)) = (eintetAn)n∈N.

It is easily checked that (T (t))t≥0 is a C0-semigroup onX and that (T (t))t≥0 extends
to a C0-group. Since ‖An‖ = 1 for n ≥ 2, we have ‖etAn‖ ≤ et and hence ‖T (t)‖ ≤
et, so ω0((T (t))t≥0) ≤ 1, where

ω0((T (t))t≥0) := inf{α : ∃N ≥ 1 such that ‖T (t)‖ ≤ Neαt, ∀t ≥ 0}.

First, we show that s(A) = 0, where A is the generator of (T (t))t≥0 and s(A) :=
{supReλ, λ ∈ σ(A)}. To see this, we note that A is defined coordinatewise by

A = (in+An)n≥1.

An easy calculation shows that for all Reλ > 0,

lim
n→∞

‖R(λ,An + in)‖Cn = 0.

It follows that the operator (R(λ,An+in))n≥1 defines a bounded operator onX, and
clearly this operator is a two-sided inverse of λ−A. Therefore {Reλ > 0} ⊂ rho(A)
and s(A) ≤ 0. On the other hand, in ∈ σ(in+An) ⊂ σ(A) for all n ≥ 1, so s(A) = 0.

Next, we show that ω0((T (t))t≥0) = 1. In view of ω0((T (t))t≥0) ≤ 1 it suffices
to show that ω0((T (t))t≥0) ≥ 1. For each n we put

xn := n−
1
2 (1, 1, ..., 1) ∈ Cn.

Then, ‖xn‖Cn = 1 and

‖etAnxn‖2Cn =
1
n

n−1∑
m=0

 m∑
j=0

tj

j!

2

=
1
n

n−1∑
m=0

 m∑
j,k=0

tj+k

j!k!


=

1
n

n−1∑
m=0

2m∑
i=0

ti
∑
j+k=i

1
j!k!

=
1
n

n−1∑
m=0

2m∑
i=0

ti

i!

i∑
j=0

i!
j!(i− j)!
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=
1
n

n−1∑
m=0

2m∑
i=0

2iti

i!

≥ 1
n

2n−2∑
i=0

2iti

i!
.

For 0 < q < 1, we define xq ∈ X by xq := (n
1
2 qnxn)n≥1. It is easy to check that

xq ∈ D(A) and

‖T (t)xq‖2 =
∞∑
n=1

nq2n‖etAnxn‖2

≥
∞∑
n=1

nq2n

(
1
n

2n−2∑
i=0

2iti

i!

)

=
∞∑
i=0

2iti

i!

∞∑
n={i/2}+1

q2n

=
∞∑
i=0

q2{i/2}+2

1− q2
2iti

i!

≥ q3

1− q2
e2tq.

Here {a} denotes the least integer greater than or equal to a; we used that 2{k/2}+
2 ≤ k + 3 for all k = 0, 1, ... Thus, ω0((T (t))t≥0) ≥ q for all 0 < q < 1, so
ω0((T (t))t≥0) ≥ 1. Hence, the relation σ(T (t)) = etσ(A) does not holds for the
semigroup (T (t))t≥0.

In this section we prove the spectral inclusion theorem:

Theorem 1.6 Let (T (t))t≥0 be a C0-semigroup on a Banach space X, with gener-
ator A. Then we have the spectral inclusion relation

σ(T (t)) ⊃ etσ(A), ∀t ≥ 0.

Proof. By Theorem 1.2 for the semigroup (Tλ(t))t≥0 := {e−λtT (t)}t≥0 generated
by A− λ, for all λ ∈ C and t ≥ 0

(λ−A)
∫ t

0

eλ(t−s)T (s)x ds = (eλt − T (t))x, ∀x ∈ X,

and ∫ t

0

eλ(t−s)T (s)(λ−A)x ds = (eλt − T (t))x, ∀x ∈ D(A). (2.1.1)

Suppose eλt ∈ ρ(T (t)) for some λ ∈ C and t ≥ 0, and denote the inverse of eλt−T (t)
by Qλ,t. Since Qλ,t commutes with T (t) and hence also with A, we have
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(λ−A)
∫ t

0

eλ(t−s)T (s)Qλ,tx ds = x, ∀x ∈ X,

and ∫ t

0

eλ(t−s)T (s)Qλ,t(λ−A)x ds = x, ∀x ∈ D(A).

This shows the boundedness of the operator Bλ defined by

Bλx :=
∫ t

0

eλ(t−s)T (s)Qλ,tx ds

is a two-sided inverse of λ−A. It follows that λ ∈ %(A).

As shown by Example 1.1 the converse inclusion

exp(tσ(A)) ⊃ σ(T (t))\{0}

in general fails. For certain parts of the spectrum, however, the spectral mapping
theorem holds true. To make it more clear we recall that for a given closed operator
A on a Banach space X the point spectrum σp(A) is the set of all λ ∈ σ(A) for
which there exists a non-zero vector x ∈ D(A) such that Ax = λx, or equivalently,
for which the operator λ−A is not injective; the residual spectrum σr(A) is the set
of all λ ∈ σ(A) for which λ − A does not have dense range; the approximate point
spectrum σa(A) is the set of all λ ∈ σ(A) for which there exists a sequence (xn) of
norm one vectors in X, xn ∈ D(A) for all n, such that

lim
n→∞

‖Axn − λxn‖ = 0.

Obviously, σp(A) ⊂ σa(A).

Theorem 1.7 Let (T (t))t≥0 be a C0-semigroup on a Banach space X, with gener-
ator A. Then

σp(T (t))\{0} = etσp(A), ∀t ≥ 0.

Proof. For the proof see e.g. [179, p. 46].

Recall that a family of bounded linear operators (T (t))t∈R is said to be a strongly
continuous group if it satisfies

i) T (0) = I,

ii) T (t+ s) = T (t)T (s), ∀t, s ∈ R,

iii) limt→0 T (t)x = x, ∀x ∈ X.
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Similarly to C0-semigroups, the generator of a strongly continuous group (T (t))t∈R

is defined to be the operator

Ax := lim
t→0

T (t)x− x

t
,

with the domain D(A) consisting of all elements x ∈ X such that the above limit
exists. For bounded strongly continuous groups of linear operators the following
weak spectral mapping theorem holds:

Theorem 1.8 Let (T (t))t∈R be a bounded strongly continuous group, i.e., there
exists a positive M such that ‖T (t)‖ ≤M, ∀t ∈ R with generator A. Then

σ(T (t)) = etσ(A), ∀t ∈ R. (1.9)

Proof. For the proof see e.g. [163] or [173, Chapter 2].

Example 1.2 Let M be a closed translation invariant subspace of the space of X-
valued bounded uniformly continuous functions on the real line BUC(R,X), i.e.,
M is closed and S(t)M ⊂ M, ∀t, where (S(t))t∈R is the translation group on
BUC(R,X). Then

σ(S(t)|M) = etσ(DM), ∀t ∈ R,

where DM is the generator of (S(t)|M)t∈R ( the restriction of the group (S(t))t∈R

to M).

In the next chapter we will again consider situations similar to this example which
arise in connection with invariant subspaces of so-called evolution semigroups.

1.2. EVOLUTION EQUATIONS

1.2.1. Well-Posed Evolution Equations

Homogeneous and inhomogeneous equations

For a densely defined linear operator A let us consider the abstract Cauchy problem{
du(t)
dt = Au(t), ∀t > 0,

u(0) = x ∈ D(A).
(1.10)

The problem (1.10) is called well posed if ρ(A) 6= � and for every x ∈ D(A) there is
a unique (classical) solution u : [0,∞) → D(A) of (1.10) in C1([0,∞),X). The well
posedness of (1.10) involves the existence, uniqueness and continuous dependence
on the initial data. The following result is fundamental.

Theorem 1.9 The problem (1.10) is well posed if and only if A generates a C0-
semigroup on X. In this case the solution of (1.10) is given by u(t) = T (t)x, t > 0.
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Proof. The detailed proof of this theorem can be found in [71, p. 83].

In connection with the well posed problem (1.10) we consider the following Cauchy
problem {

du(t)
dt = Au(t) + f(t), ∀t > 0,

u(0) = u0.
(1.11)

Theorem 1.10 Let the problem (1.10) be well posed and u0 ∈ D(A). Assume either

i) f ∈ C([0,∞),X) takes values in D(A) and Af(·) ∈ C([0,∞),X), or

ii) f ∈ C1([0,∞),X).

Then the problem (1.11) has a unique solution u ∈ C1([0,∞),X) with values in
D(A).

Proof. The detailed proof of this theorem can be found in [71, pp. 84-85].

Even when the conditions of Theorem 1.10 are not satisfied we can speak of mild
solutions by which we mean continuous solutions of the equation{

u(t) = T (t− s)u(s) +
∫ t
s
T (t− ξ)f(ξ)dξ, ∀t ≥ s ≥ 0

u(0) = u0, u0 ∈ X,
(1.12)

where (T (t))t≥0 is the semigroup generated by A and f is assumed to be continuous.
It is easy to see that there exists a unique mild solution of Eq.(1.12) for every x ∈ X.

Nonautonomous equations

To a time-dependent equation{
du(t)
dt = A(t)u(t), ∀t ≥ s ≥ 0,

u(s) = x,
(1.13)

where A(t) is in general unbounded linear operator, the notion of well posedness
can be extended, roughly speaking, as follows: if the initial data x is in a dense set
of the phase space X, then there exists a unique (classical) solution of (1.13) which
depends continuously on the initial data. Let us denote by U(t, s)x the solution of
(1.13). By the uniqueness we see that (U(t, s))t≥s≥0 is a family of bounded linear
operators on X with the properties

i) U(t, s)U(s, r) = U(t, r), ∀t ≥ s ≥ r ≥ 0;

ii) U(t, t) = I, ∀t ≥ 0;

iii) U(·, ·)x is continuous for every fixed x ∈ X.

In the next chapter we will deal with families (U(t, s))t≥s≥0 rather than with the
equations of the form (1.13) which generate such families. This general setting
enables us to avoid stating complicated sets of conditions imposed on the coefficient-
operators A(t). We refer the reader to [71, pp. 140-147] and [179, Chapter 5] for
more information on this subject.
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Semilinear evolution equations

The notion of well posedness discussed above can be extended to semilinear equa-
tions of the form

dx

dt
= Ax+Bx , x ∈ X (1.14)

where X is a Banach space, A is the infinitesimal generator of a C0-semigroup S(t),
t ≥ 0 of linear operators of type ω, i.e.

‖S(t)x− S(t)y‖ ≤ eωt‖x− y‖, ∀ t ≥ 0, x, y ∈ X ,

and B is an everywhere defined continuous operator from X to X. Hereafter, by a
mild solution x(t), t ∈ [s, τ ] of equation (1.14) we mean a continuous solution of the
integral equation

x(t) = S(t− s)x+
∫ t

s

S(t− ξ)Bx(ξ)dξ, ∀s ≤ t ≤ τ. (1.15)

Before proceeding we recall some notions and results which will be frequently
used later on. We define the bracket [·, ·] in a Banach space Y as follows (see e.g.
[142] for more information)

[x, y] = lim
h→+0

‖x+ hy‖ − ‖y‖
h

= inf
h>0

‖x+ hy‖ − ‖y‖
h

Definition 1.5 Suppose that F is a given operator on a Banach space Y. Then
(F + γI) is said to be accretive if and only if for every λ > 0 one of the following
equivalent conditions is satisfied

i) (1− λγ)‖x− y‖ ≤ ‖x− y + λ(Fx− Fy)‖, ∀x, y ∈ D(F ),

ii) [x− y, Fx− Fy] ≥ −γ‖x− y‖, ∀x, y ∈ D(F ).

In particular, if γ = 0 , then F is said to be accretive.

Remark 1.1 From this definition we may conclude that (F + γI) is accretive if
and only if

‖x− y‖ ≤ ‖x− y + λ(Fx− Fy)‖+ λγ‖x− y‖ (1.16)

for all x, y ∈ D(F ), λ > 0, 1 ≥ λγ .

Theorem 1.11 Let the above conditions hold true. Then for every fixed s ∈ R and
x ∈ X there exists a unique mild solution x(·) of Eq.(1.14) defined on [s,+∞).
Moreover, the mild solutions of Eq.(1.14) give rise to a semigroup of nonlinear
operators T (t), t ≥ 0 having the following properties:

i) T (t)x = S(t)x+
∫ t

0

S(t− ξ)BT (ξ)xdξ, ∀t ≥ 0, x ∈ X, (1.17)

ii) ‖T (t)x− T (t)y‖ ≤ e(ω+γ)t‖x− y‖, ∀t ≥ 0, x, y ∈ X. (1.18)

More detailedly information on this subject can be found in [142].
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1.2.2. Functional Differential Equations with Finite Delay

Let E be a Banach space with norm | · |. Denote by C := C([−r, 0], E) the Banach
space of continuous functions on [−r, 0] taking values in the Banach space E with
the maximum norm. Let A be the generator of a C0-semigroup (T (t))t≥0 on E. If
(T (t))t≥0 is a C0-semigroup, then there exist constants Mw ≥ 1, w such that

‖T (t)‖ ≤Mwe
wt for t ≥ 0. (1.19)

Suppose that F (t, φ) is an E-valued continuous function defined for t ≥ σ, φ ∈ C,
and that there exists a locally integrable function N(t) such that

|F (t, φ)− F (t, ψ)| ≤ N(t)|φ− ψ|, t ≥ σ, φ, ψ ∈ C.

If a continuous function u : [σ − r, σ + a) → E satisfies the following equation

u(t) = T (t− σ)u(σ) +
∫ t

σ

T (t− s)F (s, us)ds σ ≤ t < σ + a,

it is called a mild solution of the functional differential equation

u′(t) = Au(t) + F (t, ut) (1.20)

on the interval [σ, σ + a).

We will need the following lemma to prove the existence and uniqueness of mild
solutions.

Lemma 1.1 Suppose that a(t) and fn(t), n ≥ 0, are nonnegative continuous func-
tions for t ≥ σ such that, for n ≥ 1

fn(t) ≤
∫ t

σ

a(s)fn−1(s)ds σ ≤ t.

Then
∑
n≥1 fn(t) converges uniformly on [σ, τ ] for any τ ≥ σ and

∑
n≥1

fn(t) ≤
∫ t

σ

f0(s)a(s) exp
(∫ t

s

a(r)ds
)
ds

Proof. By induction we have the following inequality for n ≥ 1 :

fn(t) ≤
∫ t

σ

a(s)
(n− 1)!

(∫ t

σ

a(r)dr
)n−1

f0(s)ds σ ≤ t.

The lemma follows immediately from this result.

Theorem 1.12 For every φ ∈ C, Eq.(1.20) has a unique mild solution u(t) =
u(t, σ, φ) on the interval [σ,∞) such that uσ = φ. Moreover, it satisfies the following
inequality:
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|ut| ≤ |φ|Mwe
max{0,w}(t−σ) exp

(∫ t

σ

MwN(r)dr
)

+
∫ t

σ

|F (s, 0)|Mwe
max{0,w}(t−s) exp

(∫ t

s

MwN(r)dr
)
ds.

Proof. Set z = max{0, w}. The successive approximations {un(t)}, n ≥ 0, are
defined as follows: for σ − r ≤ t ≤ σ, un(t) = φ(t − σ), n ≥ 0 ; and for σ < t,
u0(t) = T (t− σ)φ(0) and

un(t) = T (t− σ)φ(0) +
∫ t

σ

T (t− s)F (s, un−1
s )ds

for n ≥ 1, successively. For n ≥ 2, we have that, for t ≥ σ,

|un(t)− un−1(t)| ≤
∫ t

σ

‖T (t− s)‖N(s)|un−1
s − un−2

s |ds

≤
∫ t

σ

Mwe
z(t−s)N(s)|un−1

s − un−2
s |ds.

The last term is nondecreasing for t ≥ σ. Hence, the continuous functions fn(t) :=
e−zt|un+1

t − unt |, n ≥ 0, satisfy the inequality of the above lemma with a(s) =
MwN(s). It follows that

∑
n≥1

|un+1
t − unt | ≤

∫ t

σ

ez(t−s)|u1
s − u0

s|MwN(s) exp
(∫ t

s

MwN(r)dr
)
ds.

Thus, for every a > 0 the sequence {unt } converges uniformly with respect to t ∈
[σ, σ + a], and u(t) = limn→∞ un(t) is a mild solution on t ∈ [σ,∞) with uσ = φ.
Furthermore,

|ut − u1
t | ≤

∫ t

σ

ez(t−s)|u1
s − u0

s|MwN(s) exp
(∫ t

s

MwN(r)dr
)
ds.

Notice that u1(t)− u0(t) = 0 for t ∈ [σ − r, σ] and

u1(t)− u0(t) =
∫ t

σ

T (t− s)F (s, u0
s)ds

for t ≥ σ. Set g(t) = F (t, 0) for t ≥ σ. Then

|F (t, φ)| ≤ N(t)|φ|+ |g(t)| t ≥ σ, φ ∈ C.

This implies that

|u1
t − u0

t | ≤
∫ t

σ

Mwe
z(t−s)[N(s)|u0

s|+ |g(s)|]ds.
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Hence

|ut − u1
t | ≤

∫ t

σ

ez(t−s)
(

exp
(∫ t

s

MwN(r)dr
)
− 1
)
Mw[N(s)|u0

s|+ |g(s)|]ds

=
∫ t

σ

ez(t−s) exp
(∫ t

s

MwN(r)dr
)
Mw[N(s)|u0

s|+ |g(s)|]ds

−|u1
t − u0

t |.

Notice that |ut| ≤ |ut − u1
t |+ |u1

t − u0
t |+ |u0

t | and that

|u0
t | ≤Mwe

z(t−σ)|φ|.

Finally, these prove the estimate of the solution in the theorem.

The following result will be used later whose proof can be found in [216].

Theorem 1.13 Let T (t) be compact for t > 0 and F (t, ·) be Lipshitz continuous
uniformly in t. Then for every s > r the solution operator C 3 φ 7→ us ∈ C,
(u(t) := u(t, 0, φ)), is a compact operator.

Suppose that L : R× C → E is a continuous function such that, for each t ∈ R,
L(t, ·) is a continuous linear operator from C to E. Notice that ‖L(t)‖ := ‖L(t, ·)‖
is a locally bounded, lower semicontinuous function. For every φ ∈ C and σ ∈ R,
and for every continuous function f : R→ E, the inhomogeneous linear equation

u′(t) = Au(t) + L(t, ut) + f(t) (1.21)

with the initial condition uσ = φ has a unique mild solution u(t, σ, φ, f).

Corollary 1.2 If u(t) = u(t, σ, φ, f) is a mild solution of Eq.(1.21), then, for t ≥ σ,

|ut| ≤ |φ|Mwe
max{0,w}(t−σ) exp

(∫ t

σ

Mw‖L(r)‖dr
)

+
∫ t

σ

|f(s)|Mwe
max{0,w}(t−s) exp

(∫ t

s

Mw‖L(r)‖dr
)
ds.

1.2.3. Equations with Infinite Delay

As the phase space for equations with finite delay one usually takes the space
of continuous functions. This is justifiable because the section xt of the solution
becomes a continuous function for t ≥ σ+ r, where σ is the initial time and r is the
delay time of the equation, even if the initial function xσ is not continuous. However,
the situation is different for equations with infinite delay. The section xt contains
the initial function xσ as its part for every t ≥ σ. There are many candidates for the
phase space of equations with infinite delay. However, we can discuss many problems
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independently of the choice of the phase space. This can be done by extracting the
common properties of phase spaces as the axioms of an abstract phase space B. We
will use the following fundamental axioms, due to Hale and Kato [79].

The space B is a Banach space consisting of E-valued functions φ, ψ, · · · , on
(−∞, 0] satisfying the following axioms.

(B) If a function x : (−∞, σ + a) → E is continuous on [σ, σ + a) and xσ ∈ B,
then, for t ∈ [σ, σ + a),

i) xt ∈ B and xt is continuous in B,

ii) H−1|x(t)| ≤ |xt| ≤ K(t−σ) sup{|x(s)| : σ ≤ s ≤ t}+M(t−σ)|xσ|, where H >
0 is constant, K,M : [0,∞) → [0,∞) are independent of x, K is continuous,
M is measurable, and locally bounded.

Now we consider several examples for the space B of functions φ : (−∞, 0] → E.
Let g(θ), θ ≤ 0, be a positive, continuous function such that g(θ) →∞ as θ → −∞.
The space UCg is a set of continuous functions φ such that φ(θ)/g(θ) is bounded
and uniformly continuous for θ ≤ 0. Set

|φ| = sup{|φ(θ)|/g(θ) : θ ∈ (−∞, 0]}.

Then this space satsifies the above axioms. The space Cg is the set of continuous
functions φ such that φ(θ)/g(θ) has a limit in E as θ → −∞. Thus, Cg is a closed
subspace of UCg and satisfies the above axioms with respect to the same norm.
The space Lg is the set of strongly measurable functions φ such that |φ(θ)|/g(θ) is
integrable over (−∞, 0]. Set

|φ| = |φ(0)|+
∫ 0

−∞
|φ(θ)|/g(θ)dθ.

Then this space satisfies the above axioms.
Next, we present several fundamental properties of B. Let BC be the set of

bounded, continuous functions on (−∞, 0] to E, and C00 be its subset consisting of
functions with compact support. For φ ∈ BC put

|φ|∞ = sup{|φ(θ)| : θ ∈ (−∞, 0]}.

Every function φ ∈ C00 is obtained as xr = φ for some r ≥ 0 and for some continuous
function x : R → E such that x(θ) = 0 for θ ≤ 0. Since x0 = 0 ∈ B, Axiom (B) i)
implies that xt ∈ B for t ≥ 0. As a result C00 is a subspace of B, and

‖φ‖B ≤ K(r)‖φ‖∞, φ ∈ C00,

provided suppφ ⊂ [−r, 0]. For every φ ∈ BC, there is a sequence {φn} in C00 such
that φn(θ) → φ(θ) uniformly for θ on every compact interval, and that ‖φn‖∞ ≤
‖φ‖∞. From this observation, the space BC is contained in B under the additional
axiom (C).
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(C) If a uniformly bounded sequence {φn(θ)} in C00 converges to a function φ(θ)
uniformly on every compact set of (−∞, 0], then φ ∈ B and limn→∞ |φn − φ| = 0.

In fact, BC is continuously imbedded into B. The following result is found in
[107].

Lemma 1.2 If the phase space B satisfies the axiom (C), then BC ⊂ B and there
is a constant J > 0 such that |φ|B ≤ J‖φ‖∞ for all φ ∈ BC.

For each b ∈ E, define a constant function b̄ by b̄(θ) = b for θ ∈ (−∞, 0]; then
|b̄|B ≤ J |b| from Lemma 1.2. Define operators S(t) : B → B, t ≥ 0, as follows :

[S(t)φ](θ) =
{
φ(0) −t ≤ θ ≤ 0,
φ(t+ θ) θ ≤ −t.

Let S0(t) be the restriction of S(t) to B0 := {φ ∈ B : φ(0) = 0}. If x : R → E
is continuous on [σ,∞) and xσ ∈ B, we take a function y : R → E defined by
y(t) = x(t), t ≥ σ; y(t) = x(σ), t ≤ σ. From Lemma 1.2 yt ∈ B for t ≥ σ, and xt is
decomposed as

xt = yt + S0(t− σ)[xσ − x(σ)] for t ∈ [σ,∞).

Using Lemma 1.2 and this equation, we have an inequality

|xt| ≤ J sup{|x(s)| : σ ≤ s ≤ t}+ |S0(t− σ)[xσ − x(σ)]|.

The phase space B is called a fading memory space [107] if the axiom (C) holds and
S0(t)φ→ 0 as t→∞ for each φ ∈ B0. If B is such a space, then ‖S0(t)‖ is bounded
for t ≥ 0 by the Banach Steinhaus theorem, and

|xt| ≤ J sup{|x(s)| : σ ≤ s ≤ t}+M |xσ|,

where M = (1 +HJ) supt≥0 ‖S0(t)‖. As a result, we have the following property.

Proposition 1.1 Assume that B is a fading memory space. If x : R → E is
bounded, and continuous on [σ,∞) and xσ ∈ B, then xt is bounded in B for t ≥ σ.

In addition, if ‖S0(t)‖ → 0 as t→∞, then B is called a uniform fading memory
space. It is shown in [107, p.190], that the phase space B is a uniform fading memory
space if and only if the axiom (C) holds and K(t) is bounded and limt→∞M(t) = 0
in the axiom (B).

For the space UCg, we have that

‖S0(t)‖ = sup{g(s)/g(s− t) : s ≤ 0},

and this space is a uniform fading memory space if and only if it is a fading memory
space, cf. [107, p.191].
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Let A be the infinitesimal generator of a C0-semigroup on E such that ‖T (t)‖ ≤
Mewt, t ≥ 0. Suppose that F (t, φ) is an E-valued continuous function defined for
t ≥ σ, φ ∈ B, and that there exists a locally integrable function N(t) such that

|F (t, φ)− F (t, ψ)| ≤ N(t)|φ− ψ|, t ≥ σ, φ, ψ ∈ B.

Every continuous solution u : [σ − r, σ + a) → E of the equation

u(t) = T (t− σ)u(σ) +
∫ t

σ

T (t− s)F (s, us)ds σ ≤ t < σ + a, (1.22)

will be called a mild solution of the functional differential equation

u′(t) = Au(t) + F (t, ut) (1.23)

on the interval [σ, σ + a).
As in the equations with finite delay, the mild solution exists uniquely for φ ∈ B,

and the norm |ut(φ)| is estimated in the similar manner in terms of the functions
K(r),M(r) appearing in the axiom (B). We refer the reader to [206], [108] for more
details on the results of this section. The compact property of the orbit in B of a
bounded solution follows from the following lemmas (for the proofs see [108]).

Lemma 1.3 Let S be a compact subset of a fading memory space B. Let W (S) be
a set of functions x : R→ E having the following properties :

i) x0 ∈ S.

ii) The family of the restrictions of x to [0,∞) is equicontinuous.

iii) The set {x(t) : t ≤ 0, x ∈W (S)} is relatively compact in E.

Then the set V (S) := {xt : t ≥ 0, x ∈W (S)} is relatively compact in B.

Lemma 1.4 In Eq.(1.22) let B be a fading memory space, (T (t))t≥0 be a compact
C0-semigroup, and F (t, φ) be such that for every B > 0

sup
t≥0,|φ|≤B

{|F (t, φ)|} < +∞.

Then, for every solution u(t) of Eq.(1.22) bounded on [0,+∞), the orbit {ut : t ≥ 0}
is relatively compact in B.
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1.3. SPECTRAL THEORY AND ALMOST PERIODICITY OF
BOUNDED UNIFORMLY CONTINUOUS FUNCTIONS

1.3.1. Spectrum of a Bounded Function

We denote by F the Fourier transform, i.e.

(Ff)(s) :=
∫ +∞

−∞
e−istf(t)dt (1.24)

(s ∈ R, f ∈ L1(R)). Then the Beurling spectrum of u ∈ BUC(R,X) is defined to
be the following set

sp(u) := {ξ ∈ R : ∀ε > 0 ∃f ∈ L1(R), suppFf ⊂ (ξ − ε, ξ + ε), f ∗ u 6= 0} (1.25)

where

f ∗ u(s) :=
∫ +∞

−∞
f(s− t)u(t)dt.

Example 1.3 If f(t) is a 1-periodic function with Fourier series∑
k∈Z

fke
2iπkt,

then
sp(f) = {2πk : fk 6= 0}.

Proof. For every λ 6= 2k0π, k0 ∈ Z or λ = 2k0π at which fk0 = 0, where
fn is the Fourier coefficients of f , and for every positive ε, let φ ∈ L1(R) be a
complex valued continuous function such that the support of its Fourier transform
suppFφ ⊂ [λ− ε, λ+ ε]. Put

u(t) = f ∗ φ(t) =
∫ ∞

−∞
f(t− s)φ(s)ds.

Since f is periodic, there is a sequence of trigonometric polynomials

Pn(t) =
N(n)∑
k=1

an,ke
2ikπt

convergent uniformly to f with respect to t ∈ R such that limn→∞ an,k = fn. We
have

u(t) = f ∗ φ(t) = lim
n→∞

Pn ∗ φ(t)

= lim
n→∞

N(n)∑
k=1

an,ke
2ikπ· ∗ φ(t)
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= lim
n→∞

N(n)∑
k=1

an,ke
2ikπt

∫ ∞

−∞
e−2ikπsφ(s)ds

= lim
n→∞

N(n)∑
k=1

an,ke
2ikπtFφ(2kπ)

= 0.

This, by definition, shows that sp(f) ⊂ {m ∈ 2πZ : fm 6= 0}. Conversely, for
λ ∈ {m ∈ 2πZ : fm 6= 0} and for every sufficiently small positive ε we can choose
a complex function ϕ ∈ L1(R) such that Fϕ(ξ) = 1, ∀ξ ∈ [λ − ε, λ + ε] and
Fϕ(ξ) = 0, ∀ξ 6∈ [λ− ε, λ+ ε]. Repeating the above argument, we have

w(t) = f ∗ ϕ(t) = lim
n→∞

Pn(t) ∗ ϕ(t)

= lim
n→∞

N(n)∑
k=1

an,ke
2ikπtFϕ(2kπ)

= lim
n→∞

an,k0e
2ik0πt. (1.26)

Since limn→∞ an,k0 = fk0 this shows that w 6= 0. Thus, λ ∈ sp(f).

Theorem 1.14 Under the notation as above, sp(u) coincides with the set consisting
of ξ ∈ R such that the Fourier- Carleman transform of u

û(λ) =


∫∞
0
e−λtu(λ)dt, (Reλ > 0);

−
∫∞
0
eλtu(−t)dt, (Reλ < 0)

(1.27)

has no holomorphic extension to any neighborhood of iξ.

Proof. For the proof we refer the reader to [185, Proposition 0.5, p.22].

We collect some main properties of the spectrum of a function, which we will
need in the sequel.

Theorem 1.15 Let f, gn ∈ BUC(R,X), n ∈ N such that gn → f as n→∞. Then

i) sp(f) is closed,

ii) sp(f(·+ h)) = sp(f),

iii) If α ∈ C\{0} sp(αf) = sp(f),

iv) If sp(gn) ⊂ Λ for all n ∈ N then sp(f) ⊂ Λ,

v) If A is a closed operator, f(t) ∈ D(A)∀t ∈ R and Af(·) ∈ BUC(R,X), then,
sp(Af) ⊂ sp(f),

vi) sp(ψ ∗ f) ⊂ sp(f) ∩ suppFψ,∀ψ ∈ L1(R).
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Proof. For the proof we refer the reader to [221, Proposition 0.4, p. 20, Theorem
0.8 , p. 21] and [185, p. 20-21].

As an immediate consequence of the above theorem we have the following.

Corollary 1.3 Let Λ be a closed subset of R. Then the set

Λ(X) := {g ∈ BUC(R,X) : sp(g) ⊂ Λ}

is a closed subspace of BUC(R,X) which is invariant under translations.

We consider the translation group (S(t))t∈R on BUC(R,X). One of the fre-
quently used properties of the spectrum of a function is the following:

Theorem 1.16 Under the notation as above,

i sp(u) = σ(Du), (1.28)

where Du is the generator of the restriction of the group S(t) to Mu.

Proof. For the proof see [61, Theorem 8.19, p. 213].

We will need also the following result (see e.g. [8], [173, Lemma 5.1.7]) in the next
chapter.

Lemma 1.5 Let A be the generator of a C0-group U = (U(t))t∈R of isometries on
a Banach space Y. Let z ∈ Y and ξ ∈ R and suppose that there exist a neighborhood
V of iξ in C and a holomorphic function h : V → Y such that h(λ) = R(λ,A)z
whenever λ ∈ V and <λ > 0. Then iξ ∈ ρ(Az), where Az is the generator of the
restriction of U to the closed linear span of {U(t)z, t ∈ R} in Y.

1.3.2. Almost Periodic Functions

Definition and basic properties

A subset E ⊂ R is said to be relatively dense if there exists a number l > 0 (inclusion
length) such that every interval [a, a+ l] contains at least one point of E. Let f be a
continuous function on R taking values in a complex Banach space X. f is said to
be almost periodic if to every ε > 0 there corresponds a relatively dense set T (ε, f)
(of ε-translations, or ε-periods ) such that

sup
t∈R

‖f(t+ τ)− f(t)‖ ≤ ε, ∀τ ∈ T (ε, f).

Example 1.4 All trigonometric polynomials

P (t) =
n∑
k=1

ake
iλkt, (ak ∈ X, λk ∈ R)

are almost periodic.
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We collect some basic properties of almost periodic functions in the following:

Theorem 1.17 Let f and fn, n ∈ R be almost periodic functions with values in X.
Then the following assertions hold true:

i) The range of f is precompact, i.e., the set {f(t), t ∈ R} is a compact subset
of X, so f is bounded;

ii) f is uniformly continuous on R;

iii) If fn → g as n→∞ uniformly, then g is almost periodic;

iv) If f ′ is uniformly continuous, then f ′ is almost periodic.

Proof. For the proof see e.g. [7, pp. 5-6].

As a consequence of Theorem 1.17 the space of all almost periodic functions taking
values in X with sup-norm is a Banach space which will be denoted by AP (X). For
almost periodic functions the following criterion holds (Bochner’s criterion):

Theorem 1.18 Let f be a continuous function taking values in X. Then f is almost
periodic if and only if given a sequence {cn}n∈N there exists a subsequence {cnk

}k∈N

such that the sequence {f(·+ cnk
)}k∈N converges uniformly in BC(R,X).

Proof. For the proof see e.g. [7, p. 9].

1.3.3. Sprectrum of an Almost Periodic Function

There is a natural extension of the notion of Fourier exponents of periodic functions
to almost periodic functions. In fact, if f is almost periodic function taking values
in X, then for every λ ∈ R the average

a(f, λ) := lim
T→∞

1
2T

∫ T

−T
e−iλtf(t)dt

exists and is different from 0 at most at countably many points λ. The set {λ ∈
R : a(f, λ) 6= 0} is called Bohr spectrum of f which will be denoted by σb(f) . The
following Approximation Theorem of almost periodic functions holds

Theorem 1.19 (Approximation Theorem) Let f be an almost periodic function.
Then for every ε > 0 there exists a trigonometric polynomial

Pε(t) =
N∑
j=1

aje
iλjt, aj ∈ X, λj ∈ σb(f)

such that
sup
t∈R

‖f(t)− Pε(t)‖ < ε.

Proof. For the proof see e.g. [137, pp. 17-24].
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Remark 1.2 The trigonometric polynomials Pε(t) in Theorem 1.19 can be chosen
as an element of the space

Mf := span{S(τ)f, τ ∈ R}

(see [137, p. 29]. Moreover, without loss of generality by assuming that σb(f) =
{λ1, λ2, · · ·} one can choose a sequence of trigonometric polynomials, called trigono-
metric polynomials of Bochner-Fejer, approximating f such that

Pm(t) =
N(m)∑
j=1

γm,ja(λj , f)eiλjt,m ∈ N,

where limm→∞ γm,j = 1. As a consequence we have:

Corollary 1.4 let f be almost periodic. Then

Mf = span{a(λ, f)eiλ·, λ ∈ σb(f)}.

Proof. By Theorem 1.19,

Mf ⊂ span{a(f, λ)eiλ·, λ ∈ σb(f)}.

On the other hand, it is easy to prove by induction that if P is any trigonometric
polynomial with different exponetnts {λ1, · · · , λk}, such that

P (t) =
k∑
j=1

xje
iλkt,

then xje
iλj ∈ MP , ∀j = 1, · · · , k. Hence by Remark 1.2, obviously, a(λj , f)eiλj ∈

Mf , ∀j ∈ N.

The relation between the spectrum of an almost periodic function f and its Bohr
spectrum is stated in the following:

Proposition 1.2 If f is an almost periodic function, then sp(f) = σb(f).

Proof. Let λ ∈ σb(f). Then there is a x ∈ X such that xeiλ· ∈ Mf . Obviously,
λ ∈ σ(D|Mf

). By Theorem 1.16 λ ∈ sp(f). Conversely, by Theorem 1.19 f can be
approximated by a sequnece of trigonometric polynomials with exponents contained
in σb(f). In view of Theorem 1.15 sp(f) ⊂ σb(f).

1.3.4. A Spectral Criterion for Almost Periodicity of a Function

Suppose that we know beforehand that f ∈ BUC(R,X). It is often possible to
establish the almost periodicity of this function starting from certain a priori infor-
mation about its spectrum.
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Theorem 1.20 Let E and G be closed, translation invariant subspaces of the space
BUC(R,X) and suppose that

i) G ⊂ E;

ii) G contains all constant functions which belong to E;

iii) E and G are invariant under multiplications by eiξ· for all ξ ∈ R;

iv) whenever f ∈ G and F ∈ E, where F (t) =
∫ t
0
f(s)ds, then F ∈ G.

Let u ∈ E have countable reduced spectrum

spG(u) := {ξ ∈ R : ∀ε > 0 ∃f ∈ L1(R) such that
suppFf ⊂ (ξ − ε, ξ + ε) and f ∗ u 6∈ G}.

Then u ∈ G.

Proof. For the proof see [8, p. 371].

Remark 1.3 In the case where G = AP (X) the condition iv) in Theorem 1.20 can
be replaced by the condition that X does not contain c0 (see [8, Proposition 3.1, p.
369]). Another alternative of the condition iv) is the total ergodicity of u which is
defined as follows: u ∈ BUC(R,X) is called totally ergodic if

Mηu := lim
τ→∞

1
2τ

∫ τ

−τ
eiηsS(s)ds

exists in BUC(R,X) for all η ∈ R (see [26, Theorem 2.6], [27, Theorem 4.2.6],
[192]). Another case in which the condition iv) can be dropped is that sp(u) is
discrete (see [12]). From this remark the following example is obvious:

Example 1.5 A function f ∈ BUC(R,X) is 2π-periodic if and only if sp(f) ⊂ Z.
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CHAPTER 2

SPECTRAL CRITERIA FOR PERIODIC AND
ALMOST PERIODIC SOLUTIONS

The problem of our primary concern in this chapter is to find spectral conditions
for the existence of almost periodic solutions of periodic equations. Although the
theory for periodic equations can be carried out parallelly to that for autonomous
equations, there is always a difference between them. This is because that in gen-
eral there is no Floquet representation for the monodromy operators in the infinite
dimensional case. Section 1 will deal with evolution semigroups acting on invariant
function spaces of AP (X). Since, originally, this technique is intended for nonau-
tonomous equations we will treat equations with as much nonautonomousness as
possible, namely, periodic equations. The spectral conditions are found in terms
of spectral properties of the monodromy operators. Meanwhile, for the case of au-
tonomous equations these conditions will be stated in terms of spectral properties
of the operator coefficients. This can be done in the framework of evolution semi-
groups and sums of commuting operators in Section 2. Section 3 will be devoted to
the critical case in which a fundamental technique of decomposition is presented.
In Section 4 we will present another, but traditional, approach to periodic solutions
of abstract functional differential equations. The remainder of the chapter will be
devoted to several extensions of these methods to discrtete systems and nonlinear
equations. As will be shown in Section 5, many problems of evolution equations can
be studied through discrete systems with less sophisticated notions.

2.1. EVOLUTION SEMIGROUPS AND ALMOST PERIODIC SOLU-
TIONS OF PERIODIC EQUATIONS

2.1.1. Evolution Semigroups

Let us consider the following linear evolution equations

dx

dt
= A(t)x, (2.1)

and
dx

dt
= A(t)x+ f(t), (2.2)

where x ∈ X, X is a complex Banach space, A(t) is a (unbounded) linear operator
acting on X for every fixed t ∈ R such that A(t) = A(t+1) for all t ∈ R , f : R → X
is an almost periodic function. Under suitable conditions Eq.(2.1) is well-posed
(see e.g. [179]), i.e., one can associate with this equation an evolutionary process

31
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(U(t, s))t≥s which satisfies, among other things, the conditions in the following
definition.

Definition 2.1 A family of bounded linear operators (U(t, s))t≥s, (t, s ∈ R) from a
Banach space X to itself is called 1-periodic strongly continuous evolutionary process
if the following conditions are satisfied:

i) U(t, t) = I for all t ∈ R,

ii) U(t, s)U(s, r) = U(t, r) for all t ≥ s ≥ r,

iii) The map (t, s) 7→ U(t, s)x is continuous for every fixed x ∈ X,

iv) U(t+ 1, s+ 1) = U(t, s) for all t ≥ s ,

v) ‖U(t, s)‖ < Neω(t−s) for some positive N,ω independent of t ≥ s .

If it does not cause any danger of confusion, for the sake of simplicity, we shall often
call 1-periodic strongly continuous evolutionary process (evolutionary) process. We
emphasize that in this chapter, for the sake of simplicity of the notations we assume
the 1-periodicity of the processes under consideration, and this does not mean any
restriction on the period of the processes.

Once the well-posedness of the equations in question is assumed in stead of the
equations with operator-coefficient A(t) we are in fact concerned with the evolution-
ary processes generated by these equations. In light of this, throughout the book
we will deal with the asymptotic behavior of evolutionary processes as defined in
Definition 2.1. Our main tool to study the asymptotic behavior of evolutionary pro-
cesses is to use the notion of evolution semigroups associated with given evolutionary
processes, which is defined in the following:

Definition 2.2 For a given 1-periodic strongly continuous evolutionary process
(U(t, s))t≥s, the following formal semigroup associated with it

(Thu)(t) := U(t, t− h)u(t− h),∀t ∈ R, (2.3)

where u is an element of some function space, is called evolutionary semigroup
associated with the process (U(t, s))t≥s.

Below, for a given strongly continuous 1-periodic evolutionary process (U(t, s))t≥s
we will be concerned with the following inhomogeneous equation

x(t) = U(t, s)x(s) +
∫ t

s

U(t, ξ)f(ξ)dξ,∀t ≥ s (2.4)

associated with it. A continuous solution u(t) of Eq.(2.4) will be called mild solution
to Eq.(2.2). The following lemma will be the key tool to study spectral criteria for
almost periodicity in this section which relates the evolution semigroup (2.3) with
the operator defined by Eq.(2.4).
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Lemma 2.1 Let (U(t, s))t≥s be a 1-periodic strongly continuous evolutionary pro-
cess. Then its associated evolutionary semigroup (Th)h≥0 is strongly continuous in
AP (X). Moreover, the infinitesimal generator of (Th)h≥0 is the operator L defined
as follows: u ∈ D(L) and Lu = −f if and only if u, f ∈ AP (X) and u is the solution
to Eq.(2.4).

Proof. Let v ∈ AP (X). First we can see that Th acts on AP (X). To this end,
we will prove the following assertion: Let Q(t) ∈ L(X) be a family of bounded
linear operators which is periodic in t and strongly continuous, i.e., Q(t)x is con-
tinuous in t for every given x ∈ X. Then if f(·) ∈ AP (X), Q(·)f(·) ∈ AP (X). The
fact that supt ‖Q(t‖ < ∞ follows from the uniform boundedness principle. By the
Approximation Theorem of almost periodic functions we can choose sequences of
trigonometric polynomials fn(t) which converges uniformly to f(t) on the real line.
For every n ∈ N it is obvious that Q(·)fn(·) ∈ AP (X). Hence

sup
t
‖Q(t)fn(t)−Q(t)f(t)‖ ≤ sup

t
‖Q(t)‖ sup

t
‖fn(t)− f(t)‖

implies the assertion. We continue our proof of Lemma 2.1. By definition we have
to prove that

lim
h↓0

sup
t
‖U(t, t− h)v(t− h)− v(t)‖ = 0. (2.5)

Since v ∈ AP (X) the range of v(·) which we denote by K (consisting of x ∈ X
such that x = v(t) for some real t) is a relatively compact subset of X. Hence the
map (t, s, x) 7→ U(t, s)x is uniformly continuous in the set {1 ≥ t ≥ s ≥ −1, x ∈
K}. Now let ε be any positive real. In view of the uniform continuity of the map
(t, s, x) 7→ U(t, s)x in the above-mentioned set there is a positive real δ = δ(ε) such
that

‖U(t− [t], t− [t]− h)x− x‖ < ε (2.6)

for all 0 < h < δ < 1 and x ∈ K, where [t] denotes the integer n such that
n ≤ t < n+ 1. Since (U(t, s))t≥s is 1-periodic from (2.6) this yields

lim
h↓0

sup
t
‖U(t, t− h)v(t− h)− v(t− h)‖ = 0. (2.7)

Now we have

lim
h↓0

sup
t
‖U(t, t− h)v(t− h) − v(t)‖ ≤

≤ lim
h→0+

sup
t
‖U(t, t− h)v(t− h)− v(t− h)‖+

+ lim
h→0+

sup
t
‖v(t− h)− v(t)‖. (2.8)

Since v is uniformly continuous this estimate and (2.8) imply (2.5), i.e., the evolu-
tionary semigroup (Th)h≥0 is strongly continuous in AP (X).

Now let u ∈ AP (X) be a solution of Eq.(2.4). Then we will show that u ∈ D(L)
and Lu = −f . In fact, in view of the strong continuity of (Th))h≥0 in AP (X) the
integral

∫ h
0
T ξfdξ exists as an element of AP (X). Hence, by definition,
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u(t) = U(t, t− h)u(t− h) +
∫ t

t−h
U(t, η)f(η)dη,

= [Thu](t) + [
∫ h

0

T ξfdξ](t), ∀h ≥ 0, t ∈ R.

Thus, u = Thu+
∫ h
0
T ξfdξ, ∀h ≥ 0. This yields that

lim
h↓0

Thu− u

h
= − lim

h↓0

1
h

∫ h

0

T ξfdξ = −f,

i.e., u ∈ D(L) and Lu = −f . Conversely, let u ∈ D(L) and Lu = −f . Then we will
show that u(·) is a solution of Eq.(2.4). In fact, this can be done by reversing the
above argument, so the details are omitted.

Remark 2.1 It may be noted that in the proof of Lemma 2.1 the precompactness of
the ranges of u and f are essiential. Hence, in the same way, we can show the strong
continuity of the evolution semigroup (Th)h≥0 in C0(R,X). Finally, combining this
remark and Lemma 2.1 we get immediately the following corollary.

Corollary 2.1 Let (U(t, s))t≥s be a 1-periodic strongly continuous process. Then
its associated evolutionary semigroup (Th)h≥0 is a C0-semigroup in

AAP (X) := AP (X)⊕ C0(R,X).

One of the interesting applications of Corollary 2.1 is the following.

Corollary 2.2 Let (U(t, s)t≥s be a 1-periodic strongly continuous evolutionary pro-
cess. Moreover, let u, f ∈ AAP (X) such that u is a solution of Eq.(2.4). Then the
almost periodic component uap of u satisfies Eq.(2.4) with f := fap, where fap is
the corresponding almost periodic component of f .

Proof. The evolution semigroup (Th)h≥0 leaves AP (X) and C0(R,X) invariant.
Let us denote by Pap, P0 the projections on these function spaces, respectively. Then
since u is a solution to Eq.(2.4), by Lemma 2.1,

lim
h↓0

Thu− u

h
= −f.

Hence,

Pap lim
h↓0

Thu− u

h
= lim

h↓0

ThPapu− Papu

h
= −Papf.

This, by Lemma 2.1, shows that Papu := uap is a solution of Eq.(2.4) with f :=
Papf := fap.



CHAPTER 2. SPECTRAL CRITERIA 35

2.1.2. Almost Periodic Solutions and Applications

Monodromy operators

First we collect some results which we shall need in the book. Recall that for a given
1-periodic evolutionary process (U(t, s))t≥s the following operator

P (t) := U(t, t− 1), t ∈ R (2.9)

is called monodromy operator (or sometime, period map , Poincaré map). Thus
we have a family of monodromy operators. Throughout the book we will denote
P := P (0). The nonzero eigenvalues of P (t) are called characteristic multipliers. An
important property of monodromy operators is stated in the following lemma.

Lemma 2.2 Under the notation as above the following assertions hold:

i) P (t + 1) = P (t) for all t; characteristic multipliers are independent of time,
i.e. the nonzero eigenvalues of P (t) coincide with those of P ,

ii) σ(P (t))\{0} = σ(P )\{0}, i.e., it is independent of t ,

iii) If λ ∈ ρ(P ), then the resolvent R(λ, P (t)) is strongly continuous.

Proof. The periodicity of P (t) is obvious. In view of this property we will consider
only the case 0 ≤ t ≤ 1. Suppose that µ 6= 0, Px = µx 6= 0, and let y = U(t, 0)x, so
U(1, t)y = µy 6= 0, y 6= 0 and P (t)y = µy. By the periodicity this shows the first
assertion.

Let λ 6= 0 belong to ρ(P ). We consider the equation

λx− P (t)x = y, (2.10)

where y ∈ X is given. If x is a solution to Eq.(2.10), then λx = y + w, where
w = U(t, 0)(λ − P )−1U(1, t)y. Conversely, defining x by this equation, it follows
that (λ − P (t))x = y so ρ(P (t)) ⊃ ρ(P )\{0} . The second assertion follows by the
periodicity. Finally, the above formula involving x proves the third assertion.

Remark 2.2 In view of the above lemma, below, in connection with spectral prop-
erties of the monodromy operators, the terminology ”monodromy operators” may
be referred to as the operator P if this does not cause any danger of confusion.

Invariant functions spaces of evolution semigroups

Below we shall consider the evolutionary semigroup (Th)h≥0 in some special invari-
ant subspaces M of AP (X).

Definition 2.3 The subspace M of AP (X) is said to satisfy condition H if the
following conditions are satisfied:

i) M is a closed subspace of AP (X),
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ii) There exists λ ∈ R such that M, contains all functions of the form eiλ·x, x ∈
X,

iii) If C(t) is a strongly continuous 1-periodic operator valued function and f ∈
M, then C(·)f(·) ∈ M,

iv) M is invariant under the group of translations.

In the sequel we will be mainly concerned with the following concrete examples
of subspaces of AP (X) which satisfy condition H:

Example 2.1 Let us denote by P(1) the subspace of AP (X) consisting of all 1-
periodic functions. It is clear that P(1) satisfies condition H.

Example 2.2 Let (U(t, s))t≥s be a strongly continuous 1-periodic evolutionary pro-
cess. Hereafter, for every given f ∈ AP (X), we shall denote by M(f) the sub-
space of AP (X) consisting of all almost periodic functions u such that sp(u) ⊂
{λ+ 2πn, n ∈ Z, λ ∈ sp(f)}. Then M(f) satisfies condition H.

In fact, obviously, it is a closed subspace of AP (X), and moreover it satisfies con-
ditions ii), iv) of the definition. We now check that condition iii) is also satisfied by
proving the following lemma:

Lemma 2.3 Let Q(t) be a 1-periodic operator valued function such that the map
(t, x) 7→ Q(t)x is continuous. Then for every u(·) ∈ AP (X), the following spectral
estimate holds true:

sp(Q(·)u(·)) ⊂ Λ, (2.11)

where Λ := {λ+ 2kπ, λ ∈ sp(u), k ∈ Z}.

Proof. Using the Approximation Theorem of almost periodic functions we can
choose a sequence of trigonometric polynomials

u(m)(t) =
N(m)∑
k=1

eiλk,mtak,m, ak,m ∈ X

such that λk,m ∈ σb(u) (:= Bohr spectrum of u), limm→∞ u(m)(t) = u(t) uniformly
in t ∈ R. The lemma is proved if we have shown that

sp(Q(·)u(m)(·)) ⊂ Λ. (2.12)

In turn, to this end, it suffices to show that

sp(Q(·)eiλk,m·ak,m) ⊂ Λ. (2.13)

In fact, since Q(·)ak,m is 1-periodic in t, there is a sequence of trigonometric poly-
nomials
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Pn(t) =
N(n)∑

k=−N(n)

ei2πktpk,n, pk,n ∈ X

converging to Q(·)ak,m uniformly as n tends to ∞. Obviously,

sp(eiλk,m·Pn(·)) ⊂ Λ. (2.14)

Hence,
sp(eiλk,m·Q(·)ak,m) ⊂ Λ.

The following corollary will be the key tool to study the unique solvability of the
inhomogeneous equation (2.4) in various subspaces M of AP (X) satisfying condition
H.

Corollary 2.3 Let M satisfy condition H. Then, if 1 ∈ ρ(T 1|M), the inhomoge-
neous equation (2.4) has a unique solution in M for every f ∈ M.

Proof. Under the assumption, the evolutionary semigroup (Th)h≥0 leaves M in-
variant. The generator A of (Th|M)h≥0 can be defined as the part of L in M. Thus,
the corollary is an immediate consequence of Lemma 2.1 and the spectral inclusion
eσ(A) ⊂ σ(T 1|M).

Let M be a subspace of AP (X) invariant under the evolution semigroup (Th)h≥0

associated with the given 1-periodic evolutionary process (U(t, s))t≥s in AP (X) .
Below we will use the following notation

P̂Mv(t) := P (t)v(t),∀t ∈ R, v ∈ M.

If M = AP (X) we will denote P̂M = P̂ .

In the sequel we need the following lemma:

Lemma 2.4 Let (U(t, s))t≥s be a 1-periodic strongly continuous evolutionary pro-
cess and M be an invariant subspace of the evolution semigroup (Th)h≥0 associated
with it in AP (X) . Then for all invariant subspaces M satisfying condition H,

σ(P̂M)\{0} = σ(P )\{0}.

Proof. For u, v ∈ M , consider the equation (λ− P̂M)u = v . It is equivalent to
the equation (λ − P (t))u(t) = v(t), t ∈ R. If λ ∈ ρ(P̂M)\{0} , for every v the first
equation has a unique solution u , and ‖u‖ ≤ ‖R(λ, P̂M)‖‖v‖. Take a function v ∈ M
of the form v(t) = yeiµt, for some µ ∈ R ; the existence of such a µ is guaranteed
by the axioms of condition H. Then the solution u satisfies ‖u‖ ≤ ‖R(λ, P̂M)‖‖y‖.
Hence, for every y ∈ X the solution of the equation (λ−P (0))u(0) = y has a unique
solution u(0) such that

‖u(0)‖ ≤ sup
t
‖u(t)‖ ≤ ‖R(λ, P̂M)‖ sup

t
‖v(t)‖ ≤ ‖R(λ, P̂M)‖‖y‖.
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This implies that λ ∈ ρ(P )\{0} and ‖R(λ, P (t))‖ ≤ ‖R(λ, P̂M)‖ .
Conversely, suppose that λ ∈ ρ(P )\{0}. By Lemma 2.2 for every v the sec-

ond equation has a unique solution u(t) = R(λ, P (t))v(t) and the map taking t
into R(λ, P (t)) is strongly continuous. By definition of condition H, the function
taking t into (λ− P (t))−1v(t) belongs to M. Since R(λ, P (t)) is a strongly contin-
uous, 1-periodic function, by the uniform boundedness principle it holds that r :=
sup{‖R(λ, P (t))‖ : t ∈ R} < ∞. This means that ‖u(t)‖ ≤ r‖v(t)‖ ≤ r supt ‖v(t)‖,
or ‖u‖ ≤ r‖v‖. Hence λ ∈ ρ(P̂M) , and ‖R(λ, P̂M)‖ ≤ r .

Unique solvability of the inhomogeneous equations in P(1)

We now illustrate Corollary 2.2 in some concrete situations. First we will consider
the unique solvability of Eq.(2.4) in P(1).

Proposition 2.1 Let (U(t, s))t≥s be 1-periodic strongly continuous. Then the fol-
lowing assertions are equivalent:

i) 1 ∈ ρ(P ) ,

ii) Eq.(2.4) is uniquely solvable in P(1) for a given f ∈ P(1).

Proof. Suppose that i) holds true. Then we show that ii) holds by applying
Corollary 2.2. To this end, we show that σ(T 1|P(1))\{0} ⊂ σ(P )\{0} . To see this,
we note that

T 1|P(1) = P̂P(1).

In view of Lemma 2.4 1 ∈ ρ(T 1|P(1)). By Example 2.1 and Corollary 2.2 ii) holds
also true.

Conversely, we suppose that Eq.(2.4) is uniquely solvable in P(1). We now show
that 1 ∈ ρ(P ). For every x ∈ X put f(t) = U(t, 0)g(t)x for t ∈ [0, 1], where g(t) is
any continuous function of t such that g(0) = g(1) = 0, and∫ 1

0

g(t)dt = 1 .

Thus f(t) can be continued to a 1-periodic function on the real line which we denote
also by f(t) for short. Put Sx = [L−1(−f)](0) . Obviously, S is a bounded operator.
We have

[L−1(−f)](1) = U(1, 0)[L−1(−f)](0) +
∫ 1

0

U(1, ξ)U(ξ, 0)g(ξ)xdξ

Sx = PSx+ Px.

Thus
(I − P )(Sx+ x) = Px+ x− Px = x.

So, I − P is surjective. From the uniqueness of solvability of (2.4) we get easily the
injectiveness of I − P . In other words, 1 ∈ ρ(P ).
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Unique solvability in AP (X) and exponential dichotomy

This subsection will be devoted to the unique solvability of Eq.(2.4) in AP (X)
and its applications to the study of exponential dichotomy. Let us begin with the
following lemma which is a consequence of Proposition 2.1.

Lemma 2.5 Let (U(t, s))t≥s be 1-periodic strongly continuous. Then the following
assertions are equivalent:

i) S1 ∩ σ(P ) = � ,

ii) For every given µ ∈ R, f ∈ P(1) the following equation has a unique solution
in AP (X)

x(t) = U(t, s)x(s) +
∫ t

s

U(t, ξ)eiµξf(ξ)dξ,∀t ≥ s. (2.15)

Proof. Suppose that i) holds, i.e S1 ∩ σ(P ) = � . Then, since

T 1 = S(−1) · P̂ = P̂ · S(−1)

in view of the commutativeness of two operators P̂ and S(−1) (see e.g. [193], The-
orem 11.23, p.193)

σ(T 1) ⊂ σ(S(−1)).σ(P̂ ).

It may be noted that σ(S(−1)) = S1 . Thus

σ(T 1) ⊂ {eiµλ, µ ∈ R, λ ∈ σ(P̂ )} .

Hence, in view of Lemma 2.4

σ(T 1) ∩ S1 = �.

Let us consider the process (V (t, s))t≥s defined by

V (t, s)x := e−iµ(t−s)U(t, s)x

for all t ≥ s, x ∈ X. LetQ(t) denote its monodromy operator, i.e.Q(t) = e−iµV (t, t−
1) and (Thµ )h≥0 denote the evolution semigroup associated with the evolutionary
process (V (t, s))t≥s . Then by the same argument as above we can show that since
σ(Thµ ) = e−iµσ(Th),

σ(Thµ ) ∩ S1 = �.

By Lemma 2.1 and Corollary 2.2, the following equation

y(t) = V (t, s)y(s) +
∫ t

s

V (t, ξ)f(ξ)dξ, ∀t ≥ s

has a unique almost periodic solution y(·) . Let x(t) := eiµty(t) . Then
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x(t) = eiµty(t) = U(t, s)eiµsy(s) +
∫ t

s

U(t, ξ)eiµξf(ξ)dξ

= U(t, s)x(s) +
∫ t

s

U(t, ξ)eiµξf(ξ)dξ ∀t ≥ s.

Thus x(·) is an almost periodic solution of Eq.(2.15). The uniqueness of x(·) follows
from that of the solution y(·) .

We now prove the converse. Let y(t) be the unique almost periodic solution to
the equation

y(t) = U(t, s)y(s) +
∫ t

s

U(t, ξ)eiµξf(ξ)dξ, ∀t ≥ s. (2.16)

Then x(t) := e−iµty(t) must be the unique solution to the following equation

x(t) = e−iµ(t−s)U(t, s)x(s) +
∫ t

s

e−iµ(t−ξ)U(t, ξ)f(ξ)dξ), ∀t ≥ s. (2.17)

And vice versa. We show that x(t) should be periodic. In fact, it is easily seen that
x(1+ ·) is also an almost periodic solution to Eq.(2.16). From the uniqueness of y(·)
(and then that of x(·)) we have x(t + 1) = x(t), ∀t. By Proposition 2.1 this yields
that 1 ∈ ρ(Q(0)), or in other words, eiµ ∈ ρ(P ) . From the arbitrary nature of µ,
S1 ∩ σ(P ) = �.

Remark 2.3 From Lemma 2.5 it follows in particular that the inhomogeneous
equation (2.4) is uniquely solvable in the function space AP (X) if and only if
S1 ∩ σ(P ) = �. This remark will be useful to consider the asymptotic behavior of
the solutions to the homogeneous equation (2.1).

Before applying the above results to study the exponential dichotomy of 1-periodic
strongly continuous processes we recall that a given 1-periodic strongly continuous
evolutionary process (U(t, s))t≥s is said to have an exponential dichotomy if there
exist a family of projections Q(t), t ∈ R and positive constants M,α such that the
following conditions are satisfied:

i) For every fixed x ∈ X the map t 7→ Q(t)x is continuous,

ii) Q(t)U(t, s) = U(t, s)Q(s), ∀t ≥ s,

iii) ‖U(t, s)x‖ ≤Me−α(t−s)‖x‖, ∀t ≥ s, x ∈ ImQ(s),

iv) ‖U(t, s)y‖ ≥M−1eα(t−s)‖y‖, ∀t ≥ s, y ∈ KerQ(s),

v) U(t, s)|KerQ(s) is an isomorphism from KerQ(s) onto KerQ(t), ∀t ≥ s.

Theorem 2.1 Let (U(t, s))t≥s be given 1-periodic strongly continuous evolutionary
process. Then the following assertions are equivalent:

i) The process (U(t, s))t≥s has an exponential dichotomy;
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ii) For every given bounded and continuous f the inhomogeneous equation (2.4)
has a unique bounded solution;

iii) The spectrum of the monodromy operator P does not intersect the unit circle;

iv) For every given f ∈ AP (X) the inhomogeneous equation (2.4) is uniquely
solvable in the function space AP (X) .

Proof. The equivalence of i) and ii) has been established by Zikov (for more gen-
eral conditions , see e.g. [137, Chap. 10, Theorem 1]. Now we show the equivalence
between i), ii) and iii). Let the process have an exponential dichotomy. We now
show that the spectrum of the monodromy operator P does not intersect the unit
circle. In fact, from ii) it follows that for every 1-periodic function f on the real
line there is a unique bounded solution x(·) to Eq.(2.4). This solution should be
1-periodic by the periodicity of the process (U(t, s))t≥s. According to Lemma 2.5,
1 ∈ ρ(P ). By the same argument as in the proof of Lemma 2.5 we can show that
eiµ ∈ ρ(P ),∀µ ∈ R . Conversely, suppose that the spectrum of the monodromy
operator P does not intersect the unit circle. The assertion follows readily from [90,
Theorem 7.2.3 , p. 198]. The equivalence of iv) and iii) is clear from Lemma 2.5.

Unique solvability of the inhomogeneous equations in M(f)

Now let us return to the more general case where the spectrum of the monodromy
operator may intersect the unit circle. In the sequel we shall need the following basic
property of the translation group on Λ(X) which proof can be done in a standard
manner.

Lemma 2.6 Let Λ be a closed subset of the real line. Then

i) σ(DΛ(X)) = iΛ,

ii) σ(DΛ(X)∩AP (X)) = iΛ.

Proof. (i) First, we note that for every λ ∈ Λ, iλ ∈ σ(DΛ(X)). In fact, Deiλ·x =
iλeiλ·x. Now suppose that λ0 6∈ Λ. Then we shall show that iλ0 ∈ ρ(DΛ(X)). To this
end, we consider the following equation

du

dt
= iλ0u+ g(t), g ∈ Λ(X). (2.18)

By Theorem 1.16 we have that isp(g) = σ(DMg
), where Mg is the closed subspace

of BUC(R,X), spanned by all translations of g. Thus, iλ0 6∈ σ(DMg
); and hence

the above equation has a unique solution h ∈ Mg ⊂ Λ(X). If k is another solution
to Eq.(2.18) in Λ(X), then h−k is a solution in Λ(X) to the homogeneous equation
associated with Eq.(2.18). Thus, a computation via Carleman transform shows that
sp(h−k) ⊂ {λ0}. On the one hand, we get λ0 6∈ sp(h−k) because of sp(h−k) ⊂ Λ.
Hence, sp(h− k) = �, and then h− k = 0. In other words, Eq.(2.18) has a unique
solution in Λ(X). This shows that the above equation has a unique solution in Λ(X),
i.e. iλ0 ∈ ρ(DΛ(X)).
(ii) The second assertion can be proved in the same way.
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Theorem 2.2 Let (U(t, s))t≥s be a 1-periodic strongly continuous evolutionary pro-
cess. Moreover, let f ∈ AP (X) such that σ(P ) ∩ {eiλ, λ ∈ sp(f)} = �. Then the
inhomogeneous equation (2.4) has an almost periodic solution which is unique in
M(f).

Proof. From Example 2.2 it follows that the function space M(f) satisfies con-
dition H. Since (S(t))t∈R is an isometric C0-group, by the weak spectral mapping
theorem for isometric groups (Theorem 1.8) we have

σ(S(1)|M(f)) = eσ(D|M(f)),

where D|M(f) is the generator of (S(t)|M(f))t≥0. By Lemma 2.6 we have

σ(D|M(f)) = iΛ,

where Λ = {λ+ 2πk, λ ∈ sp(f), k ∈ Z}. Hence, since

eσ(D|M(f)) = eiΛ ⊂ eisp(f) ⊂ eiΛ,

we have
σ(S(1)|M(f)) = eσ(D|M(f)) = eisp(f) .

Thus, the condition
σ(P ) ∩ eisp(f) = �

is equivalent to the following

1 6∈ σ(P ).σ(S(−1)|M(f)).

In view of the inclusion

σ(T 1|M(f))\{0} ⊂ σ(P̂M(f)).σ(S(−1)|M(f))\{0}
⊂ σ(P ).σ(S(−1)|M(f))\{0}

which follows from the commutativeness of the operator P̂M(f) with the operator
S(−1)|M(f), the above inclusion implies that

1 6∈ σ(T 1|M(f)).

Now the assertion of the theorem follows from Corollary 2.2.

Unique solvability of nonlinearly perturbed equations

Let us consider the semilinear equation

x(t) = U(t, s)x(s) +
∫ t

s

U(t, ξ)g(ξ, x(ξ))dξ. (2.19)
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We shall be interested in the unique solvability of (2.19) for a larger class of the
forcing term g. We shall show that the generator of evolutionary semigroup is still
useful in studying the perturbation theory in the critical case in which the spectrum
of the monodromy operator P may intersect the unit circle. We suppose that g(t, x)
is Lipschitz continuous with coefficient k and the Nemystky operator F defined by
(Fv)(t) = g(t, v(t)),∀t ∈ R acts in M. Below we can assume that M is any closed
subspace of the space of all bounded continuous functions BC(R,X). We consider
the operator L in BC(R,X). If (U(t, s))t≥s is strongly continuous, then L is a
single-valued operator from D(L) ⊂ BC(R,X) to BC(R,X).

Lemma 2.7 Let M be any closed subspace of BC(R,X), (U(t, s))t≥s be strongly
continuous and Eq.(2.4) be uniquely solvable in M. Then for sufficiently small k ,
Eq.(2.19) is also uniquely solvable in this space.

Proof. First, we observe that under the assumptions of the lemma we can define
a single-valued operator L acting in M as follows: u ∈ D(L) if and only if there
is a function f ∈ M such that Eq.(2.4) holds. From the strong continuity of the
evolutionary process (U(t, s))t≥s one can easily see that there is at most one function
f such that Eq.(2.4) holds (the proof of this can be carried out in the same way as in
that of Lemma 2.9 in the next section). This means L is single-valued. Moreover, one
can see that L is closed. Now we consider the Banach space [D(L)] with graph norm,
i.e. |v| = ‖v‖+‖Lv‖. By assumption it is seen that L is an isomorphism from [D(L)]
onto M. In view of the Lipschitz Inverse Mapping Theorem for Lischitz mappings
(see e.g. Theorem 4.11) for sufficiently small k the operator L − F is invertible.
Hence there is a unique u ∈ M such that Lu − Fu = 0. From the definition of
operator L we see that u is a unique solution to Eq.(2.19).

Corollary 2.4 Let M be any closed subspace of AP (X), (U(t, s))t≥s be 1-periodic
strongly continuous evolutionary process and for every f ∈ M the inhomogeneous
equation (2.4) be uniquely solvable in M. Moreover let the Nemytsky operator F
induced by the nonlinear function g in Eq.(2.19) act on M. Then for sufficiently
small k , the semilinear equation (2.19) is uniquely solvable in M .

Proof. The corollary is an immediate consequence of Lemma 2.7.

Example 1

In this example we shall consider the abstract form of parabolic partial differential
equations (see e.g. [90] for more details) and apply the results obtained above to
study the existence of almost periodic solutions to these equations. It may be noted
that a necessary condition for the existence of Floquet representation is that the
process under consideration is invertible. It is known for the bounded case (see e.g.
[55, Chap. V, Theorem 1.2]) that if the spectrum of the monodromy operator does
not circle the origin (of course, it should not contain the origin), then the evolution
operators admit Floquet representation. In the example below, in general, Floquet
representation does not exist. For instance, if the sectorial operator A has compact
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resolvent, then monodromy operator is compact (see [90] for more details). Thus, if
dimX = ∞, then monodromy operators cannot be invertible. However, the above
results can apply.

Let A be sectorial operator in a Banach space X, and the mapping taking t into
B(t) ∈ L(Xα,X) be Hölder continuous and 1-periodic. Then there is a 1-periodic
evolutionary process (U(t, s))t≥s associated with the equation

du

dt
= (−A+B(t))u. (2.20)

We have the following:

Claim 1 For any x0 ∈ X and τ there exists a unique (strong) solution x(t) :=
x(t; τ, x0) of Eq.(2.20) on [τ,+∞) such that x(τ) = x0 . Moreover, if we write
x(t; τ, x0) := T (t, τ)x0,∀t ≥ τ , then (T (t, τ))t≥τ is a strongly continuous 1-periodic
evolutionary process. In addition, if A has compact resolvent, then the monodromy
operator P (t) is compact.

Proof. This claim is an immediate consequence of [90, Theorem 7.1.3, p. 190-
191]. In fact, it is clear that (T (t, τ))t≥τ is strongly continuous and 1-periodic. The
last assertion is contained in [90, Lemma 7.2.2, p. 197]).

Thus, in view of the above claim if dimX = ∞, then Floquet representation
does not exist for the process. This means that the problem cannot reduced to the
autonomous and bounded case. To apply our results, let the function f taking t
into f(t) ∈ X be almost periodic and the spectrum of the monodromy operator
of the process (U(t, s))t≥s be separated from the set eisp(f). Then the following
inhomogeneous equation

du

dt
= (−A+B(t))u+ f(t)

has a unique almost periodic solution u such that

sp(u) ⊂ {λ+ 2πk, k ∈ Z, λ ∈ sp(f)}.

We now show

Claim 2 Let the conditions of Claim 1 be satisfied except for the compactness of
the resolvent of A . Then

dx

dt
= (−A+B(t))x (2.21)

has an exponential dichotomy if and only if the spectrum of the monodromy operator
does not intersect the unit circle. Moreover, if A has compact resolvent, it has an
exponential dichotomy if and only if all multipliers have modulus different from one.
In particular, it is asymptotically stable if and only if all characteristic multipliers
have modulus less than one.

Proof. The operator T (t, s), t > s is compact if A has compact resolvent (see e.g.
[90, p. 196]). The claim is an immediate consequence of Theorem 2.1.
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Example 2

We examine in this example how the condition of Theorem 2.2 cannot be droped.
In fact we consider the simplest case with A = 0

dx

dt
= f(f), x ∈ R, (2.22)

where f is continuous and 1-periodic. Obviously,

σ(eA) = {1} = ei sp(f).

We assume further that the integral
∫ t
0
f(ξ)dξ is bounded. Then every solution to

Eq.(2.22) can be extended to a periodic solution defined on the whole line of the
form

x(t) = c+
∫ t

0

f(ξ)dξ, t ∈ R.

Thus the uniqueness of a periodic solution to Eq.(2.22) does not hold.
Now let us consider the same Eq.(2.22) but with 1-anti-periodic f , i.e., f(t+1) =

f(t),∀t ∈ R. Clearly,
ei sp(f) = {−1} ∩ σ(eA) = �.

Hence the conditions of Theorem 2.2 are satisfied. Recall that in this theorem we
claim that the uniqueness of the almost periodic solutions is among the class of
almost periodic functions g with ei sp(g) ⊂ ei sp(f). Now let us have a look at our
example. Every solution to Eq.(2.22) is a sum of the unique 1-anti-periodic solution,
which existence is guaranteed by Theorem 2.2, and a solution to the corresponding
homogeneous equation, i.e., in this case a constant function. Hence, Eq.(2.22) has
infinitely many almost periodic solutions.

2.2. EVOLUTION SEMIGROUPS, SUMS OF COMMUTING OPER-
ATORS AND SPECTRAL CRITERIA FOR ALMOST PERIOD-
ICITY

Let X be a given complex Banach space and M be a translation invariant subspace
of the space of X-valued bounded uniformly continuous functions on the real line
BUC(R,X). The problem of our primary concern in this section is to find conditions
for M to be admissible with respect to differential equations of the form

du

dt
= Au+ f(t), (2.23)

where A is a (unbounded) linear operator with nonempty resolvent set on the Ba-
nach space X. By a tradition, by admissibility here we mean that for every f ∈M
Eq.(2.23) has a unique solution (in a suitable sense) which belongs to M as well.
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The admissibility theory of function spaces is a classical and well-studied subject
of the qualitative theory of differential equations which goes back to a fundamental
study of O. Perron on characterization of exponential dichotomy of linear ordinary
differential equations.

The next problem we will deal with in the section is concerned with the situation
in which one fails to solve Eq.(2.23) uniquely in M. Even in this case one can still
find conditions on A so that a given solution uf ∈ BUC(R,X) belongs to M. In
this direction, one interesting criterion is the countability of the imaginary spectrum
of the operator A which is based on the spectral inclusion

ispAP (uf ) ⊂ iR ∩ σ(A),

where spAP (uf ) is called (in terminology of [137]) the set of points of non-almost
periodicity). In the next section we will discuss another direction dealing with such
conditions that if Eq.(2.23) has a solution uf ∈ BUC(R,X), then it has a solution
in M (which may be different from uf ).

In this section we will propose a new approach to the admissibility theory of
function spaces of Eq.(2.23) by considering the sum of two commuting operators
−d/dt := −DM and the operator of multiplication by A on M. As a result we
will give simple proofs of recent results on the subject. Moreover, by this approach
the results can be naturally extended to general classes of differential equations, in-
cluding higher order and abstract functional differential equations. Various spectral
criteria of the type σ(DM) ∩ σ(A) = � for the admissibility of the function space
M and applications will be discussed.

We now describe more detailedly our approach which is based on the notion of
evolution semigroups and the method of sums of commuting operators. Let A be
the infinitesimal generator of a C0-semigroup (etA)t≥0. Then the evolution semi-
group (Th)h≥0 on the function space M associated with Eq.(2.23) is defined by
Thg(t) := ehAg(t− h), ∀t ∈ R, h ≥ 0, g ∈ M. Under certain conditions on M, the
evolution semigroup (Th)h≥0 is strongly continuous. On the one hand, its infinites-
imal generator G is the closure of the operator −d/dt + A on M. On the other
hand, the generator G relates a mild solution u of Eq.(2.23) to the forcing term f
by the rule Gu = −f . The conditions for which the closure of −d/dt+A, as a sum
of two commuting operators, is invertible, are well studied in the theory of sums
of commuting operators. We refer the reader to a summary of basic notions and
results in the appendices of this book, and the references for more information on
the theory and applications of sums of commuting operators method to differential
equations. So far this method is mainly applied to study the existence and regularity
of solutions to the Cauchy problem corresponding to Eq.(2.23) on a finite interval.
In this context, it is natural to extend this method to the admissibility theory of
function spaces.

Recall that by (S(t))t≥0 we will denote the translation group on the function
space BUC(R,X), i.e., S(t)v(s) := v(t + s),∀t, s ∈ R, v ∈ BUC(R,X) with in-
finitesimal generator D := d/dt defined on D(D) := BUC1(R,X). Let M be a sub-



CHAPTER 2. SPECTRAL CRITERIA 47

space of BUC(R,X), A be a linear operator on X. We shall denote by AM the op-
erator f ∈ M 7→ Af(·) with D(AM) = {f ∈ M|∀t ∈ R, f(t) ∈ D(A), Af(·) ∈ M}.
When M = BUC(R,X) we shall use the notation A := AM. Throughout the
paragraph we always assume that A is a given operator on X with ρ(A) 6= � , (so
it is closed).

In this paragraph we will use the notion of translation-invariance of a function
space, which we recall in the following definition, and additional conditions on it.

Definition 2.4 A closed and translation invariant subspace M of the function
space BUC(R,X) , i.e., S(τ)M⊂M for all τ ∈ R , is said to satisfy

i) condition H1 if the following condition is fulfilled:

∀C ∈ L(X),∀f ∈M⇒ Cf ∈M,

ii) condition H2 if the following condition is fulfilled:
For every closed linear operator A, if f ∈ M such that f(t) ∈ D(A), ∀t,
Af ∈ BUC(R,X), then Af ∈M,

iii) condition H3 if the following condition is fulfilled: For every bounded linear
operator B ∈ L(BUC(R,X)) which commutes with the translation group
(S(t))t∈R one has BM⊂M.

Remark 2.4 As remarked in [222, p.401], condition H3 is equivalent to the asser-
tion that

∀B ∈ L(M,X) ∀f ∈M⇒ BS(·)f ∈M.

Obviously, conditions H2, H3 are stronger than condition H1. In the sequel, we will
define the autonomousness of a functional operator via condition H3.

In connection with the translation-invariant subspaces we need the following
simple spectral properties.

Lemma 2.8 i) Let M satisfy condition H1. Then

σ(AM) ⊂ σ(A) = σ(A)

and
‖R(λ,AM)‖ ≤ ‖R(λ,A)‖ = ‖R(λ,A)‖,∀λ ∈ ρ(A);

ii) Let M satisfy condition H3 and B be a bounded linear operator on BUC(R,X)
which commutes with the translation group. Then σ(BM) ⊂ σ(B) and

‖R(λ,BM)‖ ≤ ‖R(λ,B)‖,∀λ ∈ ρ(B).
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Proof. i) Let λ ∈ ρ(A). We show that λ ∈ ρ(AM). In fact, asM satisfies condition
H1, ∀f ∈ M, R(λ,A)f(·) := (λ − A)−1f(·) ∈ M. Thus the function R(λ,A)f(·) is
a solution to the equation (λ−AM)u = f . Moreover, since λ ∈ ρ(A) it is seen that
the above equation has at most one solution. Hence λ ∈ ρ(AM). Moreover, it is
seen that ‖R(λ,AM)‖ ≤ ‖R(λ,A)‖. Similarly, we can show that if λ ∈ ρ(A), then
λ ∈ ρ(A) and ‖R(λ,A)‖ ≤ ‖R(λ,A)‖.
ii) The proof of the second assertion can be done in the same way.

In the section, as a model of the translation - invariant subspaces, which satisfy
all conditions H1, H2, H3 we can take the spectral spaces

Λ(X) := {u ∈ BUC(R,X) : sp(u) ⊂ Λ},

where Λ is a given closed subset of the real line.

2.2.1. Differential Operator d/dt−A and Notions of Admissibility

We start the main subsection of this ection by discussing various notions of ad-
missibility and their inter-relations via the differential operator d/dt − A, or more
precisely its closed extensions, for the following equation

dx

dt
= Ax+ f(t), x ∈ X, t ∈ R, (2.24)

where A is a linear operator acting on X.

Using the notation BUC1(R,X) := {g ∈ BUC(R,X) : ∃g′ , g′ ∈ BUC(R,X)}
we recall that

Definition 2.5 i) An X-valued function u on R is said to be a solution on R to
Eq.(2.24) for given linear operator A and f ∈ BUC(R,X) (or sometime, clas-
sical solution) if u ∈ BUC1(R,X), u(t) ∈ D(A),∀t and u satisfies Eq.(2.24)
for all t ∈ R.

ii) Let A be the generator of a C0 semigroup of linear operators. An X-valued
continuous function u on R is said to be a mild solution on R to Eq.(2.24)
for a given f ∈ BUC(R,X) if u satisfies

u(t) = e(t−s)Au(s) +
∫ t

s

e(t−r)Af(r)dr,∀t ≥ s.

Definition 2.6 i) (cf. [186]) A closed translation invariant subspace M ⊂
BUC(R,X) is said to be admissible for Eq.(2.24) if for each f ∈ M0 :=
M ∩ BUC1(R,X) there is a unique solution u ∈ M0 of Eq.(2.24) and if
fn ∈M0, n ∈ N, fn → 0 as n→∞ in M0 imply un → 0 as n→∞.

ii) Let M satisfy condition H1. M is said to be weakly admissible for Eq.(2.24)
if DM −AM is TA-closable and 0 ∈ ρ(DM −AM

A
).
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iii) Let A be the generator of a C0-semigroup. A translation - invariant closed
subspace M of BUC(R,X) is said to be mildly admissible for Eq.(2.24) if for
every f ∈M there exists a unique mild solution xf ∈M to Eq.(2.24).

Remark 2.5 By definition it is obvious that admissibility and the closability of
DM −AM imply that 0 ∈ ρ(DM −AM).

We now discuss the relationship between the notions of admissibility, weak ad-
missibility and mild admissibility if A is the generator of a C0-semigroup. To this
end, we introduce the following operator LM which will be the key tool in our
construction.

Definition 2.7 Let M be a translation invariant closed subspace of BUC(R,X).
We define the operator LM on M as follows: u ∈ D(LM) if and only if u ∈M and
there is f ∈M such that

u(t) = e(t−s)Au(s) +
∫ t

s

e(t−r)Af(r)dr,∀t ≥ s (2.25)

and in this case LMu := f .

Let A be a given operator and M be a translation invariant closed subspace of
BUC(R,X). We recall that in M the topology TA is defined by the norm ‖f‖A :=
‖R(λ,AM)f‖ for λ ∈ ρ(A) ⊂ ρ(AM). The following lemma will play an important
role below.

Lemma 2.9 Let A be the generator of a C0-semigroup and M be a translation
invariant closed subspace of BUC(R,X) satisfying condition H1. Then the operator
LM is well-defined single valued, TA-closed, and thus it is a closed and TA-closed
extension of the sum of two commuting operators DM −AM .

Proof. First we show that LM is a well defined singled valued operator on M.
To this purpose, we suppose that there are u, f1, f2 ∈M such that

LMu = f1, LMu = f2.

By definition this means that Eq.(2.25) holds for f = fi, i = 1, 2. We now show that
f1 = f2. In fact we have

u(t) = e(t−s)Au(s) +
∫ t

s

e(t−r)Af1(r)dr,∀t ≥ s,

= e(t−s)Au(s) +
∫ t

s

e(t−r)Af2(r)dr,∀t ≥ s.

This yields that ∫ t

s

e(t−r)A(f1(r)− f2(r))dr = 0,∀t ≥ s. (2.26)
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Since (etA)t≥0 is strongly continuous, the integrand in the left hand side of (2.26)
is continuous with respect to r, (r ≤ t). Thus,

0 = lim
s↑t

1
t− s

∫ t

s

e(t−r)A(f1(r)− f2(r))dr = e(t−t)Af1(t)− f2(t) =

= f1(t)− f2(t),∀t.

Now we show the TA-closedness of the operator LM. Let un, fn ∈M ⊂ BUC(R,X),
n ∈ N such that

lim
n→∞

R(λ,AM)un = R(λ,AM)u, u ∈M,

lim
n→∞

R(λ,AM)fn = R(λ,AM)f, f ∈M,

LMun = fn.

By assumption we have

un(t) = e(t−s)Aun(s) +
∫ t

s

e(t−ξ)Afn(ξ)dξ,∀t ≥ s.

Thus

u(t) + (un(t)− u(t)) = e(t−s)Au(s) + (e(t−s)Aun(s)− e(t−s)Au(s)) +

+
∫ t

s

e(t−ξ)Af(ξ)dξ + (
∫ t

s

e(t−ξ)A(fn(ξ)− f(ξ))dξ,

∀t ≥ s.

Since R(λ,A)etA = etAR(λ,A) we have

‖R(λ,A)e(t−s)A(un(s)− u(s))‖ = ‖e(t−s)AR(λ,A)(un(s)− u(s))‖
≤ Ne(t−s)ω‖R(λ,A)(un(s)− u(s))‖
≤ Ne(t−s)ω‖R(λ,AM)(un − u)‖TA

.

Thus,
lim
n→∞

‖R(λ,A)e(t−s)A(un(s)− u(s))‖ = 0. (2.27)

On the other hand,

‖R(λ,A)
∫ t

s

e(t−ξ)A(fn(ξ)− f(ξ))dξ‖ =

= ‖
∫ t

s

e(t−ξ)AR(λ,A)(fn(ξ)− f(ξ))dξ‖

≤
∫ t

s

Ne(t−s)ω‖R(λ,AM)(fn − f)‖dξ.

This yields that
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lim
n→∞

R(λ,A)
∫ t

s

e(t−ξ)A(fn(ξ)− f(ξ))dξ = 0∀t ≥ s. (2.28)

Combining (2.27) and (2.28) we see that

R(λ,A)u(t) = R(λ,A)(e(t−s)Au(s) +
∫ t

s

e(t−ξ)Af(ξ)dξ),∀t ≥ s.

From the injectiveness of R(λ,A) we get

u(t) = e(t−s)Au(s) +
∫ t

s

e(t−ξ)Af(ξ)dξ,∀t ≥ s,

i.e., LMu = f . This completes the proof of the lemma.

The following lemma will be needed in the sequel.

Lemma 2.10 Let A be the generator of a C0-semigroup and M be a closed trans-
lation invariant subspace of AAP (X) which satisfies condition H1. Then

DM −AM = LM.

Proof. Let us consider the semigroup (Th)h≥0

Thv(t) := ehAv(t− h), v ∈M, h ≥ 0.

By condition H1, clearly, (Th)h≥0 leaves M invariant. By Corollary 2.1, since M⊂
AAP (X) this semigroup is strongly continuous which has −LM as its generator. On
the other hand, since (Th)h≥0 is the composition of two commuting and strongly
continuous semigroups, by [163, p. 24] this generator is nothing but −DM +AM.

Corollary 2.5 Let A be the generator of a C0-semigroup and M be a translation
invariant closed subspace of BUC(R,X). Then the notions of admissibility, weak
admissibility and mild admissibility of M for Eq.(2.24) are equivalent provided one
of the following conditions is satisfied:

i) M satisfies condition H1 and M⊂ AAP (X);

ii) M satisfies condition H2 and A is the generator of an analytic C0-semigroup.

Proof. i) Since the admissibility of M for Eq.(2.24) implies in particular that
0 ∈ ρ(DM −AM), and by Lemmas 2.9, 2.10

DM −AM = DM −AM
A

= LM

the implication ”admissibility ⇒ mild admissibility” is clear. Also, the equivalence
between mild admissibility and weak admissibility is obvious. It remains only to
show ”mild admissibility ⇒ admissibility”, i.e., if
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0 ∈ ρ(LM),

then M is admissible with respect to Eq.(2.24). In fact, by assumption, for every
f ∈ M there is a unique mild solution u := L−1

Mf of Eq.(2.24). It can be seen that
the function u(τ + ·) ∈ M is a mild solution of Eq.(2.24) with the forcing term
f(τ + ·) for every fixed τ ∈ R. Hence, by the uniqueness, u(τ + ·) = L−1

Mf(τ + ·).
We can rewrite this fact as

S(τ)L−1
Mf = L−1

MS(τ)f,∀f ∈M, τ ∈ R.

From this and the boundedness of L−1
M ,

lim
τ↓0

S(τ)u− u

τ
= L−1

M lim
τ↓0

S(τ)f − f

τ
.

Thus, the assumption that f ∈ M0 implies that the left hand side limit exists.
Thus, u = L−1

Mf ∈ M0. As is well known, since f is differentiable
∫ t
s
e(t−ξ)Af(ξ)dξ

is differentiable (see [71, Theorem, p. 84]). Thus, by definition of mild solutions, from
the differentiability of u it follows that e(t−s)Au(s) is differentiable with respect to
t ≥ s. Thus, u(s) ∈ D(A) for every s ∈ R. Finally, this shows that u(·) is a classical
solution to Eq.(2.24) on R. Hence the admissibility of M for Eq.(2.24) is proved.
ii) We first show the implications “admissibility ⇒ weak admissibility” and “admis-
sibility ⇒ mild admissibility”. In fact, since by Lemma 2.9

DM −AM ⊂ DM −AM
A ⊂ LM

we see that DM −AM
A
, LM are surjective. Thus it remains to show that the map-

pings DM −AM
A
, LM are injective. Actually, it suffices to show only that LM is

injective. Let u ∈M such that LMu = 0. By definition,

u(t) = e(t−s)Au(s),∀t ≥ s.

Since (etA)t≥0 is analytic this yields that dku(t)/dtk ∈ D(A),∀t,∀k ∈ N (see The-
orem 1.5). Moreover

u(j)(t) = e(t−s)AAju(s),∀t ≥ s, j = 1, 2.

Thus, by Theorem 1.5,

‖u(j)(t)‖ = ‖Aje1Au(t− 1)‖ ≤ N‖u‖, j = 1, 2,

where N ≥ 0 is a constant independent of u. This shows that u′(·) ∈ BUC(R,X).
Hence, by assumption, u′(·) = Au(·) ∈ M , i.e., u is a classical solution on R to
Eq.(2.24). By assumption, from the admissibility it follows that u = 0.

Now we show the implication “ weak admissibility ⇒ mild admissibility”. As
D(DM −AM

A
) contains all classical solutions on R, the proof of this implication

can be done as in that of the previous ones.
The proof of the corollary is complete if we prove the implication “mild admissibility
⇒ admissibility”. In fact, this can be shown as in the proof of i).



CHAPTER 2. SPECTRAL CRITERIA 53

2.2.2. Admissibility for Abstract Ordinary Differential Equations

In this subsection we shall demonstrate some advantages of using the operator
d/dt−A as the sum of two commuting operators to study the admissibility theory
for Eq.(2.24).

Recall that by definition Λ(X) = {f ∈ BUC(R,X) : sp(f) ⊂ Λ} , where Λ is a
given closed subset of R. Obviously, Λ(X) is a translation invariant closed subspace
of BUC(R,X). Moreover, it satisfies all conditions H1, H2, H3. Thus we have the
following

Theorem 2.3 Let M be a translation invariant subspace of BUC(R,X) satisfying
condition H1, Λ be a closed subset of the real line, and A have non-empty resolvent
set. Moreover let iΛ ∩ σ(A) = �. Then for every f ∈ M ∩ Λ(X) Eq.(2.24) has a
unique bounded solution in M∩Λ(X) provided one of the following conditions holds

i) either Λ is compact, or

ii) the operator A is bounded on X.

In particular, the subspace M∩ Λ(X) is admissible for Eq.(2.24) in both cases.

Proof. i) First of all by assumption, it is seen that the operator DM∩Λ(X) is
bounded (see e.g. [137, p. 88]). Since M ∩ Λ(X) satisfies also condition H1, by
Lemma 2.8,

σ(AM∩Λ(X)) ⊂ σ(A). (2.29)

On the other hand, by Lemma 2.6 and the translation invariance and closedness of
M, we observe that for every f ∈M∩ Λ(X) and λ ∈ ρ(DΛ(X)), Reλ > 0

R(λ,DΛ(X))f =
∫ ∞

0

e−λtS(t)fdt ∈M∩ Λ(X).

Since R(µ,DΛ(X))f is continuous in µ ∈ ρ(DΛ(X)) = C\iΛ, we get

R(λ,DΛ(X))f ∈M∩ Λ(X)

for all λ ∈ ρ(DΛ(X)). This yields that for every λ ∈ ρ(DΛ(X)) the equation

λu−DM∩Λ(X)u = f

is uniquely solvable in M∩ Λ(X) , i.e.,

ρ(DΛ(X)) ⊂ ρ(DM∩Λ(X)).

Hence by Lemma 2.6,

σ(DM∩Λ(X)) ⊂ σ(DΛ(X)) = iΛ. (2.30)

Now (2.29) and (2.30) yield that
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σ(DM∩Λ(X)) ∩ σ(AM∩Λ(X)) = �.

Applying Theorem 4.10 to the pair of operators DM∩Λ(X) and AM∩Λ(X) we get the
assertion of the theorem.
ii) The second case can be proved in the same manner.

Remark 2.6 The case where A generates a C0-semigroup has been considered in
[222]. In [186], the theorem has been proved for a more general form of equations
in the case where the function space M = Λ(X). Note that, the methods used in
[186] and [222] are quite different.

We now consider the case where the operators A and D satisfy condition P
which we recall in the following: For θ ∈ (0, π), R > 0 we denote Σ(θ,R) = {z ∈ C :
|z| ≥ R, |argz| ≤ θ}.

Definition 2.8 Let A and B be commuting operators. Then

i) A is said to be of class Σ(θ+ π/2, R) if there are positive constants θ,R such
that θ < π/2,

Σ(θ + π/2, R) ⊂ ρ(A) and sup
λ∈Σ(θ+π/2,R)

‖λR(λ,A)‖ <∞,

ii) A and B are said to satisfy condition P if there are positive constants
θ, θ′, R, θ′ < θ such that A and B are of class Σ(θ + π/2, R),Σ(π/2 − θ′, R),
respectively.

Theorem 2.4 Let (A + α) be of class Σ(θ + π/2, R) for some real α and M be a
translation - invariant subspace of BUC(R,X). Moreover, let σ(A) ∩ σ(DM) = �.
Then the following assertions hold true:

i) If M satisfies condition H1, then M is weakly admissible for (2.24).

ii) If M satisfies condition H2 and A is the generator of a C0-semigroup, then
M is admissible, weakly admissible and mildly admissible for (2.24).

iii) If M ⊂ AAP (X) satisfies condition H1 and A is the generator of a C0-
semigroup, then M is admissible, weakly admissible and mildly admissible for
(2.24).

Proof. Note that under the theorem’s assumption the operators A + α and D
satisfy condition P for some real α. In fact, we can check only that

sup
λ∈Σ(π/2−ε,R)

‖λR(λ,DM)‖ <∞,

where 0 < ε < π/2. Since λ ∈ Σ(π/2− ε,R) with 0 < ε < π/2
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‖λR(λ,DM)f‖ = |λ|‖
∫ ∞

0

e−λtf(·+ t)dt‖

≤ |λ|
∫ ∞

0

e−Reλtdt‖f‖

≤ |λ|
Reλ

‖f‖

≤ M‖f‖,

where M is a constant independent of f . Thus, by Theorem 4.10,

σ(DM −AM)A − α = σ(DM −AM
A − α)

= σ(DM − (AM + α))A

⊂ σ(DM)− σ(AM + α)
⊂ σ(DM)− σ(AM)− α.

Hence
σ(DM −AM

A
) ⊂ σ(DM)− σ(A). (2.31)

By assumption and by Lemma 2.8 since σ(DM)∩σ(A) = � we have σ(DM)∩σ(A) =
�. From (2.31) and this argument we get

0 6∈ σ(DM −AM
A
).

Hence, this implies in particular the weak admissibility of the function space M for
Eq.(2.24) proving i). Now in addition suppose thatA generates a strongly continuous
semigroup. Then ii) and iii) are immediate consequences of Corollary 2.5 and i).

2.2.3. Higher Order Differential Equations

Our approach can be naturally extended to higher order differential equations. We
consider the admissibility of the function space M∩ Λ(X) where M is assumed to
satisfy condition H1 and Λ is a closed subset of the real line for the equation

dnu

dtn
= Au+ f(t), (2.32)

where n is a natural number. To this end, first we compute the spectrum of the
operator dnu/dtn := Dn on M∩ Λ(X).

Proposition 2.2 With the above notation the following assertions hold true:

i)
σ(DnM∩Λ(X)) ⊂ (iΛ)n.

ii)
σ(DnΛ(X)) = (iΛ)n.
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Proof. We associate with the equation

dnu

dtn
= µu+ f(t), f ∈M∩ Λ(X)

the following first order equation
x′1 = x2

x′2 = x3,
...
x′n = µx1 + f(t)

, f ∈M∩ Λ(X). (2.33)

It is easily seen that the unique solvability of these equations in M ∩ Λ(X) are
equivalent. On the other hand, by Theorem 2.3 for every f ∈ M∩ Λ(X) Eq.(2.33)
has a unique (classical) solution x(·) ∈M∩ Λ(X), x = (x1, · · · , xn)T if

iΛ ∩ σ(I(µ)) = �,

where I(µ) denotes the operator matrix associated with Eq.(2.33). A simple com-
putation shows that σ(I(µ)) consists of all solutions to the equation tn − µ = 0.
Thus,

σ(DnM∩Λ(X)) ⊂ {µ ∈ C : µ = (iλ)nfor someλ ∈ Λ}.

Hence i) is proved. On the other hand, let µ ∈ Λ. Then g(·) := xeiµ· ∈ Λ(X).
Obviously, DnΛ(X)g = (iµ)ng and thus, (iµ)n ∈ σ(DnΛ(X)). Hence, ii) is proved.

To proceed we recall that the definition of admissibility for the first order equa-
tions can be naturally extended to higher order equations. Now we observe that (iΛ)n

is compact if Λ is compact.

Theorem 2.5 Let Λ be a compact subset of the real line and M be a translation
invariant subspace of BUC(R,X) satisfying condition H1. Moreover, let A be any
closed operator in X such that σ(A) ∩ (iΛ)n = �. Then for every f ∈ M ∩ Λ(X)
there exists a unique (classical) solution uf ∈M∩Λ(X) of Eq.(2.32). In particular,
M∩ Λ(X) is admissible for Eq.(2.32).

Proof. The theorem is an immediate consequence of Theorem 2.3 and the above
computation of the spectrum of Dn.

We recall the following notion.

Definition 2.9 By a mild solution of Eq.(2.32) we understand a bounded uni-
formly continuous function u : R → X such that∫ t

0

dt1

∫ t1

0

dt2...

∫ tn−1

0

u(s)ds ∈ D(A)

and
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u(t) = x0 + tx1 + ...tn−1xn−1 +A

∫ t

0

dt1

∫ t1

0

dt2...

∫ tn−1

0

u(s)ds+

+
∫ t

0

dt1

∫ t1

0

dt2...

∫ tn−1

0

f(s)ds (t ∈ R)

for some fixed x0, x1, ..., xn−1 ∈ X. For u ∈ BUC(R,X) we say that u is a classical
solution to Eq.(2.32) if u(t) ∈ D(A),∀t ∈ R and the n-th derivative of u (denoted
by u(n) ) exists as an element of BUC(R,X) such that Eq.(2.32) holds for all t ∈ R.

Remark 2.7 It may be noted that a classical solution is also a mild solution. In
case n = 1 if A generates a strongly continuous semigroup the above definition of
mild solution on R coincides with that in Section 1 of Chapter 1. In fact we have:

Lemma 2.11 Let A be the generator of a C0-semigroup and u satisfy
∫ t
0
u(s)ds ∈

D(A), ∀t such that

u(t) = u(0) +A

∫ t

0

u(s)ds+
∫ t

0

f(s)ds. (2.34)

Then u satisfies

u(t) = T (t− s)u(s) +
∫ t

s

T (t− ξ)f(ξ)dξ,∀t ≥ s (2.35)

where T (t) = etA. Conversely, if u satisfies Eq.(2.35), then
∫ t
0
u(s)ds ∈ D(A), ∀t

and u satisfies Eq.(2.34).

Proof. Suppose that u is a solution to Eq.(2.34). Then, we will show that it is also
a solution to Eq.(2.35). In fact, without loss of generality we verify that u satisfies
Eq.(2.35) for s = 0. To this purpose let us define the function

w(t) = T (t)u(0) +
∫ t

0

T (t− ξ)f(ξ)dξ, t ≥ 0.

We now show that w satisfies Eq.(2.34) for t ≥ 0 as well. In fact, using the following
facts from semigroup theory

T (t)x− x = A

∫ t

0

T (s)xds,∀x ∈ X,

and the following which can be verified directly by definition

A

∫ t

η

T (s− η)f(η)ds = lim
h↓0

(1/h)(T (h)− I)
∫ t

η

T (s− η)f(η)ds =

= T (t− η)f(η)− f(η)

we have
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A

∫ t

0

w(s)ds = T (t)u(0)− u(0) +A

∫ t

0

∫ s

0

T (s− η)f(η)dη.

By a change of order of integrating we get

A

∫ t

0

∫ s

0

T (s− η)f(η)dη = A

∫ t

0

dη

∫ t

η

T (s− η)f(η)ds.

By the above facts we have∫ t

0

dηA

∫ t

η

T (s− η)f(η)ds =
∫ t

0

T (t− η)f(η)dη −
∫ t

0

f(η)dη.

This shows that w satisfies Eq.(2.34) for all t ≥ 0. Define g(t) = w(t) − u(t).
Obviously,

g(t) = A

∫ t

0

g(s)ds,∀t ≥ 0.

Since A generates a strongly continuous semigroup the Cauchy problem

x′ = Ax, x(0) = 0 ∈ D(A)

has a unique solution zero. Hence, u(t) = w(t),∀t ≥ 0, i.e. u(t) satisfies Eq.(2.35)
for all t ≥ 0.

By reversing the above argument we can easily show the converse. Hence, the
lemma is proved.

Lemma 2.12 Let A be a closed operator and u be a mild solution of Eq.(2.32) and
φ ∈ L1(R) such that its Fourier transform has compact support. Then φ ∗ u is a
classical solution to Eq.(2.32) with forcing term φ ∗ f .

Proof. Let us define

U1(t) =
∫ t

0

u(s)ds, F1(t) =
∫ t

0

f(s)ds, t ∈ R,

Uk(t) =
∫ t

0

Uk−1(s)ds, Fk(t) =
∫ t

0

Fk−1(s)ds, t ∈ R, k ∈ N.

Then, by definition, we have

u(t) = Pn(t) +A(Un(t)) + Fn(t), t ∈ R,

where Pn is a polynomial of order of n− 1. From the closedness of A, we have

u ∗ φ(t) = Pn ∗ φ(t) +A(Un ∗ φ(t)) + Fn ∗ φ(t), t ∈ R.

Since the Fourier transform φ has compact support all convolutions above are
infinitely differentiable. From the closedness of A we have that (Un ∗ φ)(k)(t) ∈
D(A), t ∈ R and
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A((Un ∗ φ)(k)(t)) =
dk

dtk
A(Un ∗ φ(t)), t ∈ R.

Set Vn(t) = Un ∗ φ(t). Since U (k)
n (t) = Un−k(t), k = 0, 1, 2 · · · , n and U0(t) = u(t)

we have V (k)(t) = Un−k ∗ φ(t), k = 0, 1, 2, · · · , n and V (n)
n (t) = u ∗ φ(t). Hence,

Un ∗ φ(t) = Vn(t)

=
n−1∑
k=0

tk

k!
Un−k ∗ φ(0) +

1
(n− 1)!

∫ t

0

(t− s)n−1u ∗ φ(s)ds.

Since Un ∗ φ(t) ∈ D(A), Un−k ∗ φ(0) ∈ D(A), k = 1, 2, · · · , n − 1 it follows that the
integral above belongs also to D(A). Furthermore, we can check that

u ∗ φ(t) = Pn ∗ φ(t) +Qn(t) +A

(
1

(n− 1)!

∫ t

0

(t− s)n−1u ∗ φ(s)ds
)

+
1

(n− 1)!

∫ t

0

(t− s)n−1f ∗ φ(s)ds,

where Pn, Qn are polynomials of order of n − 1 which appears when one expands
A(Un ∗ φ(t)) and Fn ∗ φ(t), respectively. Now, since all functions in the above ex-
pression are infinitely differentiable, Pn, Qn are polynomials of order of n − 1 and
A is closed we can differentiate the expression to get

dn

dtn
(u ∗ φ)(t) = A(u ∗ φ(t)) + f ∗ φ(t), ∀t ∈ R.

This proves the lemma.

We now recall the notion of B-class1 of functions.

Definition 2.10 A translation invariant subspace F ⊂ BUC(R,X) is said to be a
B-class if and only if it satisfies

i) F is a closed subspace of BUC(R,X) ;

ii) F contains all constant functions;

iii) F satisfies condition H1;

iv) F is invariant by multiplication by eiξ·,∀ξ ∈ R.

In connection with the notion of B-classes we recall the following notion of
spectrum. Let F be a B-class and u be in BUC(R,X). Then, by definition

spF (u) := {ξ ∈ R : ∀ε > 0∃f ∈ L1(R)
such that suppFf ⊂ (ξ − ε, ξ + ε) and f ∗ u 6∈ F}.

1Originally, in [26, p. 60] this notion is called Λ-class
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Lemma 2.13 If f ∈ F , where F is a B-class, then ψ ∗ f ∈ F , ∀ψ ∈ L1(R) such
that the Fourier transform of ψ has compact support.

Proof. For the proof we refer the reader to [26, p.60].

Hence, Theorem 2.5 yields the following:

Theorem 2.6 Let F be a B-class, A be a closed linear operator with non-empty
resolvent set. Then for any mild solution u to Eq.(2.32) with f ∈ F ,

spF (u) ⊂ {λ ∈ R : (iλ)n ∈ σ(A)}. (2.36)

Proof. Let λ0 ∈ R such that (iλ0)n 6∈ σ(A). Then, since σ(A) is closed there is a
positive number δ such that for all λ ∈ (λ0− 2δ, λ0 +2δ) we have (iλ)n 6∈ σ(A). Let
us define Λ := [λ0− δ, λ0 + δ]. Then by Theorem 2.5 for every y ∈ Λ(X)∩F there is
a unique (classical) solution x ∈ Λ(X) ∩F . Let ψ ∈ L1(R) such that suppFψ ⊂ Λ.
Put v := ψ ∗ u, g := ψ ∗ f . Then, by Lemma 2.13 g ∈ F and by [26, Proposition
2.5] spF (g) ⊂ suppFψ ∩ spF (f) ⊂ Λ. Thus g ∈ Λ(X) ∩ F . Since spF (v) ⊂ Λ by
Theorem 2.5 we see that Eq.(2.32) has a unique solution in Λ(X) which should be
v. Moreover, applying again Theorem 2.5 we can see that the function v should
belong to Λ(X) ∩F . We have in fact proved that λ0 6∈ spF (u). Hence the assertion
of the theorem has been proved.

In a standard manner we get the following:

Corollary 2.6 Let F be a B-class, σ(A) ∩ (iR)n be countable. Moreover, let u be
such a mild solution to Eq.(2.32) that

lim
t→∞

1
t

∫ t

0

e−iλsu(x+ s)ds

exists for every λ ∈ spF (u) uniformly with respect to x ∈ R. Then u ∈ F .

Proof. The corollary is an immediate consequence of Theorem 1.20 and Theorem
2.6.

In particular, we can take F = AP (X), AAP (X) and get spectral criteria for
almost periodicity and asymptotic almost periodicity for solutions to the higher
order equations (2.32). Other B-classes can be read in [26]. It is interesting that
starting from the spectral estimate (2.36) and the above corollary in the case n = 1
various criteria for stability for C0-semigroups can be established (see [26]).

We now consider the admissibility of a given translation invariant closed sub-
space M for the higher order equation (2.32). Since the geometric properties of the
set (iR)n play an important role, we consider here only the case n = 2, i.e., the
following equation

d2u

dt2
= Au+ f(t). (2.37)

It turns out that for higher order equations conditions on A are much weaker than
for the first order ones. Indeed, we have
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Theorem 2.7 Let A be a linear operator on X such that there are positive constants
R, θ and

Σ(θ,R) ⊂ ρ(A) and sup
λ∈Σ(θ,R)

|λ|‖R(λ,A)‖ <∞.

Furthermore, let M be a translation invariant closed subspace of BUC(R,X) which
satisfies condition H1 such that

σ(D2
M) ∩ σ(A) = �.

Then M is admissible for the second order equation (2.37).

Proof. We will apply Proposition 4.1 to the pair of linear operators D2
M and AM.

To this end, by Proposition 2.2 we observe that

σ(D2
M) ⊂ (iR)2 = (−∞, 0].

On the other hand, for 0 < ε < θ there is a constant M such that the following
estimate holds

‖R(λ,D2
M)‖ ≤ M

|λ|1/2
,∀λ 6= 0, |arg(λ)− π| < ε.

In fact, this follows immediately from well known facts in [55, Chap. 2]. To make
it more clear, we consider the first order equation of the form (2.33) for the case
n = 2. For every λ ∈ ρ(D2

M) the associated equation has an exponential dichotomy
and its Green function is nothing but R(λ,D2

M). Moreover, the norm of the Green
function can be estimated via the infimum of the modulus of all the real parts of
square root of λ (see [55, Chap.2, pp. 80-89]). Furthermore, since M is translation
invariant note that D(D2

M) is dense in M. Thus, applying Proposition 4.1 to the
pair of operators D2

M,AM we have

0 ∈ ρ(D2
M −AM).

It remains to show that for every f ∈ M0 := D(D2
M) there is a unique classical

solution u on R. In fact, denoting

G := (D2
M −AM)−1,

we can easily see that since D2
M,AM commute with D2

M , so does G. By definition,
for λ ∈ ρ(D2

M) , since G is bounded on M

GR(λ,D2
M) = R(λ,D2

M)G.

Hence there is g ∈ M such that f = R(λ,D2
M)g. Thus, by the above equality

Gf = R(λ,D2
M)Gg ∈ D(D2

M). This shows the admissibility of M for Eq.(2.37).
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2.2.4. Abstract Functional Differential Equations

This subsection will be devoted to some generalization of the method discussed in
the previous ones for functional differential equations of the form

dx(t)
dt

= Ax(t) + [Bx](t) + f(t),∀t ∈ R, (2.38)

where the operator A is a linear operator on X and B is assumed to be an au-
tonomous functional operator.

We first make precise the notion of autonomousness for functional operators B:

Definition 2.11 Let B be an operator, everywhere defined and bounded on the
function space BUC(R,X) into itself. B is said to be an autonomous functional
operator if for every φ ∈ BUC(R,X)

S(τ)Bφ = BS(τ)φ,∀τ ∈ R,

where (S(τ))τ∈R is the translation group S(τ)x(·) := x(τ + ·) in BUC(R,X).

In connection with autonomous functional operators we will consider closed transla-
tion invariant subspaces M⊂ BUC(R,X) which satisfy condition H3. Recall that
if B is an autonomous functional operator and M satisfies condition H3, then by
definition, M is left invariant under B.

Definition 2.12 Let A be the generator of a C0-semigroup and B be an au-
tonomous functional operator. A function u on R is said to be a mild solution
of Eq.(2.38) on R if

u(t) = e(t−s)Au(s) +
∫ t

s

e(t−ξ)A[(Bu)(ξ) + f(ξ)]dξ, ∀t ≥ s.

As we have defined the notion of mild solutions it is natural to extend the notion
of mild admissibility for Eq.(2.38) in the case where the operator A generates a
strongly continuous semigroup. It is interesting to note that in this case because of
the arbitrary nature of an autonomous functional operator B nothing can be said on
the “well posedness” of Eq.(2.38). We refer the reader to Chapter 1 for particular
cases of “finite delay” and “infinite delay” in which Eq.(2.38) is well posed. However,
as shown below we can extend our approach to this case. Now we formulate the main
result for this subsection.

Theorem 2.8 Let A be the infinitesimal generator of an analytic strongly contin-
uous semigroup, B be an autonomous functional operator on the function space
BUC(R,X) and M be a closed translation invariant subspace of AAP (X) which
satisfies condition H3. Moreover, assume that

σ(DM) ∩ σ(A+ B) = �.

Then M is mildly admissible for Eq. (2.38), i.e., for every f ∈M there is a unique
mild solution uf ∈M of Eq.(2.38).
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Proof. Since M satisfies condition H3, for every f ∈M we have Bf ∈M. Thus,

D((A+ B)M) = {f ∈M : Af(·) + Bf ∈M}
= {f ∈M : Af(·) ∈M}
= D(AM).

Hence
(A+ B)M = AM + BM.

As M satisfies condition H3 it satisfies condition H1 as well. Thus, by Lemma 2.8,

σ(AM) ⊂ σ(A) ⊂ σ(A)

and
‖R(λ,AM)‖ ≤ ‖R(λ,A)‖,∀λ ∈ ρ(A).

Since B is bounded DM and (A + B)M = AM + BM satisfy condition P. From
[167, Lemma 2 and the remarks follows] it may be seen that AM is the infinitesimal
generator of the strongly continuous semigroup (T (t))t≥0

T (t)f(ξ) := etAf(ξ),∀f ∈M, ξ ∈ R.

Hence D((A + B)M) = D(AM) is dense everywhere in M. It may be noted that
R(λ,A+ B) commutes with the translation group. Since M satisfies condition H3
we can easily show that

σ((A+ B)M) ⊂ σ(A+ B).

Applying Theorem 4.10 we get

σ(DM − (A+ B)M) ⊂ σ(DM)− σ((A+ B)M).

Hence
0 ∈ ρ(DM − (A+ B)M).

On the other hand, since BM is bounded on M

DM − (A+ B)M = DM −AM − BM
= LM − BM

we have
0 ∈ ρ(LM − BM). (2.39)

If u, f ∈M such that (LM − BM)u = f , then

LMu = BMu+ f.

By definition of the operator LM , this is equivalent to the following

u(t) = e(t−s)Au(s) +
∫ t

s

e(t−ξ)A[(BMu)(ξ) + f(ξ)]dξ,∀t ≥ s,

i.e., u is a mild solution to Eq.(2.38). Thus (2.39) shows that M is mildly admissible
for Eq.(2.38).
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Remark 2.8 Sometime it is convenient to re-state Theorem 2.8 in other forms than
that made above. In fact, in practice we may encounter difficulty in computing the
spectrum σ(A+ B). Hence, alternatively, we may consider D −A− B as a sum of
two commuting operators D−B and A if B commutes with A. In subsection 3.4 we
again consider this situation.

We formulate here the analogs of Theorems 2.5, 2.7 for higher order functional
differential equations

dnx(t)
dtn

= Ax(t) + [Bx](t) + f(t). (2.40)

Theorem 2.9 Let M be a closed translation invariant subspace of the function
space BUC(R,X) which satisfies condition H3, A be a closed linear operator
on X with nonempty resolvent set, B be an autonomous functional operator on
BUC(R,X) and Λ be a closed subset of the real line. Moreover, let

(iΛ)n ∩ σ(A+ B) = �.

Then for every f ∈ M ∩ Λ(X) there exists a unique (classical) solution uf to
Eq.(2.39) provided one of the following conditions is satisfied:

i) Either Λ is compact or

ii) A is bounded on X.

In particular, in both cases M∩ Λ(X) is admissible for Eq.(2.39).

Proof. The proof can be done in the same way as that of Theorem 2.5. So the
details are omitted.

In applications we frequently meet the operator B in the integral form. This
implies the commutativeness of B with the convolution, i.e.,

B(u ∗ v) = u ∗ (Bv),∀u ∈ L1(R), v ∈ BUC(R,X).

Hence, as a consequence of Theorem 2.9 we have

Corollary 2.7 Let A be the generator of a C0-semigroup and B be an autonomous
functional operator on BUC(R,X) which commutes with the convolution. Moreover,
let u be a bounded uniformly continuous mild solution of Eq.(2.38) with almost
periodic f . Then,

spAP (u) ⊂ iR ∩ σ(A+ B).

Proof. The proof can be done identically as that of Theorem 2.6. So the details
are omitted.



CHAPTER 2. SPECTRAL CRITERIA 65

Theorem 2.10 Let A be a linear operator on X such that there are positive con-
stants R, θ and

Σ(θ,R) ⊂ ρ(A)and sup
λ∈Σ(θ,R)

|λ|‖R(λ,A)‖ <∞,

and B be an autonomous functional operator. Furthermore, let M be a translation
invariant closed subspace of BUC(R,X) which satisfies condition H3 such that

σ(D2
M) ∩ σ(A+ B) = �.

Then, M is admissible for the following equation:

d2x(t)
dt2

= Ax(t) + [Bx](t) + f(t).

Proof. The proof can be done as in that of Theorem 2.7. So the details are
omitted.

We now study the mild admissibility of a function space M for the nonlinearly
perturbed equation

dx(t)
dt

= Ax(t) + [Bx](t) + [Fx](t),∀t ∈ R, (2.41)

where F is not necessarily an autonomous functional operator. Note that the notion
of mild solutions to Eq.(2.40) in the case where A is the generator of a C0-semigroup
can be extended to Eq.(2.41).

Theorem 2.11 Let A be the generator of a C0-semigroup and B be any autonomous
functional operator on BUC(R,X) , and M be a closed translation invariant sub-
space of BUC(R,X) which satisfies condition H3 and is mildly admissible for
Eq.(2.40). Moreover, let F be a (possibly nonlinear) operator defined on M which
satisfies the Lipschitz condition

‖F (u)− F (v)‖ ≤ δ‖u− v‖,∀u, v ∈M.

Then, for sufficiently small δ, Eq.(2.41) has a unique mild solution uF ∈M.

Proof. Under the assumptions of the theorem the closed linear operator LM−BM
is invertible. Thus if we define the normed space B to be the set D(LM−BM) with
graph norm ‖u‖B := ‖(LM − BM)u‖+ ‖u‖ , for every u ∈ D(LM − BM) , then B
becomes a Banach space. Moreover, LM −BM is an isomorphism from B onto M.
Thus, by the Inverse Lipschitz Continuous Mapping Theorem, for sufficiently small
δ there exists the inverse function to LM −BM − F which is Lipschitz continuous.
This proves the theorem.

Remark 2.9 In the case where B = 0 we can weaken considerably conditions on
the function space M (see the previous section). Here the translation invariance
and condition H3 are needed to use the differential operator LM − BM.
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2.2.5. Examples and Applications

In this subsection we will present several examples and applications and discuss the
relation between our results and the previous ones.

As typical examples of the function spaces Λ(X) , where Λ is a closed subset of
the real line we will take the following ones:

Example 2.3

The space of all X valued continuous τ -periodic functions P(τ). In this case Λ =
{2kπ/τ, k ∈ Z}.

Example 2.4

Let Λ be a discrete subset of R. Then Λ(X) will consists of almost periodic functions
(see [12]).

Example 2.5

Let Λ be a countable subset of R. Then Λ(X) will consists of almost periodic
functions if in addition one assumes that X does not contain any subspace which is
isomorphic to the space c0 (see [137]).

Below we will revisit one of the main results of [134] to show how our method fits
in the problem considered in [134]. Moreover, our method can be easily extended
to the infinite dimensional case.

Example 2.6

(cf. [134]) Consider the following ordinary functional differential equation

x′(t) =
∫ ∞

0

[dE(s)]x(t− s) + f(t), x ∈ Cn, t ∈ R, (2.42)

where E is an n × n matrix function with elements in C, f is a Cn-valued almost
periodic function. In addition, we assume that E is continuous from the left and of
bounded total variation on [0,∞) , i.e.

0 < γ =
∫ ∞

0

|dE(s)| <∞.

As is well known for every f ∈ AP (Cn) there is a corresponding Fourier series

∞∑
k=0

ake
iλkt.

We define
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A0
q := {f ∈ AP (Cn) : a0 = 0, |λk| ≥ q, k = 1, 2, · · ·}

and Aq = A0
q + Vc , where Vc is the set of all Cn-valued constant functions. Now

we define our operator

Bu(t) :=
∫ ∞

0

[dE(s)]u(t− s), t ∈ R, u ∈ AP (Cn).

Obviously, B is an autonomous functional operator with ‖B‖ ≤ γ. If we define
Λ := {η ∈ R : |η| ≥ q} , then A0

q = AP (Cn) ∩ Λ(Cn). We are now in a position to
apply Theorem 2.9, ii).

Assertion 1 Under the above notations and assumptions Eq.(2.42) has a unique
almost periodic solution xf ∈ A0

q for every f ∈ A0
q if γ < q.

Proof. In fact, by assumption it is obvious that the spectral radius rσ(B) < γ.
Hence, iΛ ∩ σ(B) = �.

If in addition we assume that

M :=
∫ ∞

0

dE(s) (2.43)

is a nonsigular matrix, then Assertion 1 implies the following:

Assertion 2 Under Assertion 1’s assumptions and the nonsingularity of the matrix
(2.43) there exists a unique solution xf ∈ Aq to Eq.(2.42) for every f ∈ Aq.

Proof. In this case the operator d/dt−B is a direct sum of two invertible operators
in A0

q and Vc.

Remark 2.10 In [134, Section 3] Assertion 2 has been proved with a little stronger
assumption, namely, γδ < q , where δ ≥ 1 is an “absolute constant” (in terminology
of [134, p.401]). The condition γ < q of Assertion 2 becomes also necessary in many
cases. To show this, we consider the case

Bu(t) = Bu(t+ τ),∀t ∈ R, u ∈ BUC(R,X),

where τ is a given constant, B is a matrix. Now suppose that there exists a unique
solution xf ∈ Aq to Eq.(2.42) for every f ∈ Aq. Denoting Gf := xf we see that G
is a bounded linear operator on Aq. Moreover, since B commutes with translation
group so does G , i.e., DGf = GDf,∀f ∈ D(D). Taking f := eiλty we have
Dxf = DGf = GDf = λGf = λxf . Hence, xf (t) = eiλtx for some x. Substituting
this into Eq.(2.42) we get the assertion that given |λ| ≥ q for every y ∈ Cn there
exists a unique x ∈ Cn such that

iλx− eiτλBx = y.

This shows that iλ ∈ ρ(eiτλB) = eiτλρ(B) and yields γ < q.
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In the following example we will revisit a problem discussed in [211] with an
unbounded A.

Example 2.7

Let us consider the equation

dx(t)
dt

= Ax(t) +
N∑
k=1

Bkx(t+ τk) + f(t), t ∈ R, (2.44)

where A is the infinitesimal generator of an analytic C0-semigroup, Bk, k = 1, · · · , N
are bounded linear operators on X which are commutative with each other and A ,
τk, k = 1, · · · , N are given reals and f is a bounded uniformly continuous function.
Let us denote Λ = sp(f). Then

Assertion 3 Let Λ be bounded. Then if

σ(A) ∩ ∪λ∈Λσ(iλ−
N∑
k=1

Bk)eiτkλ) = �,

Eq.(2.44) has a unique classical solution in Λ(X).

Proof. If Λ is bounded , then DΛ(X) is bounded. Hence, if

σ(DΛ(X) −
N∑
k=1

Bke
τkDΛ(X)) ∩ σ(A) = �

Eq.(2.44) has a unique classical solution in Λ(X). In turn, using the estimates of
spectra as in [211] we get

σ(DΛ(X) −
N∑
k=1

Bke
τkDΛ(X)) ⊂ ∪λ∈Λσ(iλ−

N∑
k=1

Bke
iτkλ).

Assertion 4 Let f be almost periodic and Bk, k = 1, · · · , N be commutative with
each other and A and

iΛ ∩ (σ(A) + ∪
λk∈eiτkΛσ(

N∑
k=1

Bkλk)) = �.

Then Eq.(2.44) has a unique almost periodic mild solution in Λ(X).

Proof. First using the Weak Spectral Mapping Theorem (see Theorem 1.8) we
have

σ(S(τk)) = eiτkΛ.
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In view of [211, Theorem 1], denoting the multiplication operator by Bk by also Bk
for the sake of simplicity, we have

σ(
N∑
k=1

BkS(τk)) ⊂ ∪
λk∈eiτkΛσ(

N∑
k=1

Bkλk).

By the commutativeness assumption applying Theorem 2.8 and then Theorem 4.10
we get the conclusion of the assertion.

In case A is the generator of a C0-semigroup which is not necessarily analytic
we can still apply Theorem 2.2 and the commutativeness of the operators A,B as
shown in the following example:

Example 2.8

Let A be the infinitesimal generator of a strongly continuous semigroup of linear
operators on X, B be an autonomous functional operator on BUC(R,X) and M
be a translation invariant subspace of AAP (X). Moreover, we assume that B and
A commute. The only difference between this example and the previous one is that
the semigroup generated by A may not be analytic. However, we can find conditions
for the admissibility of M by using evolution semigroup associated with A as in
Theorem 2.2. In fact, in M, since BM is bounded it generates the norm continuous
semigroup (Bh)h≥0. Hence, −DM +AM + BM generates a strongly continuous
semigroup (ThBh)h≥0. Thus, in view of the spectral inclusion of strongly continuous
semigroups, this generator is invertible if 1 6∈ σ(T 1B1). Using the commutativeness
of the operators under consideration and the Weak Spectral Mapping Theorem for
the translation group on M we have

σ(T 1B1) ⊂ σ(T 1).σ(B1) ⊂ e−DMσ(eA).σ(B1). (2.45)

Hence the following is obvious:

Assertion 5 If
1 6∈ e−DMσ(eA).σ(B1),

then
dx(t)
dt

= Ax(t) + [Bx](t) + f(t), (2.46)

has a unique mild solution in M for every given f ∈M.

As an application suppose that we are given an almost periodic function f . Let
M⊂ AP (X) consisting of all functions g such that sp(g) ⊂ sp(f). Then the above
condition can be written as

1 6∈ e−isp(f)σ(eA).eσ(BM) (2.47)
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which implies the existence of an almost periodic mild solution to Eq.(2.45). To
illustrate the usefulness of (2.47) we consider the following case of Eq.(2.46)

dx(t)
dt

= Ax(t) + bx(t+ 1) + f(t), (2.48)

where b ∈ R and f is 1-periodic and continuous. In this case, B = bS(1). Hence,
sp(f) = 2πZ and condition (2.47) can be written as

1 6∈ σ(eA)eb. (2.49)

Hence, if condition (2.49) holds true, then Eq.(2.48) has a unique 1-periodic mild
solution.

In the following example we will demonstrate another way than Theorem 2.8 to
use the evolution semigroups and sums of commuting operators method to study
the admissibility of function spaces. In fact, sometime it is convenient to apply
Remark 2.8. We refer the reader to [186, Theorem 2] for related results in the case
of sufficiently small variation.

Example 2.9

We consider now in this example the following equation:

ẋ(t) = Ax(t) +
∫ ∞

0

x(t− s)db(s), (2.50)

where A is the infinitesimal generator of an analytic strongly continuous semigroup
of linear operators, and b : R+ 7→ C is a function of bounded variation satisfying

∃γ > 0 :
∫ ∞

0

eγsd|b(s)| <∞.

To this end we consider the equation

ẋ(t) =
∫ ∞

0

x(t− s)db(s), (2.51)

and the associated operator B defined by

[B(φ)](t) =
∫ ∞

0

φ(t− s)db(s), φ ∈ BUC(R,C), t ∈ R.

LetN be any translation invariant subspace of AAP (X) which satisfies condition
H3. To study Eq.(2.50) below we will use the following esimate

σ(DN − BN −AN ) ⊂ σ(DN − BN )− σ(AN )

the validity of which is easily established under the above-mentioned assumptions.

The main result we are going to prove in this example is the following which
will be then applied to study Eq.(2.50):
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Theorem 2.12 Let Λ be a subset of R and let M = Λ(C) = {φ ∈ BUC(R,C) :
σ(φ) ⊂ Λ}. Then

σ(DM − BM ) = {iλ−
∫ ∞

0

e−iλsdb(s) : λ ∈ Λ} (=: ˜(iΛ)).

Proof. If µ = iλ−
∫∞
0
e−iλsdb(s) for some λ ∈ Λ, then φ := exp(iλ·) belongs to

M , and

(DM − BM )φ = iλφ− φ

∫ ∞

0

e−iλsdb(s)

= µφ,

and hence µ ∈ Pσ(DM − BM ). Thus ˜(iΛ) ⊂ σ(DM − BM ).

Next we shall show that ˜(iΛ) ⊃ σ(DM −BM ). To do this, it is sufficient to prove
the claim:

Assertion 6 If iλ 6=
∫∞
0
e−iλsdb(s) + k (∀λ ∈ Λ), then k ∈ ρ(DM − BM ).

To establish the claim, we will show that for each f ∈M , the equation

ẋ(t) =
∫ ∞

0

x(t− s)db(s) + kx(t) + f(t), t ∈ R (2.52)

possesses a unique solution xf ∈ M and that the map f ∈ M 7→ xf ∈ M is
continuous. We first treat the homogeneous functional differential equation (FDE)

ẋ(t) =
∫ ∞

0

x(t− s)db(s) + kx(t), (2.53)

which may be considered as a FDE on the uniform fading memory space Cγ =
{φ ∈ C((−∞, 0];C) : supθ≤0 |φ(θ)|eγθ <∞} which is equipped with norm ||φ||Cγ

=
supθ≤0 |φ(θ)|eγθ. Let us consider the solution semigroup T (t) : Cγ 7→ Cγ , t ≥ 0, of
(2.53) which is defined as

T (t)φ = xt(φ), φ ∈ Cγ ,

where x(·, φ) denotes the solution of (2.53) through (0, φ) and xt is an element in
Cγ defined as xt(θ) = x(t + θ), θ ≤ 0. Let G be the infinitesimal generator of the
solution semigroup T (t). We assert that

iR ∩ σ(G) = {iλ ∈ iR : iλ =
∫ ∞

0

e−iλsdb(s) + k}.

Indeed, if iλ ∈ iR∩σ(G), then it follows from [107, p. 155, Th. 4.4] that iλ ∈ Pσ(G)
because of Re(iλ) = 0 , and consequently from [107, p.135, Th. 2.1] we get that
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iλ − (
∫∞
0
e−iλθdb(s) + k) = 0, which shows that iλ belongs to the set of the right

hand side in the assertion. Conversely, if iλ is an element of the set of the right
hand side in the assertion, then the function w defined by w(θ) = exp(iλθ), θ ≤ 0,
together with the derivative ẇ belong to the space Cγ , and satisfy the relation

ẇ(0) = λi =
∫ ∞

0

e−iλsdb(s) + k

=
∫ ∞

0

w(−s)db(s) + kw(0),

and hence w ∈ D(G) and Gw = ẇ = iλw by [107, p.150, Th. 4.1]. Thus iλ ∈
σ(G) ∩ iR, and the assertion is proved.

Now consider the sets ΣC := {λ ∈ σ(G) : Reλ = 0} and ΣU := {λ ∈ σ(G) :
Reλ > 0}. Then the sets Σ = ΣC ∪ ΣU is a finite set [107, p. 144, Prop. 3.2]. In
regard of the set Σ, we get the decomposition of the space Cγ :

Cγ = S ⊕ C ⊕ U,

where S,C, U are invariant under T (t), the restriction T (t)|U can be extended to a
group, and there exist positive constants c1 and α such that

‖T (t)|S‖ ≤ c1e
−αt (t ≥ 0), ‖T (t)|U‖ ≤ c1e

αt (t ≤ 0)

([107, p.145, Ths.3.1, 3.3]). Let Φ be a basis vector in C, and let Ψ be the basis vector
associated with Φ. From [107, p. 149, Cor. 3.8] we know that the C-component u(t)
of the segment xt for each solution x(·) of (2.52) is given by the relation u(t) =
〈Ψ,ΠCxt〉 (where ΠC denotes the projection from Cγ onto C which corresponds
to the decomposition of the space Cγ), and u(t) satisfies the ordinary differential
equation

u̇(t) = Lu(t)− Ψ̂(0−)f(t), (2.54)

where L is a matrix such that σ(L) = σ(G) ∩ iR and the relation T (t)Φ = ΦetL

holds. Moreover, Ψ̂ is the one associated with the Riesz representation of Ψ. Indeed,
Ψ̂ is a normalized vector-valued function which is of locally bounded variation on
(−∞, 0] satisfying 〈Ψ, φ〉 =

∫ 0

−∞ φ(θ)dΨ̂(θ) for any φ ∈ Cγ with compact support.
Observe that ΣC ⊂ iR \ iΛ. Indeed, if µ ∈ ΣC , then µ = iλ =

∫∞
0
e−iλsdb(s) + k

with some λ ∈ R by the preceding assertion. Hence we get λ 6∈ Λ by the assumption
of the claim, and µ ∈ iR \ iΛ, as required. This observation leads to σ(L)∩ iΛ = �.
Since Ψ̂(0−)f ∈ M , the ordinary differential equation (2.54) has a unique solution
u ∈ M with ‖u‖ ≤ c2‖Ψ̂(0−)f‖ ≤ c3‖f‖ for some constants c2 and c3. Consider a
function ξ : R 7→ Cγ defined by

ξ(t) =
∫ t

∗−∞
T ∗∗(t− s)Π∗∗S Γf(s)ds+ Φu(t) +

∫ ∞

∗t
T ∗∗(t− s)Π∗∗U Γf(s)ds,

where Γ is the one defined in [107, p. 118] and
∫
∗ denotes the weak-star integration

(cf. [107, p. 116]). If t ≥ 0, then
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T (t)ξ(σ) +
∫ t+σ

∗σ
T ∗∗(t+ σ − s)Γf(s)ds =

= T (t)[
∫ σ

∗−∞
T ∗∗(σ − s)Π∗∗S Γf(s)ds+

+Φu(σ) +
∫ ∞

∗σ
T ∗∗(σ − s)Π∗∗U Γf(s)ds] +

+
∫ t+σ

∗σ
T ∗∗(t+ σ − s)Γf(s)ds

=
∫ σ

∗−∞
T ∗∗(t+ σ − s)Π∗∗S Γf(s)ds+ ΦetLu(σ)

+
∫ ∞

∗σ
T ∗∗(t+ σ − s)Π∗∗U Γf(s)ds+

+
∫ t+σ

∗σ
T ∗∗(t+ σ − s)(Π∗∗S + Π∗∗C + Π∗∗U )Γf(s)ds

=
∫ t+σ

∗−∞
T ∗∗(t+ σ − s)Π∗∗S Γf(s)ds+ Φ[etLu(σ) +

+
∫ t+σ

σ

e(t+σ−s)L(−Ψ̂(0−)f(s))ds] +
∫ ∞

∗t+σ
T ∗∗(t+ σ − s)Π∗∗U Γf(s)ds

=
∫ t+σ

∗−∞
T ∗∗(t+ σ − s)Π∗∗S Γf(s)ds+ Φu(t+ σ) +

+
∫ ∞

∗t+σ
T ∗∗(t+ σ − s)Π∗∗U Γf(s)ds

= ξ(t+ σ),

where we used the relation T ∗∗(t)Π∗∗C Γ = T ∗∗(t)Φ〈Ψ,Γ〉 = ΦetL(−Ψ̂(0−)). Then
[107, Theorem 2.9, p.121] yields that x(t) := [ξ(t)](0) is a solution of (2.52). Define
a ψ ∈ C∗γ by 〈ψ, φ〉 = φ(0), φ ∈ Cγ . Then

x(t)− Φ(0)u(t) = 〈ψ, ξ(t)− Φu(t)〉

= 〈ψ,
∫ t

∗−∞
T ∗∗(t− s)Π∗∗S Γf(s)ds+

+
∫ ∞

∗t
T ∗∗(t− s)Π∗∗U Γf(s)ds〉

=
∫ t

−∞
〈ψ, T ∗∗(t− s)Π∗∗S Γ〉f(s)ds+

+
∫ ∞

t

〈ψ, T ∗∗(t− s)Π∗∗U Γ〉f(s)ds

=
∫ ∞

−∞
K(t− s)f(s)ds = K ∗ f(t),
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where K(t) = 〈ψ, T ∗∗Π∗∗S Γ〉χ(−∞,0] + 〈ψ, T ∗∗Π∗∗U Γ〉χ[0,∞) and it is an integrable
function on R. Then σ(x−Φ(0)u) ⊂ σ(f), and hence x−Φ(0)u ∈M . Thus we get
x ∈M because of u ∈M . Moreover, the map f ∈M 7→ x ∈M is continuous.

Finally, we will prove the uniqueness of solutions of (2.52) in M . Let x be any
solution of (2.52) which belongs to M . By [107, Th. 2.8, p. 120] the Cγ-valued
function ΠSxt satisfies the relation

ΠSxt = T (t− σ)ΠSxσ +
∫ t

∗σ
T ∗∗(t− s)Π∗∗S Γf(s)ds

for all t ≥ σ > −∞. Note that supσ∈R ||xσ||Cγ < ∞. Therefore, letting σ → −∞
we get

ΠSxt =
∫ t

∗−∞
T ∗∗(t− s)Π∗∗S Γf(s)ds,

because

lim
σ→∞

∫ t

∗σ
T ∗∗(t− s)Π∗∗S Γf(s)ds =

∫ t

∗−∞
T ∗∗(t− s)Π∗∗S Γf(s)ds

converges. Similarly, one gets

ΠUxσ = −
∫ ∞

σ

T ∗∗(t− s)Π∗∗U Γf(s)ds.

Also, since 〈Ψ, xt〉 satisfies the ordinary differential equation (2.54), ΠCut =
Φ〈Ψ, xt〉 = Φu(t) for all t ∈ R by the uniqueness of the solution of (2.54) in M .
Consequently, we have xt ≡ ξ(t) or x(t) ≡ [ξ(t)](0), which shows the uniqueness of
the solution of (2.52) in M .

Corollary 2.8 Suppose that iλ 6=
∫∞
0
e−iλsdb(s) for all λ ∈ Λ. Then (2.51) is

admissible for M = Λ(C); that is, for any f ∈M the equation

ẋ(t) =
∫ ∞

0

x(t− s)db(s) + f(t), t ∈ R,

is uniquely solvable.

Proof. The corollary is a direct consequence of Theorem 2.12, since 0 6∈ σ(DM −
BM ).

Corollary 2.9 Let Λ be a closed subset of R. If k 6= iλ −
∫∞
0
e−iλsdb(s) for all

λ ∈ Λ, then there exists an F ∈ L1(C) such that

1/(iλ−
∫ ∞

0

e−iλsdb(s)− k) = FF (λ) :=
∫ ∞

−∞
F (t)e−iλtdt (∀λ ∈ Λ).
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Proof. As seen in the proof of Theorem 2.12, there exists an integrable function
K such that (DM − BM − k)−1f − Φ(0)u(t) = K ∗ f for all f ∈ M . We first claim
that there exists an integrable function F1 such that u = F1 ∗ f is a unique solution
of (2.54) in M ∩ AP (C) for each f ∈ M ∩ AP (C). In fact, by considering a linear
transform which changes the matrix L to the Jordan form, this claim is reduced to
the one for the case that (2.54) is a scalar equation. Therefore, we will restrict our
consideration to the equation

u̇(t) = iλu(t) + g(t), (2.55)

where g ∈ Λ(C) ∩ AP (C) and λ 6∈ Λ, and find an integrable function H such that
H ∗g is a solution of (2.55). Take an interval I = [λ−α, λ+α] such that I ∩Λ = �.
In the same way as in [137, pp.89-90], we choose a complex function H on R such
that it is integrable on R, continuous everwhere except zero, H(+0)−H(−0) = 1,
and it has the Fourier transform FH(ξ) = 1/i(ξ − λ) for ξ 6∈ I. For g ∈M put

u(t) = g ∗H(t) =
∫ ∞

−∞
g(t− s)H(s)ds.

Then u ∈ AP (C) and sp(u) ⊂ sp(g) ∩ suppFH ⊂ sp(g) ⊂ Λ. Hence u ∈ M .
To establish the claim, we must prove that u satisfies (2.55). First, let g be a
trigonometric polynomial with spectrum out side I:

g =
∑

ame
iλmt, λm 6∈ I.

Then

u(t) =
∑

ame
iλmt

∫ ∞

−∞
e−iλmsH(s)ds

=
∑

ame
iλmtFH(λm)

=
∑ am

i(λm − λ)
eiλmt,

which implies d/dt[e−iλtu(t)] = e−iλtg(t). For a general almost periodic function
g ∈M , we can choose a sequence of trigonometric functions

gn(t) =
∑

an,me
iλn,mt,

such that λn,m are all in the Bohr spectrum of g and that gn → g uniformly on R.
Hence sp(gn) ⊂ Λ, and sp(gn) is outside I. Put un = gn∗H. Then d/dt[e−iλtun(t)] =
e−iλtgn(t). Since gn → g uniformly on R, un → u = g ∗H uniformly on R, so that
d/dt[e−iλtu(t)] = e−iλtg(t). Consequently, u′ − iλu = g, as required.

We now set F = K+Φ(0)F1. Then F is an integrable function on R, and F∗f is is
a unique solution of (2.52) inM∩AP (C) for each f ∈M∩AP (C). Let λ ∈ Λ, and set
x(t) = F (t)∗eiλt. Since sp(x) ⊂ sp(eiλt) = {λ}, we must get sp(x) = {λ} because of
x 6= 0. Note that x ∈ AP (C). Then the limit limT→∞

1
2T

∫ s+T
s−T x(t)e−iλtdt(=: a 6= 0)

exists uniformly for s ∈ R. Note that
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a = FF (λ) =
1

2T

∫ s+T

s−T
x(t)e−iλtdt

for all s ∈ R. Indeed, we get∫ s+T

s−T
x(t)e−iλtdt =

∫ s+T

s−T
(
∫ ∞

−∞
F (τ)eiλ(t−τ)dτ)e−iλtdt

=
∫ s+T

s−T

∫ ∞

−∞
F (τ)e−iλτdτdt = 2TFF (λ).

Then

1
2T

(x(T )e−iλT − x(−T )eiλT ) =
1

2T

∫ T

−T
{−iλx(t) + ẋ(t)}e−iλtdt

=
1

2T

∫ T

−T
(−iλx(t) +

∫ ∞

−∞
x(t− s)db̄(s) + kx(t) + eiλt)e−iλtdt

= (k − iλ)FF (λ) + 1 +
1

2T

∫ ∞

−∞
(
∫ T−s

−T−s
x(τ)e−iλτdτ)e−iλsdb̄(s)

= (k − iλ+
∫ ∞

0

e−iλsdb(s))FF (λ) + 1,

where b̄(t) = b(t) if t ≥ 0, and b̄(t) = b(0) if t < 0. Letting T →∞ in the above, then
we get 0 = (k−iλ+

∫∞
0
e−iλsdb(s))FF (λ)+1, or FF (λ) = 1/(iλ−

∫∞
0
e−iλsdb(s)−k),

as required.

We next consider Eq.(2.50). To this purpose, we need

Lemma 2.14 Let M(C) = Λ(C) ∩ AP (C) and M(X) = Λ(X) ∩ AP (X). Then
ρ(DM(C) − BM(C)) ⊂ ρ(DM(X) − BM(X)).

Proof. Let k ∈ ρ(DM(C) − BM(C)). Then Theorem 2.12 and Corollary 2.9
imply that there exists an integrable function F such that FF (λ) = 1/(iλ −∫∞
0
e−iλsdb(s) − k) for all λ ∈ Λ. Then, by almost the same argument as in the

first paragraph of the proof of Corollary 2.9, we see that for any f ∈ M(X) the
equation

ẋ(t) = kx(t) +
∫ ∞

0

x(t− s)db(s) + f(t)

has a unique solution u(t) = F ∗ f(t) in M(X). Thus k ∈ ρ(DM(X) − BM(X )).

Applying this lemma, we get a condition under which M(X) is admissible for
Eq.(2.50)

Corollary 2.10 Assume that

[iλ−
∫ ∞

0

e−iλsdb(s)−A]−1 ∈ L(X) for all λ ∈ Λ. (2.56)

Then M := Λ(X) ∩AP (X) is admissible for Eq.(2.50).
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Proof. In fact, since A is the generator of an analytic strongly continuous semi-
group and B is bounded one sees that DM − BM and AM satisfy all conditions of
Theorem 4.10. Moreover, in view of Lemma 2.10 they are densely defined. Thus,

σ(DM − BM −AM) ⊂ σ(DM − BM)− σ(AM).

Hence, condition (2.56) means that 0 ∈ σ(DM − BM −AM) which, by Theorem
2.8 (or more precisely its proof and Remark 2.8) yields the existence and uniqueness
of mild solution in M to Eq.(2.50).

2.3. DECOMPOSITION THEOREM AND PERIODIC, ALMOST PE-
RIODIC SOLUTIONS

We consider in this section the following linear inhomogeneous integral equation

x(t) = U(t, s)x(s) +
∫ t

s

U(t, ξ)g(ξ)dξ,∀t ≥ s; t, s ∈ R, (2.57)

where f is continuous, x(t) ∈ X, X is a Banach space, (U(t, s))t≥s is assumed to
be a 1-periodic evolutionary process on X. As is known, continuous solutions of
Eq.(2.57) correspond to the mild solutions of evolution equations

dx

dt
= A(t)x+ f(t), t ∈ R, x ∈ X, (2.58)

where A(t) is a (in general, unbounded) linear operator for every fixed t and is
1-periodic in t, and (U(t, s))t≥s is generated by Eq.(2.58).

In Sections 1 and 2 we have studied conditions for the existence and uniqueness
(in some classes of function spaces) of almost periodic solutions of Eq.(2.57). In fact
we have shown that if the following nonresonant condition holds

(σ(P ) ∩ S1) ∩ eisp(f) = �, (2.59)

where P := U(1, 0), S1 denotes the unit circle of the complex plane, and f is
almost periodic, then there exists an almost periodic solution xf to Eq.(2.57) which
is unique if one requires

eisp(xf ) ⊂ eisp(f).

We may ask a question as what happens in the resonant case where condition (2.59)
fails. Historically, this question goes back to a classical result of ordinary differential
equations saying that supposing the finite dimension of the phase space X and the
1-periodicity of f Eq.(2.57) has a 1-periodic solution if and only if it has a bounded
solution (see e.g. [4, Theorem 20.3, p. 278]). It is the purpose of this section to
give an answer to the general problem as mentioned above (Massera type problem):
Let Eq.(2.57) have a bounded (uniformly continuous) solution xf with given almost
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periodic forcing term f . Then, when does Eq.(2.57) have an almost periodic solution
w (which may be different from xf ) such that

eisp(w) ⊂ eisp(f) ?

In connection with this problem we note that various conditions are found on
the bounded solution, itself, and the countability of the part of spectrum σ(P )∩S1

so that the bounded solution itself is almost periodic, or more generally, together
with f belongs to a given function space F (see Corollary 2.6). Here we note that
this philosophy in general does not apply to the Massera type problem for almost
periodic solutions. In fact, it is not difficult to give a simple example in which f is
1-periodic and a bounded (uniformly continuous) solution to Eq.(2.57) exists, but
this bounded solution itself is not 1-periodic.

Our method is to employ the evolution semigroup associated with the process
(U(t, s))t≥s to study the harmonic analysis of bounded solutions to Eq.(2.57). As a
result we will prove a spectral decomposition theorem for bounded solutions (The-
orem 2.14 and Theorem 2.15) which seems to be useful in dealing with the above
Massera type problem. In fact, we will apply the spectral decomposition theorem
to find new spectral criteria for the existence of almost periodic solutions and will
consider particular cases to show the usefulness of this spectral decomposition tech-
nique. More concretely, even in the case where condition (2.59) fails we can still
prove the existence of a bounded uniformly continuous solution w to Eq.(2.57)
such that eisp(w) = eisp(f) provided that (σ(P ) ∩ S1)\eisp(f) is closed, and that
Eq.(2.57) has a bounded uniformly continuous solution u (Corollary 2.11). Since w
is a ”spectral component” of u in case u is almost periodic the Fourier series of w
is part of that of u (Corollary 2.12). Our Corollary 2.13 will deal with a particular
autonomous case in which Corollary 2.11 fails to give a spectral criterion for the
existence of quasi-periodic mild solutions.

For the sake of simplicity of notations we will use throughout the section the
following notation: σ(g) := eisp(g) for every bounded uniformly continuous function
g. Throughout the section we will denote by σΓ(P ) = σ(P ) ∩ S1. Throughout
this section (U(t, s))t≥s will be assumed to be a 1-periodic strongly continuous
evolutionary process. The operator U(1, 0) will be called the monodromy operator
of the evolutionary process (U(t, s))t≥s and will be denoted by P throughout this
section. Note that the period of the evolutionary processes is assumed to be 1 merely
for the sake of simplicity. Recall that

Definition 2.13 Let (U(t, s))t≥s, (t, s ∈ R) be a 1-periodic strongly continuous
evolutionary process and F be a closed subspace of BUC(R,X) such that for every
fixed h > 0, g ∈ F the map t 7→ U(t, t−h)g(t−h) belongs to F. Then the semigroup
of operators (Th)h≥0 on F, defined by the formula

Thg(t) = U(t, t− h)g(t− h),∀t ∈ R, h ≥ 0, g ∈ F,

is called evolution semigroup associated with the process (U(t, s))t≥s.
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We refer the reader to the previous section for further information on this semigroup.
In the case where the evolution semigroup (Th)h≥0 is strongly continuous on F the
explicit formula for the generator A of (Th)h≥0 is as follows:

Lemma 2.15 Let (Th)h≥0 be strongly continuous on F, a closed subspace of
BUC(R,X). Then its generator A is the operator on F with D(A) consisting of all
g ∈ F such that g is a solution to Eq.(2.57) with some f ∈ F (in this case such a
function f is unique), by definition, Ag = −f .

Proof. For the proof of the lemma we need only a minor modification of that of
Lemma 2.1, so details are omitted.

2.3.1. Spectral Decomposition

Let us consider the subspace M ⊂ BUC(R,X) consisting of all functions v ∈
BUC(R,X) such that

eisp(v) := σ(v) ⊂ S1 ∪ S2 , (2.60)

where S1, S2 ⊂ S1 are disjoint closed subsets of the unit circle. We denote by Mv =
span{S(t)v, t ∈ R} , where (S(t))t∈R is the translation group on BUC(R,X) , i.e.
S(t)v(s) = v(t+ s),∀t, s ∈ R.

Theorem 2.13 Under the above notation and assumptions the function space M
can be split into a direct sum M = M1 ⊕M2 such that v ∈ Mi if and only if
σ(v) ⊂ Si for i = 1, 2.

Proof. Let v ∈M. Then, as is known (see Theorem 1.16)

isp(v) = σ(DMv ). (2.61)

Thus, by the Weak Spectral Mapping Theorem (see Theorem 1.8)

σ(S(1)|Mv
) = eσ(DMv ) = σ(v) ⊂ S1 ∪ S2. (2.62)

Hence there is a spectral projection in Mv (note that in general we do not claim
that this projection is defined on the whole space M)

P 1
v :=

1
2iπ

∫
γ

R(λ, S(1)|Mv
)dλ ,

where γ is a contour enclosing S1 and disjoint from S2, (or in general a union of
fintely many such countours) by which we have

σ(P 1
v S(1)P 1

v ) ⊂ S1. (2.63)

On the other hand, denote Λi ⊂ BUC(R,X) consisting of all functions u such
that σ(u) ⊂ Si for i = 1, 2 . Then obviously, Λi ⊂ M . Moreover, they are closed
subspaces of M, Λ1 ∩ Λ2 = {0} . Now we show that if v ∈ M, then P 1

v v ∈ Λ1 and
v − v1 := v2 ∈ Λ2 . If this is true, then it yields that
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M = Λ1 ⊕ Λ2.

To this end, we will prove
σ(vj) ⊂ Sj ,∀j = 1, 2. (2.64)

In fact we show that Mv1 = ImP 1
v . Obviously, in view of the invariance of ImP 1

v

under translations we have Mv1 ⊂ ImP 1
v . We now show the inverse. To this end,

let y ∈ ImP 1
v ⊂Mv . Then, by definition, we have

y = lim
n→∞

xn,

where xn can be represented in the form

xn =
N(n)∑
k=1

αk,nS(tk,n)v, αk,n ∈ C, tk,n ∈ R ∀n.

Hence, since y, xn ∈Mv

y = P 1
v y = lim

n→∞

N(n)∑
k=1

αk,nS(tk,n)P 1
v v

= lim
n→∞

N(n)∑
k=1

αk,nS(tk,n)v1 . (2.65)

This shows that y ∈ Mv1 . Thus, by the Weak Spectral Mapping Theorem and
(2.63),

eisp(v1) = σ(S(1)|Mv1
) = σ(S(1)|ImP 1

v
) ⊂ S1.

By definition, v1 ∈ Λ1 and similarly, v2 ∈ Λ2 . Thus the theorem is proved.

Remark 2.11 Below for every v ∈ M we will call vj , j = 1, 2, as defined in the
proof of Theorem 2.13, spectral components of the functions v. It is easily seen that
if in the proof of Theorem 2.13, v is assumed to be almost periodic, then both
spectral components vj are almost periodic.

We will need the following lemma in the sequel.

Lemma 2.16 Let f be in BUC(R,X) and (U(t, s))t≥s be a 1-periodic strongly
continuous evolutionary process. Then the following assertions hold:

i) If T : R → L(X) be 1-periodic and strongly continuous, then

σ(T (·)f(·)) ⊂ σ(f).

ii) If f is of precompact range, then

σ

(∫ t+1

t

U(t+ 1, ξ)f(ξ)dξ
)
⊂ σ(f).
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Proof. (i) Let Tn be the nth Cesaro mean of the Fourier series of T , so
Tn is 1-periodic trigonometric polynomial with value in L(X) and ‖Tn(s)‖ ≤
sup0≤t≤1 ‖T (t)‖ and Tn(s)x → T (s)x uniformly in s for fixed x ∈ X. For every
n it is easily seen that σ(Tn(·)f(·)) ⊂ σ(f). Set Λ := {λ ∈ R : eiλ ∈ σ(f)}. Obvi-
ously, Λ is closed and sp(Tn(·)f(·) ⊂ Λ. Thus, if φ ∈ L1(R) and (suppFφ)∩Λ = �,
then

0 =
∫ ∞

−∞
φ(t− s)Tn(s)f(s)ds→

∫ ∞

−∞
φ(t− s)T(s)f(s)ds

as n→∞, by Dominanated Convergence Theorem. Thus∫ ∞

−∞
φ(t− s)T(s)f(s)ds = 0

for all such φ. This proves (i).
(ii) Since f is of precompact range the evolution semigroup (Th)h≥0 associated with
the process (U(t, s))t≥s is strongly continuous at f . Thus, in view of (i)

σ

(∫ h

0

T ξfdξ

)
⊂ (f), ∀h ≥ 0.

On the other hand∫ 1

0

T ξfdξ(t+ 1) =
∫ 1

0

U(t+ 1, t+ 1− ξ)f(t+ 1− ξ)dξ =
∫ t+1

t

U(t+ 1, η)f(η)dη.

This proves (ii).

Lemma 2.17 Let u be a bounded uniformly continuous solution to (2.57) and f be
of precompact range. Then the following assertions hold true:

i)
σ(u) ⊂ σΓ(P ) ∪ σ(f) , (2.66)

ii)
σ(u) ⊃ σ(f) . (2.67)

Proof. (i) Set P (t) := U(t, t− 1), ∀t ∈ R, G := {λ ∈ C : eλ ∈ ρ(P )}.

g(t) :=
∫ t+1

t

U(t+ 1, ξ)f(ξ)dξ, t ∈ R.

By Lemma 2.16 σ(g) ⊂ σ(f). By the definition of Carleman spectrum,

û(λ) =


∫∞
0
e−λtu(t)dt, (Reλ > 0);

−
∫∞
0
eλtu(−t)dt, (Reλ < 0).

Hence, for Reλ > 0 and λ ∈ G we have
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û(λ) =
∫ ∞

0

e−λtu(t)dt,

=
∫ ∞

0

e−λtR(eλ, P (t))(eλ − P (t))u(t)dt

=
∫ 1

0

e−λteλR(eλ, P (t))u(t)dt+

+
∫ ∞

0

e−λtR(eλ, P (t))(u(t+ 1)− P (t)u(t))dt

= H(λ) +
∫ ∞

0

e−λtR(eλ, P (t))g(t)dt, (2.68)

where

H(λ) :=
∫ 1

0

e−λteλR(eλ, P (t))u(t)dt.

Obviously, H(λ) is analytic in G. On the other hand, since R(eλ, P (t)) is 1-
periodic strongly continuous (see Lemma 2.2), by Lemma 2.16 the function g1(t) :=
R(eλ, P (t))g(t) has the property that σ(g1) ⊂ σ(f). Thus from (2.68), for Reλ > 0,
λ ∈ G,

û(λ) = H(λ) + ĝ1(λ). (2.69)

Finally, if ζ0 ∈ R : eζ0 6∈ σΓ(P ) ∪ σ(f), then û has an analytic continuation at ζ0.
This completes the proof of (i).
(ii) Under the assumptions it may be seen that the evolution semigroup (Th)h≥0

associated with (U(t, s))t≥s is strongly continuous at f and u ∈ BUC(R,X) (this
can be checked directly using Eq.(2.57) as in Lemma 2.19 below). Hence, by Lemma
2.15

lim
h↓0

Thu− u

h
= Au = −f . (2.70)

Hence, to prove (2.67) it suffices to show that σ(Thu) ⊂ σ(u) . In turn, this is clear
in view of Lemma 2.16.

We are now in a position to state the main result of this section.

Theorem 2.14 (Spectral Decomposition Theorem) Let u be a bounded, uniformly
continuous solution to Eq.(2.57). Moreover, let f have precompact range and the
sets σ(f) and σ(P ) ∩ S1 be contained in a disjoint union of the closed subsets
S1, · · · , Sk of the unit circle. Then the solution u can be decomposed into a sum of
k spectral components uj , j = 1, · · · , k such that each uj , j = 1, · · · , k is a solution
to Eq.(2.57) with f = fj , j = 1, · · · , k, respectively, where f =

∑k
j=1 fj is the

decomposition of f into the sum of spectral components as described in Theorem
2.13, i.e. u =

∑k
j=1 uj , σ(uj), σ(fj) ⊂ Sj , j = 1, · · · , k and uj ∈ BUC(R,X) is a

solution to Eq.(2.57) with f := fj for j = 1, · · · , k.

Proof. Let us denote byN the subspace of BUC(R,X) consisting of all functions
u such that σ(u) ⊂ ∪kj=1Sj . Then, by assumptions and Theorem 2.13 there are
corresponding spectral projections P1, · · · , Pk on N with properties that
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i) PjPn = 0 if j 6= n,

ii) Σkj=1Pj = I,

iii) If u ∈ ImPj , then σ(Pju) ⊂ Sj for all j = 1, · · · , k .

Note that by Lemma 2.17 for every positive h and j = 1, · · · , k the operator Th leaves
ImPj invariant. Hence, N and ImP1, · · · , ImPk are invariant under the semigroup
(Th)h≥0. Consequently, since u is a solution to Eq.(2.57) and f has precompact
range the evolution semigroup (Th)h≥0 is strongly continuous at u and f . Using the
explicit formula for the generator of (Th)h≥0 as described in Lemma 2.15 we have

Pjf = Pj lim
h↓0

Thu− u

h
= Pj lim

h↓0
Σkn=1Pn

Thu− u

h

= lim
h↓0

ThPju− Pju

h
. (2.71)

This yields that Pju is a solution to Eq.(2.57) with corresponding fj = Pjf .

Remark 2.12 If in Theorem 2.14 we assume furthermore that f and u are both
almost periodic, then the spectral components uj , j = 1, · · · , k are all almost pe-
riodic. This is not the case if neither u, nor f is almost periodic. However, if we
have some additional information on the spectral sets Sj , e.g., their countability
and the phase space X does not contain c0, then the almost periodicity of uj are
guaranteed.

Now we are going to focus our special attention on autonomous equations of the
form

dx/dt = Ax+ f(t), (2.72)

where A is the generator of a C0-semigroup (T (t))t≥0, and f ∈ BUC(R,X) has
precompact range. Below we will use the following notation: σi(A) = {λ ∈ R :
iλ ∈ (σ(A)∩ iR)}. By mild solutions of Eq.(2.72) we will understand in a standard
way that they are solutions to Eq.(2.57) with U(t, s) := T (t− s),∀t ≥ s. As shown
below, in this case we can refine the spectral decomposition technique to get stronger
assertions which usefulness will be shown in the next subsection when we deal with
quasi-periodic solutions. To this purpose, we now prove the following lemma.

Lemma 2.18 Let Eq.(2.72) satisfy the above conditions, i.e., A generates a C0-
semigroup and f ∈ BUC(R,X) has precompact range. Moreover, let u be a bounded
uniformly continuous mild solution to Eq.(2.72). Then the following assertions hold:

i)
sp(u) ⊂ σi(A) ∪ sp(f) , (2.73)

ii)
sp(u) ⊃ sp(f). (2.74)
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Proof. (i) For (2.73) we compute the Carleman transform of u. Since u is a mild
solution, by Lemma 2.11

∫ t
0
u(ξ)dξ ∈ D(A),∀t ∈ R and

u(t)− u(0) = A

∫ t

0

u(ξ)dξ +
∫ t

0

f(ξ)dξ. (2.75)

Hence, taking the Laplace transform of u we have

û(λ) +
1
λ
u(0) =

1
λ
Aû(λ) +

1
λ

∫ ∞

0

e−λtf(t)dt

=
1
λ
Aû(λ) +

1
λ
f̂(λ), (2.76)

and hence, for <λ 6= 0, (λ − A)û(λ) = −u(0) + f̂(λ). Obviously, for ξ 6∈ sp(f) and
iξ 6∈ σ(A) ∩ iR, one has that û(λ) has a holomorphic extension around iξ, i.e.,
ξ 6∈ sp(u).
(ii) Note that since for every h > 0 the operator Th is a multiplication by a bounded
operator T (h) we have sp(Thu) ⊂ sp(u). Thus, using the argument of the proof of
Lemma 2.17 (ii) we have

sp(f) = sp(−f) = sp

(
lim
h↓0

Thu− u

h

)
⊂ sp(u) .

This completes the proof of (ii).

The main result for the autonomous case is the following:

Theorem 2.15 Let A generate a C0-semigroup and f ∈ BUC(R,X) have pre-
compact range. Moreover, let u be a bounded uniformly continuous mild solution to
Eq.(2.72). Then the following assertions hold true:

i) If
eiσi(A)\σ(f)

is closed, Eq.(2.72) has a bounded uniformly continuous mild solution w such
that σ(w) = σ(f),

ii) If σi(A) is bounded and
σi(A)\sp(f) (2.77)

is closed, then Eq.(2.72) has a bounded uniformly continuous mild solution w
such that sp(w) = sp(f).

Proof. (i) Note that in this case together with (2.73) the proof of Theorem 2.14
applies.
(ii) Under the assumptions there exists a continuous function ψ which belongs to
the Schwartz space of all C∞-functions on R with each of its derivatives decaying
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faster than any polynomial such that its Fourier transform ψ̃ has σi(A)\sp(f) as
its support (which is compact in view of the assumptions). Hence, every bounded
uniformly continuous function g such that sp(g) ⊂ σi(A)∪sp(f) can be decomposed
into the sum of two spectral components as follows:

g = g1 + g2 = ψ ∗ g + (g − ψ ∗ g),

where g1 = ψ ∗ g, g2 = (g − ψ ∗ g) . Moreover, this decomposition is contin-
uous in the following sense: If g(n), n = 1, 2, · · · is a sequence in BUC(R,X)
with sp(g(n)) ⊂ σi(A) ∪ sp(f) such that limn g

(n) = g in BUC(R,X) , then
limn g

(n)
1 = g1, limn g

(n)
2 = g2 . Hence we have in fact proved a version of Theo-

rem 2.13 which allows us to employ the proof of Theorem 2.14 for this assertion
(ii).

Remark 2.13 i) In view of the failure of the Spectral Mapping Theorem for
general C0-semigroups the condition in the assertion (i) is a little more general
than that formulated in terms of σ(T (1)).

ii) If we know beforehand that u is almost periodic, then in the statement of
Theorem 2.15 we can claim that the spectral component w is almost periodic.

2.3.2. Spectral Criteria For Almost Periodic Solutions

This subsection will be devoted to some applications of the spectral decomposition
theorem to prove the existence of almost periodic solutions with specific spectral
properties. In particular, we will revisit the classical result by Massera on the exis-
tence of periodic solutions as well as its extensions. To this end, the following notion
will play the key role.

Definition 2.14 Let σ(f) and σΓ(P ) be defined as above. We say that the set σ(f)
and σΓ(P ) satisfy the spectral separation condition if the set σΓ(P )\σ(f) is closed.

Corollary 2.11 Let f be almost periodic, σ(f) and σΓ(P ) satisfy the spectral sep-
aration condition. Moreover, let σ(f) be countable and X not contain any subspace
which is isomorphic to c0. Then if there exists a bounded uniformly continuous so-
lution u to Eq.(2.57), there exists an almost periodic solution w to Eq.(2.57) such
that σ(w) = σ(f) .

Proof. We define in this case S1 := σ(f), S2 := σΓ(P )\σ(f). Then, by Theorem
2.14 there exists a solution w to Eq.(2.57) such that σ(w) ⊂ σ(f). Using the estimate
(2.67) we have σ(w) = σ(f) . In particular, since σ(w) is countable and X does not
contain c0, w is almost periodic.

Remark 2.14 i) If σ(f) is finite, then sp(w) is discrete. Thus, the condition
that X does not contain any subspace isomorphic to c0 can be dropped.
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ii) In the case where σΓ(P ) is countable it is known that with additional ergodic
conditions on u the solution u has ”similar spectral properties” as f (see
Corollary 2.6). However, in many cases it is not expected that the solution u
itself has similar spectral properties as f as in the Massera type problem (see
[147], [45], [206], [168] e.g.).

iii) In the case where P is compact (or merely σΓ(P ) is finite) the spectral sep-
aration condition is always satisfied. Hence, we have a natural extension of
a classical result for almost periodic solutions. In this case see also Corollary
2.12 below.

iv) We emphasize that the solution w in the statement of Corollary 2.11 is a
”σ(f)-spectral component” of the bounded solution u. This will be helpful to
find the Fourier coefficients of w as part of those of u.

v) In view of estimate (2.67) w may be seen as a ”minimal” solution in some
sense.

Corollary 2.12 Let all assumptions of Corollary 2.11 be satisfied. Moreover, let
σΓ(P ) be countable. Then if there exists a bounded uniformly continuous solution u
to Eq.(2.57), it is almost periodic. Moreover, the following part of the Fourier series
of u

Σbλeiλt , bλ = lim
T→∞

1
2T

∫ T

−T
e−iλξu(ξ)dξ, (2.78)

where eiλ ∈ σ(f), is again the Fourier series of another almost periodic solution to
Eq.(2.57).

Proof. The assertion that u is almost periodic is standard in view of (2.66) (see
Chapter 1). It may be noted that in the case u is almost periodic, the spectral
decomposition can be carried out in the function space AP (X) instead of the larger
space BUC(R,X). Hence, we can decompose the solution u into the sum of two
almost periodic solutions with spectral properties described in Theorem 2.14. Using
the definition of Fourier series of almost periodic functions we arrive at the next
assertion of the corollary.

The next corollary will show the advantage of Theorem 2.15 which allows us
to take into account the structure of sp(f) rather than that of σ(f). To this end,
we introduce the following terminology. A set of reals S is said to have an integer
and finite basis if there is a finite subset T ⊂ S such that any element s ∈ S can
be represented in the form s = n1b1 + · · · + nmbm, where nj ∈ Z, j = 1, · · · ,m,
bj ∈ T, j = 1, · · · ,m. If f is quasi-periodic and the set of its Fourier-Bohr exponents
is discrete (which coincides with sp(f) in this case), then the spectrum sp(f) has
an integer and finite basis (see [137, p.48]). Conversely, if f is almost periodic and
sp(f) has an integer and finite basis, then f is quasi-periodic. We refer the reader
to [137, pp. 42-48] more information on the relation between quasi-periodicity and
spectrum, Fourier-Bohr exponents of almost periodic functions.
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Corollary 2.13 Let all assumptions of the second assertion of Theorem 2.15 be
satisfied. Moreover, assume that X does not contain c0. Then if sp(f) has an integer
and finite basis, Eq.(2.72) has a quasi-periodic mild solution w with sp(w) = sp(f).

Proof. Under the corollary’s assumptions the spectrum sp(w) of the solution w,
as described in Theorem 2.15, is in particular countable. Hence w is almost periodic.
Since sp(w) = sp(f), sp(w) has an integer and finite basis. Thus w is quasi-periodic.

Below we will consider some particular cases

Example 2.10 Periodic solutions.

If σ(f) = {1} we are actually concerned with the existence of periodic solutions.
Hence, Corollary 2.11 extends the classical result to a large class of evolution equa-
tions which has 1 as an isolated point of σΓ(P ). Moreover, Corollary 2.12 provides
a way to approximate the periodic solution. In particular, suppose that σΓ(P ) has
finitely many elements, then we have the following:

Corollary 2.14 Let σΓ(P ) have finitely many elements {µ1, · · · , µN} and u(·) be
a bounded uniformly continuous solution to Eq.(2.57). Then it is of the form

u(t) = u0(t) +
N∑
k=1

eiλktuk(t), (2.79)

where u0 is a bounded uniformly continuous mild 1-periodic solution to the inho-
mogeneous equation (2.57), uk, k = 1, · · · , N, are 1-periodic solutions to Eq.(2.57)
with f = −iλkuk , respectively, v(t) =

∑N
k=1 e

iλktuk(t) is a quasi periodic solution
to the corresponding homogeneous equation of Eq.(2.57) and λ1, · · · , λN are such
that 0 < λ1, · · · , < λN < 2π and eiλj = µj , j = 1, · · · , N .

Example 2.11 Anti-periodic solutions.

An anti-periodic (continuous) function f is defined to be a continuous one which
satisfies f(t+ω) = −f(t),∀t ∈ R and here ω > 0 is given. Thus, f is 2−ω-periodic.
It is known that, the space of anti-periodic functions f with antiperiod ω, which is
denoted by AP(ω) , is a subspace of BUC(R,X) with spectrum

sp(f) ⊂ {2k + 1
ω

, k ∈ Z}.

Without loss of generality we can assume that ω = 1. Obviously, σ(f) = {−1},∀f ∈
AP(ω). In this case the spectral separation condition is nothing but the condition
that {−1} is an isolated point of σΓ(P ).

Example 2.12
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Let u be a bounded uniformly continuous solution to Eq.(2.57) with f 2-periodic.
Let us define

F (t) =
f(t)− f(t+ 1)

2
, G(t) =

f(t) + f(t+ 1)
2

,∀t ∈ R.

Then, it is seen that F is 1-anti-periodic and G is 1-periodic. Applying Theorem
2.14 we see that there exist two solutions to Eq.(2.57) as two components of u which
are 1-antiperiodic and 1-periodic with forcing terms F,G, respectively. In particular,
the sum of these solutions is a 2-periodic solution of Eq.(2.57) with forcing term f .

Example 2.13

LetA be a sectorial operator in a Banach space X and the map t 7→ B(t) ∈ L(Xα,X)
be Hölder continuous and 1-periodic. Then, as shown in [90, Theorem 7.1.3] the
equation

dx

dt
= (−A+B(t))x, (2.80)

generates an 1-periodic strongly continuous evolutionary process (U(t, s))t≥s. If,
furthermore, A has compact resolvent, then the monodromy operator P of the
process is compact. Hence, for every almost periodic function f the sets σ(f) and
σΓ(P ) always satisfy spectral separation condition. In Section 1 we have shown
that if σΓ(P )∩ σ(f) = �, then there is a unique almost periodic solution xf to the
inhomogeneous equation

dx

dt
= (−A+B(t))x+ f(t) (2.81)

with property that σ(xf ) ⊂ σ(f) . Now suppose that σΓ(P ) ∩ σ(f) 6= �. By Corol-
lary 2.11, if u is any bounded solution (the uniform continuity follows from the
boundedness of such a solution to Eq.(2.81)), then there exists an almost periodic
solution w such that σ(w) = σ(f). We refer the reader to [90] and [179] for exam-
ples from parabolic differential equations which can be included into the abstract
equation (2.81).

Example 2.14

Consider the heat equation in materials vt(t, x) = ∆v(t, x) + f(t, x), t ∈ R, x ∈ Ω

v(t, x) = 0, t ∈ R, x ∈ ∂Ω,
(2.82)

where Ω ⊂ Rn denotes a bounded domain with smooth boundary ∂Ω. Let X =
L2(Ω), A = ∆ with D(A) = W 2,2(Ω)∩W 1,2

0 (Ω) . Then A is selfadjoint and negative
definite (see e.g. [179]). Hence σ(A) ⊂ (−∞, 0). In particular σi(A) = � . Eq.(22)
now becomes

dv

dt
= Av + f. (2.83)
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We assume further that f(t, x) = a(t)g(x) where a is a bounded uniformly contin-
uous real function with sp(a) = Z ∪ πZ, g ∈ L2(Ω), g 6= 0. It may be seen that
σ(f) = S1 and sp(f) has an integer and finite basis. Hence, Theorem 2.14 does not
give any information on the existence of a solution w with specific spectral proper-
ties. However, in this case Theorem 2.15 applies, namely, if Eq.(2.82) has a bounded
solution, then it has a quasi periodic solution with the same spectrum as f .

Example 2.15

We consider the case of Eq.(2.57) having exponential dichotomy. In this case, as is
well known from Section 1, for every almost periodic f there exists a unique almost
periodic solution xf to Eq.(2.57). From the results above we see that σ(xf ) = σ(f).

2.3.3. When Does Boundedness Yield Uniform Continuity ?

It turns out that in many cases the uniform continuity follows readily from the
boundedness of the solutions under consideration. Below we will discuss some par-
ticular cases frequently met in applications in which boundedness implies already
uniform continuity.

Definition 2.15 A τ -periodic strongly continuous evolutionary process (U(t, s))t≥s
is said to satisfy condition C if the (monodromy) operators P (t) := U(t, t − τ) is
norm continuous with respect to t.

Consider the nonautonomous perturbation of autonomous equations. Namely, let
U(t, s) = T (t − s), where (T (t))t≥0 is a compact C0-semigroup. It can be checked
easily that the perturbed equation

x(t) = T (t− s)x(s) +
∫ t

s

T (t− ξ)B(ξ)x(ξ)dξ, ∀t ≥ s, (2.84)

where t 7→ B(t) ∈ L(X) is τ -periodic and continuous, determines a process satisfying
condition C (see also Proposition 2.4 and the next subsection for parabolic equations
which also satisfies condition C).

Proposition 2.3 Let (U(t, s))t≥s be a τ -periodic strongly continuous evolutionary
process satisfying condition C and for every t the operator P (t) := U(t, t − τ) be
compact. Then if u is a bounded mild solution to Eq.( 2.57) on the whole line, it is
uniformly continuous.

Proof. For the sake of simplicity we assume that τ = 1 . We consider the differ-
ence

u(t′)− u(t) = U(t′, t− 1)u(t− 1)− U(t, t− 1)u(t− 1) +

+
∫ t′

t−1

U(t′, ξ)f(ξ)dξ −
∫ t

t−1

U(t, ξ)f(ξ)dξ. (2.85)
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We now show that

lim
|t′−t|→0

‖U(t′, t− 1)− U(t, t− 1)‖ = 0. (2.86)

To this end, let us denote by B the unit ball of X . Then the set K = {P (t)x, t ∈
X, x ∈ B} is precompact. In fact, let ε > 0. Then by condition C and the τ -
periodicity of P (t) there are 0 < t1 < · · · < tn < 1 such that

‖P (t+ ti)− P (t+ ξ)‖ < ε/2,∀ξ ∈ [t+ ti−1, t+ ti] . (2.87)

Since for every ti the operator P (ti)B is precompact, there exists

{xi1, xi2, · · · , xik(i)} ⊂ B

such that if x ∈ B then
‖P (ti)xij − P (ti)x‖ < ε/2, (2.88)

for some xij . Now let y = P (η)x for some η ∈ R, x ∈ B . Then by the τ -periodicity
of P (t) we can assume η ∈ [0, 1] and η ∈ [ti−1, ti] for some i . From (2.87), (2.88)
it follows that y is contained in the ball centered at P (ti)xij with radius ε . This
shows that K is precompact. Thus, (2.86) follows from the following

lim
t′−t↓0

sup
x∈K

‖U(t′ − t, 0)x− x‖ = 0. (2.89)

In turn, (2.89) follows from the precompactness of K and the strong continuity of
the evolutionary process (U(t, s))t≥s. On the other hand, we have∫ t′

t−1

U(t′, ξ)f(ξ)dξ −
∫ t

t−1

U(t, ξ)f(ξ)dξ =

= [U(t′, t)
∫ t

t−1

U(t, ξ)f(ξ)dξ −
∫ t

t−1

U(t, ξ)f(ξ)dξ] +

+
∫ t′

t

U(t′, ξ)f(ξ)dξ. (2.90)

By the 1-periodicity of (U(t, s))t≥s and f one sees that
∫ t
t−1

U(t, ξ)f(ξ)dξ is 1 peri-
odic with respect to t . Hence its range is precompact. As above,

lim
t′−t↓0

[U(t′, t)
∫ t

t−1

U(t, ξ)f(ξ)dξ −
∫ t

t−1

U(t, ξ)f(ξ)dξ] = 0

uniformly in t . This and the fact that

lim
t′−t↓0

∫ t′

t

U(t′, ξ)f(ξ)dξ = 0,

implies that
lim
t′−t↓0

‖u(t′)− u(t)‖ = 0.
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Remark 2.15 It is interesting to study the question as how many τ -periodic solu-
tions Eq.( 2.57) may have. This depends on the space of τ -periodic mild solutions of
the homogeneous equation. A moment of reflection shows that if v(·) is a τ -periodic
solution to the corresponding homogeneous equation of Eq.(2.57), then v(0) is a
solution to the equation

y − Py = 0, y ∈ X,

where P is the monodromy operator of the process (U(t, s))t≥s. Hence, if P is
compact, then v(0) belongs to a finite dimensional subspace of X. That is the
possible τ -periodic mild solutions to Eq.(2.57) forms a finite dimensional subspace.
Note that in Section 1 we have shown that it is necessary and sufficient for Eq.(2.57)
(without the compactness assumption) to have a unique τ -periodic solution that the
unity belongs to the resolvent set of the monodromy operator P .

2.3.4. Periodic Solutions of Partial Functional Differential Equations

In this subsection we will prove some analogs of the results of the previous subsection
for periodic solutions of the following abstract functional differential equation

dx

dt
= Ax+ F (t)xt + f(t), t ∈ R, (2.91)

where A is the generator of a compact C0-semigroup, F (t) ∈ L(C,X) is τ -periodic
and continuous with respect to t , f is continuous and τ -periodic. As usual, we denote
C := C([−r, 0],X) where r > 0 is a given real number. If u : [s, s+ α) 7→ X, α > r
we denote xt(θ) = x(t+ θ), θ ∈ [−r, 0], t ∈ [s+ r, s+ α− r) .

We say that u is a mild solution to Eq.(2.91) on [s,+∞) if there is φ ∈ C such
that

u(t) = T (t− s)φ(0) +
∫ t

s

T (t− ξ)[F (ξ)uξ + f(ξ)]dξ,∀t ≥ s. (2.92)

u is said to be a mild solution on the whole line if instead of arbitrary φ in Eq.(2.92)
one takes us for every s ∈ R. We now recall some facts on equations of the form
(2.91) which the reader can find in Chapter 1. Under the above made assumption for
every s ∈ R, φ ∈ C there exists a unique mild solution u(t) to Eq.(2.92) on [0,∞).
And, by definition, the map taking φ ∈ C into ut ∈ C (denoted by V (t, s)φ) in the
case f = 0 is called solution operator of the homogeneous equation associated with
Eq.(2.92). It may be noted that (V (t, s))t≥s is a τ -periodic strongly continuous
evolutionary process on C . For the sake of simplicity we assume that τ > r,
otherwise we can use the fact that the monodromy operator has finitely many
elements on the unit circle of the complex plane. Thus the monodromy operator
V (τ, 0) is compact (see Theorem 1.13). This will suggests us to generalize the result
obtained in the previous section to Eq.(2.91).

Now suppose that we have the following variation-of-constants formula.
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{
u(t) = [V (t, s)φ](0) +

∫ t
s
[V (t, ξ)X0f(ξ)](0)dξ,

u0 = φ,
(2.93)

for Eq.(2.91) where X0 : [−r, 0] 7→ L(X) is given by X0(θ) = 0 −r ≤ θ < 0 and
X0(0) = I.

Hence from the τ -periodicity of the process (V (t, s))t≥s and f we can write

ut = V (t, t− τ)ut−τ + gt, (2.94)

where gt is τ -periodic and independent of u. Unfortunately, the validity of the
variation-constants formula (2.93) is not clear2. However, we can show that the
representation (2.94) holds true. In fact, we now show that

u(t+ θ) − [V (t, t− τ)ut−τ ](θ) =

=
∫ t+θ

t−τ
T (t+ θ − ξ)F (ξ)[uξ − V (ξ, t− τ)ut−τ ]dξ +

+
∫ t+θ

t−τ
T (t+ θ − ξ)f(ξ)dξ, θ ∈ [−r, 0] (2.95)

defines a τ -periodic function in C which is nothing but gt. In turn, this fol-
lows immediately from the existence and uniqueness of solutions and the τ -
periodicity of F, f . Hence in (2.94) gt is a τ -periodic function which depends only
on (T (t))t≥0, F (·), f(·). Actually, gt is the solution of (2.92) with initial value 0.

Hence, by the same argument as in Lemma 2.17 we obtain

Corollary 2.15 Let ut be the solution of Eq.(2.94). Then, as a function taking
value in C,

eiτsp(u) ⊂ {1} ∪ (σ(P ) ∩ S1).

Thus by Theorem 2.13 in the phase space C

ut = u0(t) +
M∑
k=1

eiλktuk(t),

where uj : R 7→ C are τ -periodic and continous for all j = 0, 1, · · · ,M , and M is
the number of elements of the spectrum of the monodromy operator of the process
(V (t, s))t≥s on the unit circle. In particular, from this ut is almost periodic and so
is u(·). Hence

u(t) = ut(0) = u0(t)(0) +
M∑
k=1

eiλktuk(t)(0),∀t.

Finally we arrive at
2In general, (V (t))t≥0 is not defined at discontinuous functions. If one extends its domain as

done in [150] or [226, p. 115], then this semigroup is not strongly continuous even in the simpleast
case. So, the integral in (2.119) seems to be undefined. The authors owe this remark to S. Murakami
for which we thank him.
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u(t) = u0(t) +
M∑
k=1

eiλktuk(t),∀t ,

where uk(t) := uk(t)(0)∀k = 0, 1, · · · ,M . We now check that u0 and
∑M
k=1 e

iλktuk

are a τ -periodic mild solution to the inhomogeneous equation (2.91) and a quasi
periodic mild solution to its homogeneous equation, respectively. In fact, to prove
it we again use Lemma 2.1 to show that

Lu0 = Fu0 + f,

where Fw(t) = F (t)wt.

Theorem 2.16 Let u be a bounded mild solution to Eq.(2.91) and p ∈ N such that
(p− 1)τ ≤ r < pτ . Then u can be represented in the form

u(t) = u0(t) +
M∑
k=1

eiλktuk(t),∀t , (2.96)

where u0 is a pτ -periodic mild solution to Eq.(2.91) and
∑M
k=1 e

iλktuk(t) a quasi
periodic solution to its homogeneous equation.

Proof. The uniform continuity of u is guaranteed by Proposition 2.4 below.
Hence, we can proceed as in the proof of the Spectral Decomposition Theorem
(Theorem 2.14). In fact, with the above notation, since u is a mild solution of
Eq.(2.91) and is almost periodic,

Lu = Fu+ f,

where the operator L is defined as in Lemma 2.1, i.e., Lw = g if and only if w is
bounded, uniformly continuous such that

w(t) = T (t− s)w(s) +
∫ t

s

T (t− ξ)f(ξ)dξ, ∀t ≥ s; t, s ∈ R.

From here we can proceed identically as in the proof of the Spectral Decomposition
Theorem by using Theorem 2.13.

Corollary 2.16 Eq.(2.91) has a τ -periodic mild solution if and only if it has a
bounded mild solution. Moreover, if u is a bounded mild solution to Eq.(2.91), then
the following two-sided sequence

ak = lim
T→∞

1
2T

∫ T

−T
e−(2ikπ/τ)ξu(ξ)dξ, k ∈ Z (2.97)

determines the Fourier coefficients of a τ periodic mild solution to Eq.(2.91).

As in Proposition 2.3, for Eq.(2.91) we will show that the uniform continuity
follows readily from the boundedness of the mild solution u. In fact we have
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Proposition 2.4 Let (T (t))t≥0 be a compact C0-semigroup and the maps t 7→
F (t) ∈ L(X), t 7→ f(t) ∈ X be τ -periodic and continuous. Moreover, let u be a
bounded mild solution to Eq.(2.91) on the whole line. Then it is uniformly contin-
uous.

Proof. We have to show that lim|t′−t|→0 ‖u(t′) − u(t)‖ = 0. Without loss of
generality we assume that t′ ≥ t . By the compactness of (T (t))t≥0, the map T (t)
is norm continuous for t > 0. Hence, we have

lim
t′−t↓0

‖u(t′)− u(t)‖ ≤ lim
t′−t↓0

‖T (t′ − t+ τ)− T (τ)‖‖u(t− τ)‖+

+ lim
t′−t↓0

‖
∫ t′

t−τ
T (t′ − ξ)[F (ξ)uξ + f(ξ)]dξ −

−
∫ t′

t−τ
T (t′ − ξ)[F (ξ)uξ + f(ξ)]dξ‖ ≤

≤ lim
t′−t↓0

‖
∫ t′

t−τ
T (t′ − ξ)[F (ξ)uξ + f(ξ)]dξ

−
∫ t′

t−τ
T (t′ − ξ)[F (ξ)uξ + f(ξ)]dξ‖. (2.98)

On the other hand, by the exponential boundedness of the semigroup (T (t))t≥0 and
the boundedness of u, F, f

lim
t′−t↓0

‖
∫ t′

t−τ
T (t′ − ξ)[F (ξ)uξ + f(ξ)]dξ −

−
∫ t

t−τ
T (t− ξ)[F (ξ)uξ + f(ξ)]dξ‖ =

≤ lim
t′−t↓0

‖T (t′ − t)
∫ t

t−τ
T (t− ξ)[F (ξ)uξ + f(ξ)]dξ −

−
∫ t

t−τ
T (t− ξ)[F (ξ)uξ + f(ξ)]dξ‖+

+ lim
t′−t↓0

‖
∫ t′

t

T (t′ − ξ)[F (ξ) + f(ξ)]dξ‖ ≤

≤ lim
t′−t↓0

‖T (t′ − t)
∫ t

t−τ
T (t− ξ)[F (ξ)uξ + f(ξ)]dξ −

−
∫ t

t−τ
T (t− ξ)[F (ξ)uξ + f(ξ)]dξ‖. (2.99)

As shown in [216, Lemma 2.5] the set
∫ τ
c
T (η)F (t+η)ut+ηdη is precompact for every

fixed positive c. From this follows easily the precompactness of the set
∫ τ
0
T (η)F (t+

η)ut+ηdη and then that of the set
∫ t
t−τ T (t−ξ)[F (ξ)uξ+f(ξ)]dξ. This and the strong

continuity of (T (t))t≥0 imply that
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lim
t′−t↓0

‖T (t′ − t)
∫ t

t−τ
T (t− ξ)[F (ξ)uξ + f(ξ)]dξ −

−
∫ t

t−τ
T (t− ξ)[F (ξ)uξ + f(ξ)]dξ‖ = 0. (2.100)

Thus limt′−t↓0 ‖u(t′)− u(t)‖ = 0.

2.3.5. Almost Periodic Solutions of Partial Functional Differential Equa-
tions

In this subsection we are concerned with necessary and sufficient conditions for
the following abstract autonomous functional differential equation to have almost
periodic solutions with the same structure of spectrum as f

dx(t)
dt

= Ax(t) + Fxt + f(t), x ∈ X, t ∈ R, (2.101)

where A is the infinitesimal generator of a strongly continuous semigroup, xt ∈
C([−r, 0],X), xt(θ) := x(t + θ), r > 0 is a given positive real number, Fϕ :=∫ 0

−r dη(s)ϕ(s), ∀ϕ ∈ C([−r, 0],X), η : [−r, 0] → L(X) is of bounded variation and
f is a X-valued almost periodic function.

Recall that a continuous function x(·) on R is said to be a mild solution on R
of Eq.(2.101) if for all t ≥ s

x(t) = T (t− s)x(s) +
∫ t

s

T (t− ξ)[Fxξ + f(ξ)]dξ. (2.102)

Below we will denote by F the operator acting on BUC(R,X) defined by the
formula

Fu(ξ) := Fuξ, ∀u ∈ BUC(R,X).

Recall that by autonomous operator in BUC(R,X) we mean a bounded linear
operator K acting on BUC(R,X) such that it commutes with the translation group,
i.e.,

KS(τ) = S(τ)K, ∀τ ∈ R.

An example of autonomous operator is the above-defined operator F . Let (T (t))t≥s
be a C0-semigroup. Then, we denote by S the space of all elements of BUC(R,X)
at which (Th)h≥0 is strongly continuous. In the same way as in the previous sections
we define the operator L acting on S as follows: u ∈ D(L) if and only if there exists
a function g ∈ S such that

u(t) = T (t− s)u(s) +
∫ t

s

T (t− ξ)g(ξ)dξ, ∀t ≥ s,

and, by definition, Lu := g. Hence, L is well-defined as a singled-valued operator.
Moreover, it is closed. For bounded uniformly continuous mild solutions x(·) the
following characterization will be used:
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Theorem 2.17 x(·) is a bounded uniformly continuous mild solution of Eq.(2.101)
if and only if Lx(·) = Fx(·) + f .

Lemma 2.19 Let (Th)h≥0 be the evolution semigroup associated with a given
strongly continuous semigroup (T (t))t≥s. Then the following assertions hold true:

i) Every mild solution u ∈ BUC(R,X) of Eq.(2.101) is an element of S,

ii) AP (X) ⊂ S,

iii) For the infinitesimal generator G of (Th)h≥0 in the space S one has the
relation: Gg = −Lg if g ∈ D(G).

Proof. (i) By the definition of mild solutions (2.102) we have

‖u(t)− T (h)u(t− h)‖ ≤
∫ t

t−h
‖T (t− ξ)‖(‖F‖‖u‖+ ‖f‖)dξ

≤ hNeωh, (2.103)

where N is a positive constant independent of h, t. Hence

lim
h↓0

‖Thu− u‖ = lim
h↓0

sup
t∈R

‖T (h)u(t− h)− u(t)‖ = 0,

i.e., the evolution semigroup (Th)h≥0 is strongly continuous at u.
(ii) The second assertion is a particular case of Lemma 2.1. (iii) The relation between
the infinitesimal generator G of (T (t))t≥0 and the operator L can be proved similarly
as in Lemma 2.1.

Spectrum of a mild solution of Eq.(2.101)

We will denote
∆(λ) := λ−A−Bλ, ∀λ ∈ C, (2.104)

where Bλ =
∫ 0

−r dη(s)e
λs, and

ρ(A, η) := {λ ∈ C : ∃∆−1(λ) ∈ L(X)}. (2.105)

Lemma 2.20 ρ(A, η) is open in C, and ∆−1(λ) is analytic in ρ(A, η).

Proof. The proof of the lemma can be taken from that of [75, Lemma 3.1, pp.207-
208].

Below we will assume that u ∈ BUC(R,X) is any mild solution of Eq.(2.101). Since
u is a mild solution of Eq.(2.101), by Lemma 2.11

∫ t
0
u(ξ)dξ ∈ D(A),∀t ∈ R and

u(t)− u(0) = A

∫ t

0

u(ξ)dξ +
∫ t

0

g(ξ)dξ, (2.106)

where g(ξ) := Fuξ + f(ξ). Hence, taking the Laplace transform of u we have
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û(λ) +
1
λ
u(0) =

1
λ
Aû(λ) +

1
λ

∫ ∞

0

e−λtg(t)dt

=
1
λ
Aû(λ) +

1
λ
f̂(λ) +

∫ ∞

0

e−λt
∫ 0

−r
dη(s)u(s+ t)dt

=
1
λ
Aû(λ) +

1
λ
f̂(λ) +

∫ 0

−r
dη(s)

∫ ∞

0

e−λtu(s+ t)dt

=
1
λ
Aû(λ) +

1
λ
f̂(λ) +

∫ 0

−r
dη(s)eλs

∫ ∞

s

e−λξu(ξ)dt.

By setting

ψ(λ) := u(0) +
∫ 0

−r
dη(s)eλs

∫ 0

s

e−λξu(ξ)dξ

we have
û(λ)(λ−A−Bλ) = f̂(λ) + ψ(λ). (2.107)

Obviously, ψ(λ) has a holomorphic extension on the whole complex plane. Thus,
for ξ 6∈ sp(f), iξ ∈ ρ(A, η), since

û(λ) = (λ−A−Bλ)−1f̂(λ) + ψ(λ)

and by Lemma 2.20 û(λ) has a holomorphic extension around iξ, i.e., ξ 6∈ sp(u). So,
we have in fact proved the following

Lemma 2.21

sp(u) ⊂ {ξ ∈ R :6 ∃∆−1(iξ) in L(X)} ∪ sp(f), (2.108)

where ∆(λ) = λI −A−Bλ.

Proof. The proof is clear from the above computation.

Below for the sake of simplicity we will denote

σi(∆) := {ξ ∈ R :6 ∃∆−1(iξ) in L(X)}

We will show that the behavior of solutions of Eq.(2.101) depends heavily on the
structure of this part of spectrum.

Decomposition Theorem and its consequences

Let us consider the subspace M ⊂ BUC(R,X) consisting of all functions v ∈
BUC(R,X) such that

σ(v) := eisp(v) ⊂ S1 ∪ S2 , (2.109)

where S1, S2 ⊂ S1 are disjoint closed subsets of the unit circle. We denote by Mv =
span{S(t)v, t ∈ R} , where (S(t))t∈R is the translation group on BUC(R,X) , i.e.
S(t)v(s) = v(t+ s),∀t, s ∈ R.
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Lemma 2.22 Under the above notations and assumptions the function space M
can be split into a direct sum M = M1 ⊕ M2 such that v ∈ Mi if and only
if σ(v) ⊂ Si for i = 1, 2. Moreover, any autonomous bounded linear operator in
BUC(R,X) leaves invariant M as well as Mj, j = 1, 2.

Proof. The first claim has been proved in Theorem 2.13. It remains to show that
if B is an autonomous bounded operator in BUC(R,X), then sp(Bw) ⊂ sp(w) for
each w ∈ BUC(R,X). In fact, consider

R(λ,D)Bw =
∫ ∞

0

e−λtS(t)Bwdt (∀<λ > 0)

= B

∫ ∞

0

e−λtS(t)wdt

= BR(λ,D)w. (2.110)

Hence, if ξ 6∈ sp(w), then since iξ ∈ ρ(Dw) the integral∫ ∞

0

e−λt(S(t)|Mw)dt = R(λ,Dw)

has an analytic extension in a neighborhood of iξ. This yields that

R(λ,Dw)w = R(λ,D)w, ∀<λ > 0

has an analytic extension in a neighborhood of iξ. So does the function (in λ)
BR(λ,D)w = R(λ,D)Bw. By Lemma 1.5 this shows that iξ ∈ ρ(Dw), and hence
by Lemma 1.16 ξ 6∈ sp(Bw), i.e., sp(Bw) ⊂ sp(w). In particular, this implies that
B leaves invariant M as well as Mj , j = 1, 2.

Remark 2.16 Similarly we can carry out the decomposition of an almost periodic
function into spectral components as done in the above lemma.

Lemma 2.23 Let u ∈ BUC(R,X) be a mild solution of Eq.(2.101) with f ∈
AP (X). Then

sp(u) ⊃ sp(f). (2.111)

Proof. In the proof of Lemma 2.22 we have shown that if B is an autonomous
operator acting on BUC(R,X) and u ∈ BUC(R,X), then sp(Bu) ⊂ sp(u). Hence,
for every h > 0, by Lemma 2.19 we have

sp(f) = sp(−f) = sp
(
lim
h↓0

Thu− u

h
−Fu

)
⊂ sp(u). (2.112)

Theorem 2.18 Let the following conditions be fulfilled

eiσi(∆) \ eisp(f) be closed, (2.113)
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and Eq.(2.101) have a bounded uniformly continuous mild solution on the whole line.
Then there exists a bounded uniformly continuous mild solution w of Eq.(2.101) such
that

eisp(w) ⊂ eisp(f). (2.114)

Moreover, if
eiσi(∆) ∩ eisp(f) = �, (2.115)

then such a solution w is unique in the sense that if there exists a mild solution v

to Eq.(2.101) such that eisp(v) ⊂ eisp(f), then v = w.

Proof. By Lemma 2.21

sp(u) ⊂ σi(∆) ∪ sp(f). (2.116)

Let us denote by Λ the set ei(σi(∆) ∪ eisp(f)), S1 the set eisp(f) and S2 the set
eiσi(∆) \ eisp(f), respectively. Thus, by Lemma 2.22 there exists a projection P
from M onto M1 which is commutative with F and Th. Hence,

−P lim
h↓0

Thu− u

h
= − lim

h↓0
P
Thu− u

h

= lim
h↓0

ThPu− Pu

h

= LPu. (2.117)

On the other hand, since u is a mild solution, by Theorem 2.17 Lu = Fu+ f . Since
Pf = f and P commutes with F ,

FPu+ f = PFu+ f

= PFu+ Pf

= PLu

= −P lim
h↓0

Thu− u

h

= LPu. (2.118)

By Theorem 2.17 we have that Pu is a mild solution of Eq.(2.101). Now we prove the
next assertion on the uniqueness. In fact, suppose that there is another mild solution
v ∈ BUC(R,X) to Eq.(2.101) such that ei sp(v) ⊂ ei sp(f), then it is seen that w−v
is a mild solution of the homogeneous equation corresponding to Eq.(2.101). Hence,
sp(w − v) ⊂ σi(∆). This shows that

eisp(w−v) ⊂ eiσi(∆) ∩ eisp(f) = �.

So, w − v = 0. This completes the proof of the theorem.
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Remark 2.17 By Lemma 2.23, the mild solution mentioned in Theorem 2.18 is
”minimal” in the sense that its spectrum is minimal. In the above theorem we
have proved that under the assumption (2.115) if there is a mild solution u to
Eq.(2.101) in BUC(R,X), then there is a unique mild solution w to Eq.(2.101)
such that eisp(w) ⊂ eisp(f). The assumption on the existence of a mild solution u
is unremovable, even in the case of equations without delay. In fact, this is due to
the failure of the spectral mapping theorem in the infinite dimensional systems (for
more details see e.g. [65], [163], [179]). Hence, in addition to the condition (2.115) it
is necessary to impose further conditions to guarantee the existence and uniqueness
of such a mild solution w. In the next subsection we will examine conditions for the
existence of a bounded mild solution to Eq.(2.101).

Theorem 2.19 Let the assumption (2.113) of Theorem 2.18 be fulfilled. Moreover,
let the space X not contain c0 and eisp(f) be countable. Then there exists an almost
periodic mild solution w to Eq.(2.101) such that eisp(w) ⊂ eisp(f). Furthermore, if
(2.115) holds, then such a solution w is unique.

Proof. The proof is obvious in view of Theorem 1.20, Remark 1.3 and Theorem
2.18.

Remark 2.18 As we have seen, the almost periodic mild solution w is a component
of the mild solution u which existence is assumed. Hence, if we assume further that
σi(∆) is countable, then the solution u is also almost periodic. Thus, the Bohr-
Fourier coefficients of solution w can be computed as follows:

a(λ) = lim
T→∞

1
2T

∫ T

−T
e−iλtu(t)dt, ∀eiλ ∈ eisp(f).

Quasi-periodic solutions

As in the above subsection the following lemma is obvious.

Lemma 2.24 Let Λ1,Λ2 be disjoint closed subsets of the real line and Λ := Λ1∪Λ2.
Moreover let Λ1 be compact. Then the space Λ(X) = Λ1(X) ⊕ Λ2(X) and Λ1(X)
and Λ2(X) are left invariant by any autonomous functional operators.

Proof. Since the proof can be done in the similar manner as in the previous
subsections we omit the details.

Remark 2.19 We can prove a similar decomposition in the function space AP (X).

Theorem 2.20 Let sp(f) have an integer and finite basis and X do not contain
c0. Moreover, let σi(∆) be bounded and σi(∆)\sp(f) be closed. Then if Eq.(2.101)
has a mild solution u ∈ BUC(R,X), it has a quasi-periodic mild solution w such
that sp(w) = sp(f). If σi(∆) ∩ sp(f) = �, then such a solution w is unique.

Proof. As the proof of this theorem is analogous to that of Theorem 2.18 we omit
the details.
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Remark 2.20 If σi(∆) is bounded, by the same argument as in this subsection
it is more convenient to replace the condition on the closedness of eσi(∆) \ eisp(f)

of Theorem 2.18 by the weaker condition that σi(∆)\sp(f) is closed. A sufficient
condition for the boundedness of σi(∆) will be given in the next section.

Existence and uniqueness of almost periodic solutions of Eq.(2.101)

Recall that to the corresponding homogeneous equation of Eq.(2.101) one can as-
sociate a strongly continuous solution semigroup (V (t))t≥0 on the space C :=
C([−r, 0]X). Our main interest in this subsection is to prove the existence of an
almost periodic mild solution to Eq.(2.101) under the condition that eisp(f) ∩
σ(V (1)) = �. For the sake of simplicity, we always assume in this section that
r < 1. Having proved this, Theorem 2.2 can be extended to almost periodic solu-
tions of Eq.(2.101) by using Theorem 2.18. To this end, we first recall the variation-
of-constants formula for Eq.(33) (see e.g. [226, p.115-116]){

u(t) = [V (t− s)φ](0) +
∫ t
s
[V (t− ξ)X0f(ξ)](0)dξ,

u0 = φ,
(2.119)

where X0 : [−r, 0] 7→ L(X) is given by X0(θ) = 0 for −r ≤ θ < 0 and X0(0) = I
and (V (t)t≥0) is the solution semigroup generated by Eq.(2.101) in C. Although this
formula seems to be ambiguous it suggests some insights to prove the existence of a
bounded mild solution. In fact, let u ∈ BUC(R,X) be a mild solution of Eq.(2.101).
Then we will examine the spectrum of the function

w : R 3 t 7→ w(t) := ut − V (1)ut−1 ∈ C([−r, 0],X),

which may be ”defined by the formula”

w(t)(ξ) ” = ”
∫ t+ξ

s

[V (t− ξ)X0f(ξ)](0)dξ, ∀ξ ∈ [−r, 0]. (2.120)

Hence, w(t) may be defined independent of u(·). Moreover, if this is the case, we can
use the equation ut = V (1)ut−1 +w(t) to solve u, and so to prove the existence of a
bounded mild solution to Eq.(2.101). It turns out that all these can be done without
using the variation-of-constants (2.119). In fact, we begin with another definition
of the function w(t). For every fixed t ∈ R, let us consider the Cauchy problem{

y(ξ) =
∫ ξ
t−1

T (ξ − η)[Fyη + f(η)]dη, ξ ∈ [t− 1, t],
yt−1 = 0 ∈ C.

(2.121)

It is easy to see that if there exists a bounded mild solution u(·) to Eq.(2.101),
then w(t) := ut−V (1)ut−1 satisfies Eq.(2.121). In what follows we will consider the
function v : R 3 t 7→ yt ∈ C, where yt is defined by (2.121).

Lemma 2.25 The operator L : BUC(R,X) 3 f 7→ v ∈ BUC(R, C) is well-defined
as a continuous linear operator. Moreover, StLf = LS(t)f, ∀t ∈ R, where St, t ∈ R
is the translation group in BUC(R, C).



102 CHAPTER 2. SPECTRAL CRITERIA

Proof. First we show that if f ∈ BUC(R,X), then v(·) is uniformly continuous.
In fact, for every ε > 0, there is a δ > 0 such that supt∈R ‖f(ξ + h) − f(ξ)‖ <
ε, ∀|h| < δ. For the function v(t+ h) we consider the following Cauchy problemx(t+ h+ θ) =

∫ t+h+θ
t+h−1

T (t+ h+ θ − ζ)[Fxζ + f(ζ)]dζ,
∀θ ∈ [t+ h− 1, t+ h],

xt+h−1 = 0.
(2.122)

By denoting z(δ) := x(δ + h) we can see that z(·) is the solution of the equation z(t+ θ) =
∫ t+θ
t−1

T (t+ θ − ζ)[Fzζ + f(h+ ζ)]dζ,
∀θ ∈ [t− 1, t],

zt−1 = 0.
(2.123)

Hence, taking into account (2.121) and (2.123), by the Gronwall inequality

sup
t∈R

‖v(t+ h)− v(t)‖ = sup
t∈R

sup
θ∈[−r,0]

‖z(t+ θ)− y(t+ θ)‖ ≤

≤ sup
t∈R

sup
ξ∈[t−1,t]

‖z(ξ)− y(ξ)‖

≤ δK, (2.124)

where K depends only on (T (t))t≥0, ‖F‖. This shows that v ∈ BUC(R, C). From
(2.122) and (2.123) it follows immediately the relation StLf = LS(t)f . The bound-
edness of the operator L is an easy estimate in which the Gronwall inequality is
used.

Corollary 2.17 Let f be almost periodic. Under the above notation, the following
assertions hold true:

i)
sp(v) ⊂ sp(f). (2.125)

ii) The function v is almost periodic.

Proof. To show the first assertion we can use the same argument as in the proof
of Lemma 2.22. The second one is a consequence of the first one. In fact, since f is
almost periodic, it can be appoximated by a sequence of trigonometric polynomials.
On the other hand, from the first assertion, this yields that if Pn is a trigonometric
polynomial, then so is LPn. Hence, Lf = v can be approximated by a sequence of
trigonometric polynomials, i.e., v is almost periodic.

We are in a position to prove the main result of this section.

Theorem 2.21 Let
eisp(f) ∩ σ(V (1)) = � (2.126)

hold. Then Eq.(2.101) has a unique almost periodic mild solution xf such that

eisp(xf ) ⊂ eisp(f).
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Proof. Let us consider the equation

u(t) = V (1)u(t− 1) + v(t), (2.127)

where v(t) is defined by (2.121). It is easy to see that the spectrum of the multiplica-
tion operator K : v 7→ V (1)v, where v ∈ Λ(C([−r, 0]),Λ := sp(f) has the property
that σ(K) ⊂ σ(V (1)) (see e.g. [167]). In the space Λ(C([−r, 0]) the spectrum of
the translation S−1 : ut 7→ ut−1 can be estimated as follows in view of the Weak
Spectral Mapping Theorem (see Theorem 1.8)

σ(S−1) = e−d/dt|Λ(C) = e−iΛ.

Let us denote W := K · S−1. It may be noted that W is the composition of two
commutative bounded linear operators. Thus (see e.g. [193, Theorem 11.23, p.280]),

σ(W ) ⊂ σ(K)σ(S−1)

⊂ σ(V (1))e−iΛ. (2.128)

Obviously, (2.126) and (2.128) show that 1 6∈ σ(W ). Hence, the equation (2.127)
has a unique solution u. We are now in a position to construct a bounded mild
solution of Eq.(2.101). To this end, we will establish this solution in every segment
[n, n + 1). Then, we show that these segments give a solution on the whole real
line. We consider the sequence (un)n∈Z. In every interval [n, n+ 1) we consider the
Cauchy problem{

x(ξ) = T (ξ − n)[u(n)](0) +
∫ ξ
n
T (ξ − η)[Fxη + f(η)]dη, ∀ξ ∈ [n,∞),

xn = u(n).
(2.129)

Obviously, this solution is defined in [n,+∞). On the other hand, by the definition
of V (1)u(n) and v(n+ 1) we have V (1)u(n) = an+1, v(n+ 1) = bn+1, where

a(ξ) = T (ξ − n)u(n)(0) +
∫ ξ

n

T (ξ − η)Faηdη, ∀ξ > n, an = u(n)

b(ξ) =
∫ ξ

n

T (ξ − η)[Fbη + f(η)]dη, ∀ξ ∈ [n, n+ 1], bn = 0.

Thus, a(ξ) + b(ξ) = x(ξ). This yields that

xn+1 = an+1 + bn+1 = V (1)u(n) + v(n+ 1) = u(n+ 1).

By this process we can establish the existence of a bounded continuous mild so-
lution x(·) of Eq.(2.101) on the whole line. Moreover, we will prove that x(·) is
almost periodic. As u(·) and f are almost periodic, so is the function g : R 3 t 7→
(u(t), f(t)) ∈ C ×X. As is known, the sequence {g(n)} = {(u(n), f(n))} is almost
periodic. Hence, for every positive ε the following set is relatively dense (see [67, p.
163-164])
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T := Z ∩ T (g, ε), (2.130)

where T (g, ε) := {τ ∈ R : supt∈R ‖g(t+ τ)− g(t)‖ < ε}, i.e., the set of ε periods of
g. Hence, for every m ∈ T we have

‖f(t+m)− f(t)‖ < ε,∀t ∈ R, (2.131)
‖u(n+m)− u(n)‖ < ε,∀n ∈ Z. (2.132)

Since x is a solution to Eq.(2.102), for 0 ≤ s < 1 and all n ∈ N, we have

‖x(n+m+ s)− x(n+ s)‖ ≤ ‖T (s)‖ · ‖u(n+m)− u(n)‖

+
∫ s

0

T (s− ξ)
[
‖F‖ · ‖xn+m+ξ − xn+ξ‖

+ ‖f(n+m+ ξ)− f(n+ ξ)‖
]
dξ

≤ Neω‖u(n+m)− u(n)‖+Neω
∫ s

0

[
‖F‖

·‖xn+m+ξ − xn+ξ‖+ ‖f(n+m+ ξ)− f(n+ ξ)‖
]
dξ

Hence

‖xn+m+s − xn+s‖ ≤ Neω‖u(n+m)− u(n)‖

+Neω
∫ s

0

[
‖F‖ · ‖xn+m+ξ − xn+ξ‖+ ‖f(n+m+ ξ)− f(n+ ξ)‖

]
dξ.

Using the Gronwall inequality we can show that

‖xn+m+s − xn+s‖ ≤ ‖xn+m+s − xn+s‖ ≤ εM, (2.133)

where M is a constant which depends only on ‖F‖, N, ω. This shows that m is a
εM -period of the function x(·). Finally, since T is relatively dense for every ε, we see
that x(·) is an almost periodic mild solution of Eq.(2.101). Now we are in a position
to apply Lemma 2.22, Remark 2.16 and Theorem 2.18 to see that Eq.(2.101) has a
unique almost periodic solution such that (2.126) holds. This completes the proof
of the theorem.

We state below a version of Theorem 2.21 for the case in which the semigroup
(T (t))t≥0 is compact.

Corollary 2.18 Let the semigroup (T (t))t≥0 be compact and eiσi(∆) ∩ eisp(f) = �.
Then Eq.(2.101) has a unique almost periodic mild solution xf with eisp(xf ) ⊂
eisp(f).

Proof. Since the solution operator V (t) associated with Eq.(2.101) is compact
for sufficiently large t, e.g. for t > r, the Spectral Mapping Theorem holds true for
this semigroup (see [65] or [163]). Now by applying Theorem 2.18 and Theorem 2.21
we get the corollary.
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Corollary 2.19 Let the semigroup (T (t))t≥0 be compact, sp(f) have an integer and
finite basis. Moreover, let σi(∆) be bounded and eiσi(∆) ∩ eisp(f) = �. Then there
exists a unique quasi-periodic mild solution w of Eq.(2.101) such that sp(w) ⊂ sp(f).

Proof. By Corollary 2.18 there exists an almost periodic mild solution xf of
Eq.(2.101). Note that from the condition eiσi(∆)∩eisp(f) = � follows σi(∆)∩sp(f) =
�. Now we can decompose the almost periodic solution xf as done in Lemma 2.24
to get a minimal almost periodic mild solution w such that sp(w) ⊂ sp(f).

We now consider necessary conditions for the existence and uniqueness of bounded
mild solutions to Eq.(2.101) and their consequences. To this end, for a given closed
subset Λ ⊂ R we will denote by ΛAP (X) the subspace of Λ(X) consisting of all
functions f such that f ∈ AP (X).

Lemma 2.26 For every f ∈ ΛAP (X) let Eq.(2.101) have a unique mild solution
uf bounded on the whole line. Then, uf is almost periodic and

sp(uf ) ⊂ sp(f). (2.134)

In particular, σi(∆) ∩ Λ = �.

Proof. Let us denote by LΛ the linear operator with the domainD(LΛ) consisting
of all functions u ∈ BC(R,X) which are mild solutions of Eq.(2.101) with certain
f ∈ ΛAP (X). For u ∈ D(LΛ) we define LΛu = f . We now show that LΛ is well
defined, i.e., for a given u ∈ D(LΛ) there exists exactly one f ∈ ΛAP (X) such that
u is a mild solution of Eq.(2.102). Suppose that there exists another g ∈ ΛAP (X)
such that

u(t) = T (t− s)u(s) +
∫ t

s

T (t− ξ)[Fuξ + g(ξ)]dξ, ∀t ≥ s. (2.135)

Then,

0 =
∫ t

s

T (t− ξ)[f(ξ)− g(ξ)]dξ, ∀t ≥ s. (2.136)

Hence

0 =
1

t− s

∫ t

s

T (t− ξ)[f(ξ)− g(ξ)]dξ, ∀t > s.

From the strong continuity of the semigroup (T (t))t≥0 and by letting s→ t it follows
that f(t) = g(t). From the arbitrary nature of t, this yields that f = g. Next, we
show that the operator LΛ is closed, i.e., if there are un ∈ D(LΛ), n = 1, 2, ... such
that LΛu

n = fn, n = 1, 2, ... and un → u ∈ BC(R,X), fn → f ∈ ΛAP (X), then
u ∈ D(LΛ) and LΛu = f . In fact, by definition

un(t) = T (t−s)un(s)+
∫ t

s

T (t−ξ)[Funξ +fn(ξ)]dξ, ∀t ≥ s , ∀n = 1, 2, ... (2.137)

For every fixed t ≥ s, letting n tend to infinity one has
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u(t) = T (t− s)u(s) +
∫ t

s

T (t− ξ)[Fuξ + f(ξ)]dξ, ∀t ≥ s, (2.138)

proving the closedness of the operator LΛ. Now with the new norm ‖u‖1 := ‖u‖+
‖LΛu‖ the space D(LΛ) becomes a Banach space. Hence, from the assumption
the linear operator LΛ is a bijective from the Banach space (D(LΛ), ‖ · ‖1) onto
ΛAP (X). By the Banach Open Mapping Theorem the inverse of L−1

Λ is continuous.
Now suppose f ∈ ΛAP (X). It may be noted that for every τ ∈ R, S(τ)fΛAP (X).
Thus, the function xf (· + τ) should be the unique mild solution in BC(R,X) to
Eq.(2.102). So, if f is periodic with period, say, ω. Then, since S(ω)f = f , one has
xf (·+ ω) = xf (·), i.e., xf is ω-periodic. In the general case, by the spectral theory
of almost periodic functions (see e.g. [137, Chap. 2]), f can be approximated by a
sequence of trigonometric polynomials

Pn(t) =
N(n)∑
k=1

an,ke
iλn,kt, an,k ∈ X, λn,k ∈ σb(f) ⊂ Λ, n = 1, 2, ...

By the above argument, for every n, Qn := L−1
Λ Pn is also a trigonometric poly-

nomial. Moreover, since L−1
Λ is continuous, Qn tends to L−1

Λ f = xf . This shows
that xf is almost periodic and sp(xf ) ⊂ sp(f) ⊂ Λ. Now let f be of the following
form f(t) = aeiλt, t ∈ R, where 0 6= a ∈ X, λ ∈ Λ. Then, as shown above, since
sp(xf ) ⊂ sp(f) = {λ}, xf (t) = beiλt for a unique b ∈ X. If we denote by eλ the
function in C[−r, 0] defined as follows: eλ(θ) := eiλθ, θ ∈ [−r, 0], then eiλ·t = eiλteλ.
With this notation, one has

beiλt = T (t− s)beiλs +
∫ t

s

T (t− ξ)[eiλξFbeλ + aeiλξ]dξ, ∀t ≥ s. (2.139)

Since beiλt and
∫ t
s
T (t − ξ)[eiλξFbeλ + aeiλξ]dξ are differentiable with respect to

t ≥ s, so is T (t − s)beiλs. This yields b ∈ D(A). Consequently, beλt is a classical
solution of Eq.(2.101), i.e.,

beiλt

dt
= Abeiλt + eiλtF (beλ) + aeiλt, ∀t. (2.140)

In particular, this yields that for every a ∈ X there exists a unique b ∈ X such that

(iλ−A−Bλ)b = a, (2.141)

i.e., by definition λ 6∈ σi(∆), finishing the proof of the lemma

This necessary condition has another application to the study of the asymptotic
behavior of solutions as shown in the next corollary. To this end, we first recall
the notion of exponential dichotomy of the corresponding homogeneous equation of
Eq.(2.101). This homogeneous equation is said to have an exponential dichotomy
if the C0-semigroup of solution operators, associated with it, has an exponential
dichotomy. As is known from Section 1, for a C0-semigroup (U(t))t≥0 to have an
exponential dichotomy it is necessary and sufficient that σ(U(1)) ∩ S1 = �.
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Corollary 2.20 Let (T (t))t≥0 be a strongly continuous semigroup of compact linear
operators. Then, a necessary and sufficient condition for the corresponding homo-
geneous equation of Eq.(2.101) to have an exponential dichotomy is that Eq.(2.101)
has a unique bounded mild solution for every given almost periodic function f .

Proof. Necessity: Since the solution semigroup (V (t))t≥0 associated with the cor-
responding homogeneous equation of Eq.(2.101) is a strongly continuous semigroup
of compact linear operators, the Spectral Mapping Theorem holds true with respect
to this semigroup. On the other hand, by Lemma 2.26 one has σi(∆)∩R = �. This
yields that σ(V (1)) ∩ S1 = �, and hence, by Theorem 2.1 the solution semigroup
(V (t))t≥0 has an exponential dichotomy.
Sufficiency: If the corresponding homogeneous equation of Eq.(2.101) has an ex-
ponential dichotomy, then σ(V (1)) ∩ S1 = �. Hence, the sufficiency follows from
Theorem 2.21.

A condition for the boundedness of σi(∆)

As shown in the previous subsection the boundedness of σi(∆) is important for
the decomposition of a bounded solution into spectral components which yields
the existence of almost periodic and quasi-periodic solutions. We now show that in
many frequently met situations this boundedness is available.

Proposition 2.5 If A is the infinitesimal generator of a strongly continuous ana-
lytic semigroup of linear operators, then σi(∆) is bounded.

Proof. Let us consider the operator A + F in AP (X), where A is the operator
of multiplication by A, i.e., u ∈ D(A) ⊂ AP (X) if and only if u(t) ∈ D(A) ∀t and
Au(·) ∈ AP (X). As shown in the previous section, this operator is sectorial. Hence,
σ(A+ F) ∩ iR is bounded. For every

µ ∈ iR\σ(A+ F)

the conditions of Theorem 2.8 are satisfied with the function space M consisting of
all functions in t ∈ R of the form eiµtx, x ∈ X. Since Eq.(2.101) has a unique mild
solution in M, by Lemma 2.26 it is easily seen that this assertion is nothing but
µ 6∈ σi(∆). Hence, the proposition is proved.

Examples

To illustrate the above abstract results we will give below several examples in which
our conditions can be easily verified.

Example 2.16

We consider the following evolution equation

du(t)
dt

= −Au(t) +But + f(t), (2.142)
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where A is a sectorial operator in X and B is a bounded linear operator from
C([−r, 0],X) → X and ut is defined as usual, f is an almost periodic function.
Moreover, let us assume that the operator A have compact resolvent. Then, −A
generates a compact strongly continuous analytic semigroup of linear bounded op-
erators in X (see e.g. [90], [179]). Hence, for this class of equations all assertions
of this subsection are applicable. Note that an important class of parabolic partial
differential equations can be included into the evolution equation (2.142) (see e.g.
[216], [226]).

Example 2.17

Consider the equationwt(x, t) = wxx(x, t)− aw(x, t)− bw(x, t− r) + f(x, t),
0 ≤ s ≤ π, t ≥ 0,

w(0, t) = w(π, t) = 0, ∀t > 0,
(2.143)

where w(x, t), f(x, t) are scalar-valued functions. We define the space X := L2[0, π]
and AT : X → X by the formula AT = y′′,

D(AT ) = {y ∈ X : y, y’ are absolutely continuous, y′′ ∈ X,
y(0) = y(π) = 0}.

(2.144)

We define F : C → X by the formula F (ϕ) = −aϕ(0) − bϕ(−r). The evolution
equation we are concerned with in this case is the following

dx(t)
dt

= ATx(t) + Fxt + f(t), x(t) ∈ X, (2.145)

where AT is the infinitesimal generator of a compact semigroup (T (t))t≥0 in X (see
[216, p. 414]). Moreover, the eigenvalues of AT are −n2, n = 1, 2, ... and the set
σi(∆) is determined from the set of imaginary solutions of the equations

λ+ a+ be−λr = −n2, n = 1, 2, ... . (2.146)

We consider the existence of almost periodic mild solutions of Eq.(2.143) through
those of Eq.(2.144). Now if the equation (2.146) have no imaginary solutions, then
for every almost periodic f Eq.(2.143) has a unique almost periodic solution. This
corresponds to the case of exponential dichotomy which was discussed in [226]. For
instance, this happens when we put a = 0, b = r = 1.

Let us consider the case where a = −1, b = π/2, r = 1. It is easy to see that
in this case the equation (2.146) have only imaginary solutions λ = iπ/2,−iπ/2.
So, our system has no exponential dichotomy. However, applying our theory we can
find almost periodic solutions as follows: if π/2,−π/2 6∈ sp(f), then Eq.(2.144) has
a unique almost periodic mild solution. We may let π/2,−π/2 be in sp(f), but as
isolated points. Then, if there is a bounded mild solution u to Eq.(2.144), then it
has a bounded mild solution w such that sp(w) ⊂ sp(f). Note that in this case, the
uniform continuity is automatically fulfilled (see [168]) and X = L2[0, π] does not
contain c0, so if sp(f) is countable, then w is almost periodic.
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2.4. FIXED POINT THEOREMS AND FREDHOLM OPERATORS

In this section we will demonstrate how a classical technique can be applied to the
infinite dimensional evolution equations with delay, cf. [206] and [209].

2.4.1. Fixed Point Theorems

Let X be a Banach space and T a bounded linear affine map defined by Tx := Sx+z
for x ∈ X, where S is a bounded linear operator on X and z ∈ X is fixed. For the
existence and uniqueness of a fixed point of T the following result is obvious.

Theorem 2.22 If 1 ∈ ρ(S) (the resolvent set of S), then T has a unique fixed point
in X.

Now we recall the following two fixed point theorems for linear affine maps by
Chow and Hale [45] whose proofs are based on Schauder’s fixed point theorem and
the Hahn-Banach theorem.

Theorem 2.23 If there is an x0 ∈ X such that {x0, Tx0, T 2x0, · · ·} is relatively
compact in X, then T has a fixed point in X.

Proof. Set D = {Tnx0 : n = 0, 1, 2, · · ·}. Then TD ⊂ D. Since T is a linear affine
map, and since T is continuous,

T (coD) ⊂ coD,

where coD denotes the closure of the convex hull of D. Since D is relatively compact,
coD is a compact, convex set. From Schauder’s fixed point theorem T has a fixed
point in coD as desired.

Theorem 2.24 If the range R(I−S), I being the identity, is closed and if there is
an x0 ∈ X such that {x0, Tx0, T 2x0, · · ·} is bounded in X, then T has a fixed point
in X.

Proof. Obviously, T has a fixed point if and only if z ∈ R(I − S). Suppose that
z 6∈ R(I − S). Since R(I − S) is closed, from the Hahn-Banach theorem there is an
x∗ ∈ X∗ such that < z, x∗ >6= 0 and that < (I −S)x, x∗ >= 0 for all x ∈ X. Hence
< Sx, x∗ >=< x, x∗ > for all x ∈ X. For n = 1, 2, · · · , set

xn := Tnx0 = Snx0 + z + Sz + S2z + · · ·+ Sn−1z.

Since < Skx, x∗ >=< x, x∗ > for k = 1, 2, · · · , x ∈ X, it follows that

< xn, x∗ >=< x0, x∗ > +n < z, x∗ >, n = 1, 2, · · · .

This is a contradiction since the right side is bounded for n ≥ 1 and < z, x∗ >6= 0.
Therefore, T has a fixed point.
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Denote by FT the set of the fixed points of the affine map T on X. Then
FT = y+N(I−S) for some y ∈ FT is an affine space. Define dimFT := dimN(I−S).
Denote by Φ+(X) the family of semi-Fredholm operators on X, which is defined in
Section 4.1 of Appendices. If I − S ∈ Φ+(X), then Theorem 2.24 can be easily
refined as follows :

Theorem 2.25 Assume that there is an x0 ∈ X such that {x0, Tx0, T 2x0, · · ·} is
bounded in X. If I − S ∈ Φ+(X), then FT 6= ∅ and dimFT is finite.

Remark 2.21 Let S be a bounded linear operator on X.

i) If S is an α-contraction operator on X, then re(S) < 1, where re(S) stands
for the radius of the esssential spectrum of S, see (4.1).

ii) If re(S) < 1, then one is a nomal point of S.

iii) If one is a nomal point of S, then I − S ∈ Φ+(X).

iv) If I − S ∈ Φ+(X), then R(I − S) is closed.

2.4.2. Decomposition of Solution Operators

In this section we will assume that A is the generator of a C0-semigroup of linear
operators T (t) on the space E such that ‖T (t)‖ ≤ Mwe

wt, t ≥ 0, and L(t, ·) is the
family of bounded linear operators from C := C([−r, 0], E) to E. Then, according
to Section 1.2, for every φ in C and σ ∈ R there exists a unique mild solution
u(t, σ, φ) = u(t, σ, φ, 0) to the following equation

u′(t) = Au(t) + L(t, ut), ∀t ≥ σ. (2.147)

Define the solution operator U(t, σ) on C for t ≥ σ by U(t, σ)φ= ut(σ, φ) :=
u(t+ ·, σ, φ). It may be seen that this is a family of bounded linear operators, and
‖U(t, σ)‖ is bounded for t in every compact interval of [σ,∞). Put v(t, σ, φ) =
T (t−σ)φ(0) for t > σ, and v(t, σ, φ) = φ(t−σ) for σ−r ≤ t ≤ σ. Define z(t, σ, φ) =
u(t, σ, φ)− v(t, σ, φ) for t ≥ σ − r ; that is,

z(t, σ, φ) =


∫ t

σ

T (t− s)L(s, us(σ, φ))ds t ≥ σ

0 σ − r ≤ t ≤ σ.
(2.148)

Then z(t, σ, φ) is continuous for t ≥ σ − r. For t ≥ σ define an operator K(t, σ)
by K(t, σ)φ = zt(σ, φ) for φ ∈ C. Then it is a bounded linear operator on C, and
U(t, σ) is decomposed as

U(t, σ) = T̂ (t− σ) +K(t, σ), (2.149)

where T̂ (t− σ)φ = vt(σ, φ) for φ ∈ C ; that is,
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(T̂ (t)φ)(θ) =
{
T (t+ θ)φ(0) for t+ θ ≥ 0
φ(t+ θ) for t+ θ ≤ 0, (2.150)

for θ ∈ [−r, 0].

We can easily prove the following :

Theorem 2.26 T̂ (t) is a C0-semigroup on C.

Proposition 2.6 i)

‖T̂ (t)‖ ≤Mwe
max{0,w}t for t ≥ 0. (2.151)

ii) If ‖T (t)‖ ≤Mwe
−wt, w > 0, for t ≥ 0, then

‖T̂ (t)‖ ≤
{
Mwe

−w(t−r) for t > r
Mw for t ≤ r.

(2.152)

Set
K(t) = K(t, 0). (2.153)

We will give an estimate of ‖K(t)‖ by using Theorem 1.12.

Proposition 2.7 Let Mw, w be the constants in Inequality (1.19). Let K be the
operator defined by Relation (2.153). Then

‖K(t)‖ ≤Mwe
max{0,w}t

(
exp

(∫ t

0

Mw‖L(r)‖dr
)
− 1
)
.

Proof. Set z = max{0, w}. Let t ≥ 0. Then from Theorem 1.12 we have

|(K(t)φ)(θ)| ≤
∫ t

0

Mwe
z(t−s)‖L(s)‖|us(0, φ)|ds

≤
∫ t

0

Mwe
z(t−s)‖L(s)‖|φ|Mwe

ws exp
(∫ s

0

Mw‖L(r)‖dr
)
ds.

Since w ≤ z, we have that

|(K(t)φ)(θ)| ≤ |φ|Mwe
zt

∫ t

0

Mw‖L(s)‖ exp
(∫ s

0

Mw‖L(r)‖dr
)
ds

≤ |φ|Mwe
zt

(
exp

(∫ t

0

Mw‖L(r)‖dr
)
− 1
)
,

and hence

‖K(t)φ‖ ≤ |φ|Mwe
zt

(
exp

(∫ t

0

Mw‖L(r)‖dr
)
− 1
)
.
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Lemma 2.27 Let a and w be positive constants, and let f, u : [0, d] → R be non-
negative continuous functions. Suppose that f(t) is a nondecreasing function in t
and that u(t) satisfies the inequality

u(t) ≤ a sup
max{0,t−r}≤τ≤t

∫ τ

0

e−w(τ−s)u(s)ds+ f(t). (2.154)

If w > a, then
u(t) ≤ wf(t)/(w − a).

Proof. Set v(t) := sup{u(s) : 0 ≤ s ≤ t}. Then from the inequality (2.154) we
have

u(t) ≤ av(t) sup
max{0,t−r}≤τ≤t

∫ τ

0

e−w(τ−s)ds+ f(t)

≤ av(t) sup
max{0,t−r}≤τ≤t

(1− e−wτ )/w + f(t)

≤ av(t)(1− e−wt)/w + f(t)
≤ av(t)/w + f(t),

and hence,
v(t) ≤ av(t)/w + f(t).

This implies the desired inequality for u(t).

Proposition 2.8 Suppose that ‖T (t)‖ ≤ Mwe
−wt, Mw, w > 0, for t ≥ 0 and that

‖L‖∞ := supt≥0 ‖L(t)‖ <∞. Then, for Equation(2.147), if w > Mw‖L‖∞, t ≥ 0

‖K(t)‖ ≤M2
w‖L‖∞(1− e−wt)/(w −Mw‖L‖∞) := k(t)

Proof. Set a = Mw‖L‖∞. Using the decomposition (2.149) of the solution oper-
ator for Equation(2.147), we have

|K(t)φ| ≤ Mw sup
max{0,t−r}≤τ≤t

∫ τ

0

e−w(τ−s)|L(s, U(s, 0)φ)|ds

≤ a sup
max{0,t−r}≤τ≤t

{
∫ τ

0

e−w(τ−s)|K(s)φ|ds+
∫ τ

0

e−w(τ−s)|T̂ (s)φ|ds}.

Furthermore, it follows from the estimate (2.152) of T̂ (t) that∫ τ

0

e−w(τ−s)|T̂ (s)φ|ds ≤
∫ τ

0

e−w(τ−s)Mw|φ|ds ≤Mw(1− e−wτ )|φ|/w.

If we set u(t) = |K(t)φ|, then

u(t) ≤ a sup
max{0,t−r}≤τ≤t

∫ τ

0

e−w(τ−s)u(s)ds+ aMw(1− e−wt)|φ|/w.

Using Lemma 2.27, we have the estimates described in the proposition.
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Proposition 2.9 If (T (t))t≥0 is a compact C0-semigroup, or if L(t, ·) is a compact
operator for t ≥ σ, then K(t, σ) is a compact operator.

Proof. Let S := {φ ∈ C([−r, 0], E) : |φ| ≤ 1}, and U be the family of functions
L(s, us(σ, φ)) of variable s ∈ [σ,∞) with the index φ ∈ S. Since ‖U(t, σ)‖ is locally
bounded, U is uniformy bounded on every compact set of [σ,∞). Applying Theorem
4.8, we have

α(K(t, σ)S) ≤ γT sup{α({z(t+ θ, σ, φ) : φ ∈ S}) : −r ≤ θ ≤ r}.

We see that {z(t, σ, φ) : φ ∈ S} is relatively compact for eact t ≥ σ − r. From
Corollary 4.2 it suffices to see that the set H(s) := {T (t−s)L(s, us(σ, φ)) : φ ∈ S} is
relatively compact for σ ≤ s < t. But this follows immediately from the assumption
of the theorem.

2.4.3. Periodic Solutions and Fixed Point Theorems

Let the following equation

u′(t) = Au(t) + L(t, ut) + f(t) (2.155)

and
u′(t) = Au(t) + L(t, ut) (2.156)

be periodic in t with a period ω ; that is,

L(t+ ω, φ) = L(t, φ), f(t+ ω) = f(t)

for (t, φ) ∈ R× C.
We are going to state the well-known connection between the existence of pe-

riodic solutions and that of fixed points of the linear affine map associated with
the equation under consideration. By the uniqueness of solutions, if σ < τ, and if
τ − r ≤ t,

u(t, σ, φ, f) = u(t, τ, uτ (σ, φ, f), f).

On the other hand, by the periodicity as well as the uniqueness, for t ≥ σ − r,

u(t+ ω, σ + ω, φ, f) = u(t, σ, φ, f).

Proposition 2.10 The following conditions are equivalent for any σ ∈ R;

i) There exists a ψ ∈ C such that u(t+ ω, σ, ψ, f) = u(t, σ, ψ, f) for t ≥ σ,

ii) There exists an ω-periodic function p(t) such that p(t) = u(t, τ, pτ , f) whenever
−∞ < τ ≤ t <∞,

iii) There exists a φ ∈ C such that uω(0, φ, f) = u0(0, φ, f).
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Proof. Suppose that condition i) holds. Let p(t) be a periodic function such that
p(t) = u(t, σ, ψ, f) for t ≥ σ and that p(t + ω) = p(t) for all t ∈ R. Suppose that
τ ≤ t, and take an integer k such that τ + kω − r ≥ σ. Then

pτ = pτ+kω = uτ+kω(σ, ψ, f).

We have that, for t > τ ,

p(t) = p(t+ kω) = u(t+ kω, σ, ψ, f)
= u(t+ kω, τ + kω, uτ+kω(σ, ψ, f), f) = u(t, τ, pτ , f).

Hence condition i) implies ii).
Suppose that condition ii) holds. Set φ := p0. Then u(t, 0, φ, f) = p(t) for t ≥ −r

and uω(0, φ, f) = pω = p0 = φ = u0(0, φ, f). Hence condition ii) implies iii).
Suppose that condition iii) holds. Then, for t ≥ −r,

u(t+ ω, 0, φ, f) = u(t+ ω, ω, uω(0, φ, f), f) = u(t, 0, φ, f)

Take an integer k such that σ+kω ≥ 0. Set ψ = uσ+kω(0, φ, f). Then, for t ≥ σ−r,

u(t, σ, ψ, f) = u(t+ kω, σ + kω, ψ, f)
= u(t+ kω, σ + kω, uσ+kω(0, φ, f), f)
= u(t+ kω, 0, φ, f).

Hence, for t ≥ σ − r,

u(t+ ω, σ, ψ, f) = u(t+ ω + kω, 0, φ, f) = u(t+ kω, 0, φ, f) = u(t, σ, ψ, f),

that is, condition i) holds.

Since the solution u(t, σ, φ, f) is decomposed as

u(t, σ, φ, f) = u(t, σ, φ, 0) + u(t, σ, 0, f),

it follows that
ut(σ, φ, f) = ut(σ, φ, 0) + ut(σ, 0, f).

Define a family of operators U(t, σ), t > σ, on C by U(t, σ)φ = ut(σ, φ, 0), φ ∈ C.
Then, it forms an ω-periodic process of bounded linear operators on C. Since

ut(σ, φ, f) = U(t, σ)φ+ ut(σ, 0, f),

the condition uω(0, φ, f) = φ becomes U(ω, 0)φ + uω(0, 0, f) = φ. Set S :=
U(ω, 0), ψ := uω(0, 0, f) and define a linear affine map T on C by

Tφ = Sφ+ ψ

for φ ∈ C. From the definition, Tφ = uω(0, φ, f) and hence Tnφ = unω(0, φ, f) for
n = 1, 2, · · · . From Proposition 2.10, we have the following proposition.
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Proposition 2.11 Equation (2.155) has an ω-periodic solution if and only if the
above operator T on C has a fixed point.

From the decomposition (2.149) of solution operator U(t, σ) of Equation (2.156),
U(ω) := U(ω, 0) is expressed as U(ω) = T̂ (ω) +K(ω).

Now we consider criteria for the existence and uniqueness of periodic solutions
to Equation (2.155). Denote by SL(ω) the set of all ω-periodic solutions of Equation
(2.155).

Combining Proposition 2.11 with Theorem 2.25, Theorem 4.1 and Theorem 4.5,
respectively, are expressed as follows.

Theorem 2.27 Assume that I − T̂ (ω) ∈ Φ+(C) and that K(ω) is a compact oper-
ator. If Equation (2.155) has a bounded solution, then SL(ω) 6= ∅ and dimSL(ω) is
finite.

Theorem 2.28 Assume that I − T̂ (ω) ∈ Φ+(C). Let dimN(I − T̂ (ω)) = n and let
c be a positive constant such that

|[φ]| ≤ c|(I − T̂ (ω))φ| for φ ∈ C,

where [φ] ∈ C/N(I − T̂ (ω)). Assume further that

‖K(ω)‖ ≤ 1/2c(1 +
√
n).

If Equation (2.155) has a bounded solution, then SL(ω) 6= ∅ and dimSL(ω) ≤
dimN(I − T̂ (ω)) = n.

Criteria for the existence and uniqueness of ω-periodic solutions to Equation
(2.156) can be studied by using the following two approaches. The first one is to
apply the proposition below which is an immediate consequence of Theorem 2.28.

Proposition 2.12 Assume that I − T̂ (ω) ∈ Φ+(C) and dimN(I − T̂ (ω)) = 0. Let
c be a positive constant such that

|φ| ≤ c|(I − T̂ (ω))φ| for φ ∈ C.

Assume further that
‖K(ω)‖ ≤ 1/2c.

If Equation (2.155) has a bounded solution, then it has a unique ω-periodic solution.

The second one is based on a well known result in the operator theory: Let F,K :
X → X be bounded linear operators, and 1 ∈ ρ(F ). Then, if 1 ∈ ρ((I − F )−1K),
one has 1 ∈ ρ(F +K).

Proposition 2.13 Assume that 1 ∈ ρ(T̂ (ω)). If 1 ∈ ρ((I − T̂ (ω))−1K(ω)), then
Equation (2.155) has a unique ω-periodic solution.

Proof. From the above result we see that 1 ∈ ρ(U(ω)). Hence the assertion is
proved by using Theorem 2.22 and Proposition 2.11.
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2.4.4. Existence of Periodic Solutions: Bounded Perturbations

In this subsection we will apply Theorem 2.28 to study the existence of periodic
solutions of Eq.(2.155). To this end, we first consider the operator T̂ (ω).

Proposition 2.14 Let (T (t))t≥0 be a C0-semigroup on E. Then φ ∈ N(I − T̂ (ω))
if and only if φ(0) ∈ N(I −T (ω)) and φ(θ) = T (nω+ θ)φ(0),−r ≤ θ ≤ 0, whenever
nω ≥ r ; in particular φ ∈ N(I − T̂ (ω)) is a restriction to [−r, 0] of an ω-periodic
continuous function. Furthermore,

dimN(I − T̂ (ω)) = dimN(I − T (ω)).

Proof. If x ∈ N(I −T (ω)), then x = T (ω)x and T (t)x = T (t)T (ω)x = T (t+ω)x
for t ≥ 0; and vice versa.

Suppose that φ ∈ N(I−T̂ (ω)). Since φ = T̂ (ω)φ, it follows that φ(0) = T (ω)φ(0)
or φ(0) ∈ N(I − T (ω)). Since T̂ (t) is a C0-semigroup, we see that T̂ (ω)n =
T̂ (nω), n = 1, 2, · · · . If nω > r, then nω + θ ≥ 0 for θ ∈ [−r, 0] ; and hence

(T̂ (ω)nψ)(θ) = T (nω + θ)ψ(0), θ ∈ [−r, 0].

Thus φ = T̂ (ω)nφ for n ≥ 1 ; in particular, if nω > r, φ(θ) = T (nω + θ)φ(0) for
θ ∈ [−r, 0].

Conversely, suppose that x ∈ N(I − T (ω)) and set (φn)(θ) = T (nω + θ)x, θ ∈
[−r, 0] for n such that nω ≥ r. Since T (t+ω)x = T (t)x for t ≥ 0, φn is independent
of n > r/ω. Denote by φ this independent function. Then φ(0) = T (nω)x = x. Let
θ ∈ [−r, 0]. If ω + θ ≥ 0, then

T̂ (ω)φ(θ) = T (ω + θ)φ(0) = T (ω + θ)x = T (nω + θ)x = φ(θ).

For ω + θ < 0, one has

T̂ (ω)φ(θ) = φ(ω + θ) = φn(ω + θ)
= T (nω + ω + θ)x = T (nω + θ)x
= φn(θ) = φ(θ).

Hence, T̂ (ω)φ = φ. It is obvious that this map from N(I − T (ω)) to N(I − T̂ (ω))
is injective. Its surjectiveness follows from the first half of the proof.

To see that the range R(I − T̂ (ω)) is a closed subspace, we solve the equation
(I − T̂ (ω))φ = ψ. Let p be a positive integer such that

(p− 1)ω < r ≤ pω. (2.157)

Set Ip = [−r,−(p− 1)ω) and Ik = [−kω,−(k− 1)ω) for k = 1, 2, · · · , p− 1 provided
p ≥ 2.
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Proposition 2.15 The functions φ, ψ ∈ C satisfy the equation (I − T̂ (ω))φ = ψ if
and only if

i) (I − T (ω))φ(0) = ψ(0),

ii) φ(θ) =
∑k−1
j=0 ψ(θ + jω) + T (θ + kω)φ(0), θ ∈ Ik, k = 1, 2, · · · , p.

Proof. Suppose that (I − T̂ (ω))φ = ψ. Then

ψ(θ) =
{
φ(θ)− T (θ + ω)φ(0) θ ∈ I1
φ(θ)− φ(θ + ω) θ ∈ Ik, k ≥ 2.

Putting θ = 0 in the first equation, we obtain the condition i). Solving this equation
with respect to φ(θ) on Ik successively for k = 1, 2, · · · , p we have the representation
of φ(θ) in the condition ii) as mentioned above. The value φ(−kω) is well defined
for k ≥ 1 because of the condition (I − T (ω))φ(0) = ψ(0).

Conversely, if φ, ψ ∈ C have the properties i) and ii), then it follows immediately
that (I − T̂ (ω))φ = ψ. The proof is complete.

Let the null space N(I − T (ω)) be of finite dimension. Then it follows from
Theorem 4.6 that there exists a closed subspace M of E such that E = N ⊕M,
where N = N(I − T (ω)). Let SM be the restriction of I − T (ω) to M . Then

SM := (I − T (ω))|M : M → R(I − T (ω))

is a continuous, bijective and linear operator. Thus there is the inverse operator
S−1
M of SM . If I − T (ω) ∈ Φ+(E), M can be taken so that S−1

M is continuous and
that

‖S−1
M ‖ ≤ c0(1 +

√
n), (2.158)

where n = dimN(I − T (ω)), and c0 is the constant such that

|[x]| ≤ c0|(I − T (ω))x| (2.159)

for x ∈ E (see Theorem 4.6).
Put D = {ψ ∈ C : ψ(0) ∈ R(I − T (ω))} and let ψ ∈ D. Since R(SM ) =

R(I − T (ω)), S−1
M ψ(0) is well defined and (I − T (ω))S−1

M ψ(0) = ψ(0). We define a
function (V ψ)(·) : [−r, 0] → E pointwise by

[V ψ](θ) =
k−1∑
j=0

ψ(θ + jω) + T (θ + kω)S−1
M ψ(0), θ ∈ Ik, (2.160)

for k = 1, 2, · · · , p, and [V ψ](0) = S−1
M ψ(0). Notice that D(V ) = D.

Lemma 2.28 The operator V defined by (2.160) is a linear operator from D(V ) to
C.
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Proof. It is sufficient to prove that V ψ ∈ C for ψ ∈ D(V ). Clearly, V ψ is con-
tinuous in each interval Ik. Thus we prove that (V ψ)(−kω) = (V ψ)(−kω − 0) for
k = 1, 2, · · · p− 1. Notice that S−1

M ψ(0) = T (ω)S−1
M ψ(0) +ψ(0). From the definition

(2.160) of V, we have,

(V ψ)(−kω) =
k−1∑
j=0

ψ(−kω + jω) + T (0)S−1
M ψ(0)

=
k−1∑
j=0

ψ(−kω + jω) + ψ(0) + T (ω)S−1
M ψ(0)

=
k∑
j=0

ψ(−kω + jω) + T (−kω + (k + 1)ω)S−1
M ψ(0)

= lim
θ→−kω−0

{
k∑
j=0

ψ(θ + jω) + T (θ + (k + 1)ω)S−1
M ψ(0)}

as required.

Lemma 2.29

R(I − T̂ (ω)) = D(V ).

Proof. Let ψ ∈ R(I − T̂ (ω)). Then there is a φ ∈ C such that [I − T̂ (ω)]φ = ψ.
From Proposition 2.15 we see that (I − T (ω))φ(0) = ψ(0) ; and hence, ψ(0) ∈
R(I − T (ω)). This implies that ψ ∈ D(V ).

Conversely, if ψ ∈ D(V ), then ψ(0) ∈ R(I − T (ω)). Lemma 2.28 means that
V ψ ∈ C. Hence it follows from Proposition 2.15 that [I − T̂ (ω)]V ψ = ψ. Therefore
the proof is completed.

Proposition 2.16 I − T (ω) ∈ Φ+(E) if and only if I − T̂ (ω) ∈ Φ+(C).

Proof. If R(I − T (ω)) is closed in E, then D(V ) is closed in C. Indeed, if φn ∈
D(V ) → φ as n → ∞, then φn(0) → φ(0) as n → ∞. This implies that φ ∈ D(V ).
From this fact and Lemma 2.29 it follows that R(I − T̂ (ω)) is closed in C.

Conversely, we assume that R(I − T̂ (ω)) is closed in C. Then it follows from
Lemma 2.29 that D(V ) is closed in C. Let xn ∈ R(I − T (ω)) → x as n → ∞.
Then there exist a sequence {ϕn} ⊂ C of constant functions and ϕ ∈ C such that
ϕn(0) = xn, ϕn ∈ D(V ) and ϕn → ϕ as n → ∞ in C. Hence we have ϕ(0) = x
and ϕ ∈ D(V ). This implies that x ∈ R(I − T (ω)). The remainder follows from
Proposition 2.14 ; and hence, the proof is complete.

Proposition 2.17 1 ∈ ρ(T (ω)) if and only if 1 ∈ ρ(T̂ (ω)).

Proof. It is sufficient to prove that if 1 ∈ ρ(T (ω)), then 1 ∈ ρ(T̂ (ω)). Since
R(I − T (ω)) = E, we have D(V ) = C. Hence it follows from Lemma 2.29 that
R(I − T̂ (ω)) = D(V ) = C. Lemma 2.14 implies that 1 ∈ ρ(T̂ (ω)).
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Next, we give criteria for the existence of periodic solutions to Equation (2.155)
by using Theorem 2.28.

Proposition 2.18 If there exists a positive constant c such that

|V ψ| ≤ c|ψ| for all ψ ∈ D(V ), (2.161)

where V is defined by (2.160), then

|[φ]| ≤ c|(I − T̂ (ω))φ| for all φ ∈ C :

as a result, the range R(I − T̂ (ω)) is closed.

Proof. Take the quotient space C/N(I − T̂ (ω)). Suppose that (I − T̂ (ω))φ = ψ.
Then ψ ∈ R(I − T̂ (ω)) and V ψ ∈ C, because of Lemma 2.28. Hence, we have
ψ = (I − T̂ (ω))V ψ and [φ] = [V ψ]. Using these facts and the condition (2.161), we
see that

|[φ]| ≤ |V ψ| ≤ c|ψ| = c|(I − T̂ (ω))φ|.

We note that R(I − T̂ (ω)) is closed if and only if there is a positive constant c such
that |[φ]| ≤ c|(I − T̂ (ω))φ| for all φ ∈ C, cf. Lemma 4.1. This prove the proposition.

Theorem 2.29 Suppose that I−T (ω) ∈ Φ+(E). Let dimN(I−T (ω)) = n, and c0
be a positive constant such that

|[x]| ≤ c0|(I − T (ω))x|

for x ∈ E. Then I − T̂ (ω) ∈ Φ+(C), dimN(I − T̂ (ω)) = n and

|[φ]| ≤ (p+mωc0(1 +
√
n))|(I − T̂ (ω))φ| for φ ∈ C,

where p is the positive integer satisfying Inequality (2.157) and mω := sup{‖T (t)‖ :
0 ≤ t ≤ ω}.

Proof. Take the closed subspace M so that S−1
M is continuous and the estimate

(2.158) holds. Suppose that ψ(0) ∈ R(I − T (ω)) and that V ψ ∈ C. Then, for
θ ∈ Ik, k = 1, 2, · · · , p,

|V ψ(θ)| ≤ k|ψ|+mω‖S−1
M ‖|ψ(0)| ≤ (p+mω‖S−1

M ‖)|ψ|.

This implies that

|V ψ| ≤ (p+mω‖S−1
M ‖)|ψ|. (2.162)

From this, the estimate (2.158) and Proposition 2.18, we have the conclusion.

We are now in a position to prove a criterion for the existence of ω-periodic
solution to Eq.(2.155)
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Theorem 2.30 Assume that I−T (ω) ∈ Φ+(E) satisfies the conditions in Theorem
2.29, and that Equation (2.155) has a bounded solution. If the inequality

‖K(ω)‖ ≤ 1/2(1 +
√
n)(p+mωc0(1 +

√
n)), (2.163)

is satisfied, then SL(ω) 6= ∅ and dimSL(ω) ≤ dimN(I − T (ω)) = n.

Using Proposition 2.7, we have the following one.

Corollary 2.21 The inequality (2.163) in the theorem can be replaced by the fol-
lowing inequality

Mwe
wω

(
exp

(∫ ω

0

Mw‖L(r)‖dr
)
− 1
)
≤ 1/2(1 +

√
n)(p+mωc0(1 +

√
n)).

2.4.5. Existence of Periodic Solutions : Compact Perturbations

We consider the existence of periodic solutions for Equation (2.155) by using The-
orem 2.27. In particular, in order to check the condition I − T̂ (ω) ∈ Φ+(C), we will
compute the α-measure of the operator T̂ (t) as well as the radius re(T̂ (t)) of the
essential spectrum of T̂ (t).

For a subset D ⊂ E we denote by T (·)D the family of functions T (t)x defined
for t ∈ [0,∞) with a parameter x ∈ D, and by T (·)D|[a, b] its restriction to [a, b]. We
note that α(Ω(0)) ≤ α(Ω) for a bounded set Ω ⊂ C, where Ω(0) = {φ(0) : φ ∈ Ω}.
Put δT := max{1, γT }, where γT = lim supt→0 ‖T (t)‖.

Lemma 2.30 Let D ⊂ E be bounded. Then the following assertions hold true:

(1) If (T (t))t≥0 is a C0-semigroup on E,

α(T (·)D|[a, b]) ≤ sup
a≤s≤b

‖T (s)‖α(D), b > a ≥ 0.

(2) If (T (t))t≥0 be a C0-semigroup on E such that T (t)x ∈ D(A) for all x ∈ E
and t > 0. If b > ε > 0, then

(i) α(T (·)D|[ε, b]) ≤ supε≤s≤b α(T (s))α(D).

(ii) α(T (·)D|[0, b]) ≤ max{sup0≤s≤ε ‖T (s)‖, supε≤s≤b α(T (s))}α(D).

(3) Let (T (t))t≥0 be a compact C0-semigroup on E. If 0 < ε < b, then

(i) α(T (·)D|[ε, b]) = 0.

(ii) α(T (·)D|[0, b]) ≤ δTα(D).

Proof. The assertion (1) is derived directly from the definition of α(T (·)D|[ε, b]).
Set H = T (·)D|[ε, b]. We claim that ω(t,H) = 0 for t > 0 (see Section 4.2 for the
deinition) if T (t) has the property in (2) or (3). It is clear in the case (3). Consider
the case (2). Put M := sup{|x| : x ∈ D}. Then M is finite, and |T (s)x − T (t)x| ≤
‖T (s) − T (t)‖M for s, t ≥ 0, x ∈ D. Since T (t)x ∈ D(A), t > 0, x ∈ E, it follows
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that T (t) is continuous for t > 0 in the uniform operator topology, cf. [179, p.52].
This implies that ω(t,H) = 0 for t > 0.
Now, from Lemma 4.2 it follows that α(H) = supε≤s≤b α(H(s)). Since α(H(s)) ≤
α(T (s))α(D), we have the properties (2) (i) and (3) (i). Since

α(T (·)D|[0, b]) ≤ max{α(T (·)D|[0, ε]), α(T (·)D|[ε, b])},

we obtain the properties (2) (ii) and (3) (ii).

Lemma 2.31 The following assertions are valid:

(1) If (T (t))t≥0 be a C0-semigroup on E, then

α(T̂ (t)) ≤
{

sup0≤s≤t ‖T (s)‖, r ≥ t ≥ 0
supt−r≤s≤t ‖T (s)‖, t > r.

(2) If (T (t))t≥0 be a C0-semigroup on E such that T (t)x ∈ D(A) for all x ∈ E
and t > 0, then

α(T̂ (t)) ≤
{

max{δT , sup0<s≤t α(T (s))}, r ≥ t > 0
supt−r≤s≤t α(T (s)), t > r.

(3) Let (T (t))t≥0 be a compact C0-semigroup for t > t0 on E. Then

(i) If t0 ≥ r,

α(T̂ (t)) ≤


sup0≤s≤t ‖T (s)‖, r > t ≥ 0
supt−r≤s≤t ‖T (s)‖δT , t0 ≥ t ≥ r
supt0−r≤s≤t0 ‖T (s)‖δT , t0 + r ≥ t > t0
0, t > t0 + r.

(ii) If r > t0,

α(T̂ (t)) ≤


sup0≤s≤t ‖T (s)‖, t0 ≥ t ≥ 0
sup0≤s≤t0 ‖T (s)‖δT , r ≥ t > t0
supt−r≤s≤t0 ‖T (s)‖δT , t0 + r ≥ t > r
0, t > t0 + r.

Proof. For a bounded set Ω ⊂ C and for t ≥ 0, we have

α(T̂ (t)Ω) ≤
{

max {α(T (·)Ω(0)|[0, t]), α(Ω|[t− r, 0])} , r ≥ t > 0
α(T (·)Ω(0)|[t− r, t]), t > r.

From this we can easily obtain the conclusion of the lemma. For example, we now
show the relation

α(T̂ (t)) ≤ sup
0≤s≤t0

‖T (s)‖δT for t ∈ (t0, r]
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in the assertion 3)(ii). Using Lemma 2.30 we have that for any ε > 0,

α(T̂ (t)Ω)
≤ max{α(Ω|[t− r, 0]), α(T (·)Ω(0)|[0, t0 + ε]), α(T (·)Ω(0)|[t0 + ε, t])}
≤ max{α(Ω), α(T (·)Ω(0)|[0, t0 + ε]}
≤ max{1, sup

0≤s≤t0+ε
‖T (s)‖}α(Ω)

≤ max{ sup
0≤s≤t0

‖T (s)‖, sup
t0≤s≤t0+ε

‖T (s)‖}α(Ω)

≤ max{ sup
0≤s≤t0

‖T (s)‖, ‖T (t0)‖ sup
0≤s≤ε

‖T (s)‖}α(Ω)

≤ max{ sup
0≤s≤t0

‖T (s)‖, ‖T (t0)‖δT }α(Ω)

≤ sup
0≤s≤t0

‖T (s)‖δTα(Ω).

This implies the described inequality

Proposition 2.19 i) If (T (t))t≥0 is a compact C0-semigroup on E, then T̂ (t)
is a compact C0-semigroup for t > r on C,

ii) If (T (t))t≥0 is a compact C0-semigroup for t > t0 on E, then T̂ (t) is a
compact C0-semigroup for t > t0 + r on C.

To show the existence of fixed points of T we will estimate the radius of the
essential spectrum of the solution operator of Equation (2.155). Suppose that a
function g : [0,∞) → [0,∞) is loacally bounded, and submultiplicative (that is,
g(t+ s) ≤ g(t)g(s) for t, s ≥ 0). Then, it is well known that

lim
t→∞

t−1 log g(t) = inf
t>0

t−1 log g(t),

which may be −∞, but not be +∞. This quantity is called the type number of the
function g(t). We denote respectively by

τ, τν , τ̂ , τ̂ν ,

the type numbers of the functions

α(T (t)), ‖T (t)‖, α(T̂ (t)), ‖T̂ (t)‖,

provided that (T (t))t≥0 is a C0-semigroup on E.
In view of the Nussbaum formula we notice that

re(T̂ (t)) = eτ̂ t, t > 0.

Thus, if τ̂ < 0, then I − T̂ (ω) ∈ Φ+(C) (see Remark 2.21). Now we will give several
conditions that τ̂ is negative.
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Theorem 2.31 i) Let (T (t))t≥0 be a C0-semigroup on E. If τν is negative, then
τ̂ν < 0; and hence, τ̂ < 0.

ii) Let (T (t))t≥0 be a C0-semigroup on E such that T (t)x ∈ D(A) for all x ∈ E
and t > 0. If τ < 0, then τ̂ < 0.

iii) If (T (t))t≥0 be a compact C0-semigroup on E or a compact C0-semigroup for
t > t0 on E, then τ̂ < 0.

Proof. It is sufficient to prove only the assertion i). Since τν is negative, there is
a µ such that −τν > µ > 0 and ‖T (t)‖ ≤Mµe

−µt for all t ≥ 0. Using the estimate
(2.152), we see that

τ̂ν = lim
t→∞

1
t

log ‖T̂ (t)‖

≤ lim
t→∞

1
t

logMµe
−µ(t−r)

= −µ < 0,

from which we have the assertion i). The remainder follows from Lemma 2.31, cf.
[206, Theorem 4.8].

Proposition 2.20 Let (T (t))t≥0 be a compact C0-semigroup, or L(t, ·) be a com-
pact operator for each t ∈ R. Then

re(U(t, σ)) = re(T̂ (t− σ)) = exp(τ̂(t− σ)), t > σ.

Proof. From the assumption and Proposition 2.9, it follows that K(t, σ) is com-
pact. Hence we have α(U(t, σ)n) = α(T̂ (t − σ)n), n = 1, 2, · · ·, which implies the
formula in the proposition from the Nussbaum formula.

We are now in a position to give criteria for the existence of periodic solutions
of Equation (2.155).

Theorem 2.32 Assume that at least one of the following conditions is satisfied:

i) (T (t))t≥0 is a compact C0-semigroup on E,

ii) L(t, ·) is a compact operator for each t ∈ R and τν < 0,

iii) (T (t))t≥0 is a compact C0-semigroup for t > t0 on E and L(t, ·) is a compact
operator for each t ∈ R.

iv) (T (t))t≥0 is a C0-semigroup on E such that T (t)x ∈ D(A) for all x ∈ E and
t > 0, L(t, ·) is a compact operator for each t ∈ R, and τ < 0.

Then 1 is a normal point of U(ω, 0), and hence, the following results hold true:

i) In the case where 1 ∈ ρ(U(ω, 0)), Equation (2.155) has a unique ω-periodic
solution.



124 CHAPTER 2. SPECTRAL CRITERIA

ii) In the case where 1 is a normal eigenvalue of U(ω, 0), if Equation (2.155)
has an bounded solution, then SL(ω) 6= ∅ and dimSL(ω) is finite.

Proof. From Theorem 2.31, Proposition 2.20 and Theorem 2.27 follows easily the
conclusion of the theorem.

Finally, based on Theorem 2.23 we will give another proof of the assertion i) of
the above theorem.

Lemma 2.32 Assume that (T (t))t≥0 is a compact C0-semigroup and that Equation
(2.155) has a bounded solution u(t) := u(t, σ, φ, f). Then the set O := {u(t) : t ≥ σ}
is relatively compact in E, u(t) is uniformly continuous for t ≥ σ, and the set
O := {ut : t ≥ σ} is relatively compact in C.

Proof. For the sake of simplicity of notations, we assume σ = 0, and set F (t, φ) :=
L(t, φ) + f(t). Let h > 0. Since u(t, 0, φ, f) = u(t, t − h, ut−h(0, φ, f), f) whenever
t ≥ h, it follows that, for t ≥ h,

u(t) = T (h)u(t− h) +
∫ t

t−h
T (t− s)F (s, us)ds.

Since T (h) is compact and {u(t − h) : t ≥ h} is bounded, the set {T (h)u(t − h) :
t ≥ h} is relatively compact. Since u(t) is bounded, there exists a B ≥ 0 such
that |F (s, us)| ≤ B for s ≥ 0. Thus the norm of the above integral term is not
greater than hγhB, where γh := sup{‖T (t)‖ : 0 ≤ t ≤ h}. Hence we have that
α(Oh) ≤ 2hγhB, where Oh := {u(t) : t ≥ h}. Since the diameter of the set O \ Oh
converges to zero as h→ 0, we have that α(O) = 0; hence O is compact.

As computed above, we have that

|u(t)− u(t− h)| ≤ |T (h)u(t− h)− u(t− h)|+ hγhB.

Since T (t) is uniformly continuos on compact sets, |u(t − h) − T (h)u(t − h)| → 0
as h→ 0 uniformly for t > 0. Hence we have the second assertion in the lemma. In
addition the third assertion follows from this and Lemma 4.2.

Theorem 2.33 Assume that (T (t))t≥0 is a compact C0-semigroup and that the
equation (2.155) has a bounded solution. Then it has an ω-periodic solution.

Proof. Let u(t, σ, φ0, f) be a bounded solution. Take an integer k such that kω >
σ and define v(t) := u(t+ kω, σ, φ0, f) for t ≥ −r. Since for t ≥ −r,

u(t+ kω, σ, φ0, f) = u(t+ kω, kω, ukω(σ, φ0, f), f) = u(t, 0, ukω(σ, φ0, f), f),

v(t) is a bounded solution satisfying the equation for t ≥ 0. Hence we can assume
that σ = 0. Define Tφ = Pφ+ψ for φ ∈ C as before. SetD = {Tnφ0 : n = 0, 1, 2, · · ·}.
Then TD ⊂ D and T is a continuous, linear affine map. Notice Tnφ0 = unω(0, φ0, f)
for n = 1, 2, · · · . Since {ut : t ≥ 0} is relatively compact as proved above, Theorem
2.23 implies the conclusion of the theorem.
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2.4.6. Uniqueness of Periodic Solutions I

In this subsection we will apply Proposition 2.12 to study the existence of bounded
solutions, the existence and uniqueness of ω-periodic solutions to Equation (2.155).
First, we state a general result on the uniqueness of ω-periodic solutions to Equation
(2.155), which follows from Proposition 2.12 and Theorem 2.30.

Theorem 2.34 Assume that I − T (ω) ∈ Φ+(E) and dimN(I − T (ω)) = 0. Let c0
be a constant such that

|x| ≤ c0|(I − T (ω))x| for all x ∈ E.

Assume further that the inequality

‖K(ω)‖ ≤ 1/2(p+mωc0)

is satisfied. Then, if Equation (2.155) has a bounded solution, it has a unique ω-
periodic solution.

For each φ ∈ C take the space BC(φ), the set of bounded, continuous functions
x : [0,∞) → E such that x(0) = φ(0). This is a complete metric space with the
metric d(x, y) = ‖x − y‖∞ := sup{|x(t) − y(t)| : t ≥ 0}. Define an operator Fφ on
BC(φ) by

(Fφx)(t) = T (t)φ(0) +
∫ t

0

T (t− s) (L(s, x̃s) + f(s)) ds, t ≥ 0, (2.164)

where x̃(t) = φ(t) for −r ≤ t ≤ 0 and x̃(t) = x(t) for t ≥ 0. Set

‖f‖∞ = sup{|f(t)| : t ≥ 0}.

Proposition 2.21 Suppose that ‖L‖∞ := supt≥0 ‖L(t)‖ and ‖f‖∞ are finite, and
that (T (t))t≥0 is a C0-semigroup on E such that there exist Mw, w > 0 for which
‖T (t)‖ ≤ Mwe

−wt for t ≥ 0. If Mw‖L‖∞ < w, then every solution of Equation
(2.155) is bounded.

Proof. It suffices to show that Fφ is a contraction for each φ ∈ C. It is obvious
that (Fφx)(t) is continuous for t ≥ 0. Since |x̃s| ≤ max{‖x‖∞, |φ|}, x ∈ BC(φ), and
since

|Fφx(t)| ≤Mwe
−wt|φ(0)|+

∫ t

0

Mwe
−w(t−s) [‖L‖∞max{‖x‖∞, |φ|}+ ‖f‖∞] ds,

we have ‖Fφx‖∞ ≤ Mw|φ(0)| + Mww
−1 [‖L‖∞max{‖x‖∞, |φ|}+ ‖f‖∞]; that is,

Fφx ∈ BC(φ). In the similar manner, we have also that ‖Fφx − Fφy‖∞ ≤
w−1Mw‖L‖∞‖x − y‖∞. Therefore, if Mw‖L‖∞ < w, then Fφ is a contraction on
BC(φ), and has a unique fixed point, z, in BC(φ). Then z̃ is an bounded solution
of Equation (2.155).
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We recall the function k(t) in Proposition 2.8 :

k(t) = M2
w‖L‖∞(1− e−wt)/(w −Mw‖L‖∞) for t ≥ 0.

The following result is derived from Proposition 2.12.

Theorem 2.35 Suppose that ‖T (t)‖ ≤Mwe
−wt for t ≥ 0. Let c > 0 be the constant

such that |φ| ≤ c|(I − T̂ (ω))φ| for all φ ∈ C. If the condition

2ck(ω) < 1 and w > Mw‖L‖∞,

is satisfied, then Equation (2.155) has a unique ω-periodic solution v, and

‖v‖∞ ≤ Mw

w −Mw‖L‖∞
‖f‖∞. (2.165)

Proof. From the assumption on ‖T (t)‖ and Proposition 2.17 it follows that 1 ∈
ρ(T̂ (ω)), which means that the constant c in the theorem exists. Since w−Mw‖L‖∞
is positive, Equation (2.155) has bounded solutions from Proposition 2.21. To show
the existence of ω-periodic solutions of Equation (2.155), we will estimate ‖K(ω)‖.
From Proposition 2.8 and the condition in the theorem, we have

‖K(ω)‖ ≤ k(t) <
1
2c
.

On the other hand, since the type number of (T (t))t≥0 is negative, by Proposition
2.14,

dimN(I − T̂ (ω)) = dimN(I − T (ω)) = 0.

Therefore, by Proposition 2.12, Equation (2.155) has a unique ω-periodic solution,
v(t).

Set ψ = v0. Then v is the fixed point of Fψ defined by (2.164). Obviously,
|vs| ≤ ‖v‖∞ for s ≥ 0. Then we have that |L(s, vs)| ≤ ‖L‖∞‖v‖∞, and that
|v(t)| = |Fψv(t)| ≤Mwe

−wt|ψ(0)|+Mww
−1 (‖L‖∞‖v‖∞ + ‖f‖∞) for t ≥ 0. Hence,

for t ≥ 0 and for n = 1, 2, · · ·,

|v(t)| = |v(t+ nω)| ≤Mwe
−w(t+nω)|ψ(0)|+Mww

−1 (‖L‖∞‖v‖∞ + ‖f‖∞) .

Taking the limit as n→∞, we have that

|v(t)| ≤Mww
−1 (‖L‖∞‖v‖∞ + ‖f‖∞)

for t ≥ 0, which implies that ‖v‖∞ ≤Mww
−1 (‖L‖∞‖v‖∞ + ‖f‖∞). Hence v satis-

fies the inequality in the theorem and the proof is complete.

Theorem 2.36 Let ‖T (t)‖ ≤Mwe
−wt for t ≥ 0 and let p be a nonnegative integer

such that (p− 1)ω < r ≤ pω. Assume that wω > logMw. If

2(p+Mw)k(ω)
1−Mwe−wω

< 1 and w > Mw‖L‖∞, (2.166)

then Equation (2.155) has a unique ω-periodic solution.
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Proof. Now we will compute the value of the constant c in Theorem 2.35. Since
wω > logMw, we have ‖T (ω)‖ ≤Mwe

−wω < 1, and hence,

‖S−1
M ‖ = ‖(I − T (ω))−1‖ ≤ 1/(1− ‖T (ω)‖) ≤ 1/(1−Mwe

−wω). (2.167)

Combining the relation (2.162) and (2.167) we get

c ≤ p+mω‖S−1
M ‖

≤ p+Mw/(1−Mwe
−wω)

≤ (p+Mw)/(1−Mwe
−wω).

Therefore, from the assumption we see that all conditions of Theorem 2.35 are
satisfied, and the proof is complete.

Remark 2.22 Notice that the above theorem can be shown by applying Theorem
2.34. We also notice that in stead of (2.166) we can impose a little weaker condition

2(p− pMwe
−wω +Mw)k(ω)

1−Mwe−wω
< 1 and w > Mw‖L‖∞.

Remark 2.23 Let ‖T (t)‖ ≤ e−wt, w > 0, in Theorem 2.36. Then (2.166) becomes

2(p+ 1)‖L‖∞
w − ‖L‖∞

< 1 and w > ‖L‖∞.

2.4.7. Uniqueness of Periodic Solutions II

This subsection is devoted to applications of Proposition 2.13 to the study of criteria
for the uniqueness of periodic solutions to Equation (2.155).

Theorem 2.37 Assume that 1 ∈ ρ(T (ω)). Then, Equation (2.155) has a unique
ω-periodic solution provided that

1 ∈ ρ((I − T̂ (ω))−1K(ω)). (2.168)

Proof. From Proposition 2.17 we have that if 1 ∈ ρ(T (ω)), then 1 ∈ ρ(T̂ (ω)).
The theorem now follows from Proposition 2.13.

We now find a sufficient condition for the condition (2.168).

Lemma 2.33 Assume that ‖T̂ (ω)‖ < 1. Then, the condition (2.168) holds provided
that

‖K(ω)‖ < 1− ‖T̂ (ω)‖. (2.169)
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Proof. From the condition (2.169) we have

‖((I − T̂ (ω))−1K(ω)‖ ≤ ‖((I − T̂ (ω))−1‖‖K(ω)‖

≤ ‖K(ω)‖
1− ‖T̂ (ω)‖

< 1.

This fact implies the condition (2.168).

Lemma 2.34 Let ‖T (t)‖ ≤ Mwe
−wt, w > 0. Assume that ω > r and w(ω − r) >

logMw. Then the inequality (2.169) in Lemma 2.33 can be replaced by the following
inequality:

‖K(ω)‖
1−Mwe−w(ω−r) < 1. (2.170)

Proof. From assmptions and the estimate (2.152) of T̂ (t) we have ‖T̂ (ω)‖ ≤
Mwe

−w(ω−r) < 1. Hence, the inequality (2.169) follows from the inequality (2.170).
This proves the lemma.

Combining Lemma 2.34 with Proposition 2.8, we can obtain the following result.

Theorem 2.38 Assume that ‖T (t)‖ ≤ Mwe
−wt for t ≥ 0, ω > r and w(ω − r) >

logMw. Futhermore, assume that

k(ω)
1−Mwe−w(ω−r) < 1 and w > Mw‖L‖∞.

Then Equation (2.155) has a unique ω-periodic solution.

In general, Theorem 2.36 and Theorem 2.38 are independent of each other,
which will be shown in Remark 2.24. Hence, summarizing those results, we have the
following result.

Theorem 2.39 Suppose that ‖T (t)‖ ≤Mwe
−wt for t ≥ 0, ω > r,w > Mw‖L‖∞ewr

and w(ω − r) > logMw. Moreover, assume that

min{ 2(p+Mw)
1−Mwe−wω

,
1

1−Mwe−w(ω−r) }k(ω) < 1. (2.171)

Then Equation (2.155) has a unique ω-periodic solution.
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2.4.8. An Example

In this subsection, we will consider the existence of periodic solutions of a partial
differential-integral equation as an example of applications of Theorem 2.36 and
Theorem 2.38.

Denote by E = C[−∞,∞], the space of all continuous real valued functions
u(x), defined on (−∞,∞), such that limx→−∞ u(x) and limx→+∞ u(x) exist. Then,
with norm ‖u‖ = sup−∞<x<+∞ |u(x)|, E becomes a Banach space.

We consider the following initial value problem

∂u(t, x)
∂t

=
∂2u(t, x)
∂x2

− αu(t, x) + b(t, x)
∫ t

t−r
e−c(t−s)u(s, x)ds

+f(t, x), (2.172)
u(θ, x) = φ(θ, x),−r ≤ θ ≤ 0, φ ∈ C.

It is well known that the linear operators A and A0, defined by

Au =
d2u

dx2
− αu for u ∈ D(A), A0u =

d2u

dx2
for u ∈ D(A0)

and

D(A) = D(A0) = {u ∈ E :
d

dx
u,

d2

dx2
u ∈ E},

are the infinitesimal generators of C0-semigroups T (t) and T0(t) on E, respectively,
cf.[63, Chapter VIII]. Hence,

‖T0(t)‖ = 1, T (t) = e−αtT0(t), and ‖T (t)‖ = e−αt

for all t ≥ 0.
Assume that

i) (C-1) α > 0 and c > 0,

ii) (C-2) b(t, x) and f(t, x) : R×R → R are continuous and ω-periodic functions
in t such that b(t, ·), f(t, ·) ∈ E, t ∈ R.

Put ‖b(t)‖ = sup−∞<x<∞ |b(t, x)|, ‖b‖∞ = sup0≤t≤ω ‖b(t)‖. Similarly, we define
‖f(t)‖ and ‖f‖∞ for f(t, x). Set

B(t, φ)(x) = b(t, x)
∫ 0

−r
ecθφ(θ, x) dθ, φ ∈ C.

Then we have

|B(t, φ)(x)| ≤ ‖b(t)‖
∫ 0

−r
ecθ|φ| dθ ≤ ‖b(t)‖

c
|φ|,

and hence, ‖B‖∞ ≤ ‖b‖∞/c. Therefore, from Theorem 2.36 and the estimate (2.165)
we have the following result.
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Theorem 2.40 Asssume that the conditions (C-1) and (C-2) are satisfied. Let p
be a positive integer such that (p− 1)ω < r ≤ pω. If

2(p+ 1)‖b‖∞
cα− ‖b‖∞

< 1 and cα > ‖b‖∞, (2.173)

then Equation (2.172) has a unique ω-periodic solution v, and

‖v‖∞ ≤ c

cα− ‖b‖∞
‖f‖∞. (2.174)

The following theorem follows immediately from Theorem 2.38.

Theorem 2.41 Asssume that ω > r and the conditions (C-1) and (C-2) are satis-
fied. If

‖b‖∞(1− e−αω)
(1− e−α(ω−r))(cα− ‖b‖∞)

< 1 and cα > ‖b‖∞, (2.175)

then Equation (2.172) has a unique ω-periodic solution v with the estimate (2.174).

Remark 2.24 For simplicity, let ω > r, c = 1 and α = 1 > ‖b‖∞. Then we compare
the condition (2.173) in Theorem 2.40 with the condition (2.175) in Theorem 2.41.
Since ω > r, we have p = 1. Hence, using the condition (2.171) in Theorem 2.39 we
can obtain the following fact : if

‖b‖∞ < max{ 1
4 + 1

,
1

1−e−ω

1−e−(ω−r) + 1
},

then Equation (2.172) has a unique ω-periodic solution. However, observe that

lim
ω↓r

1− e−ω

1− e−(ω−r) = +∞ > 4;

and

lim
ω→+∞

1− e−ω

1− e−(ω−r) = 1 < 4.

This shows that the condition (2.173) in Theorem 2.40 and the condition (2.175) in
Theorem 2.41 are independent of each other.

2.4.9. Periodic Solutions in Equations with Infinite Delay

Consider the periodic equation with infinite delay on the phase space B:

u′(t) = Au(t) + L(t, ut) + f(t). (2.176)

L(t, φ), f(t) has the same periodic property as in the previous section, but φ ∈ B.
In the following, we say that a solution u(t) is E-bounded if the E-norm |u(t)| is
bounded in t ≥ 0. Theorem 2.33 is extended to Equation (2.176) as follows.
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Theorem 2.42 Let B be a fading memory space. Assume that T (t) is compact for
t > 0 and that the equation (2.176) has an E-bounded solution. Then it has an
ω-periodic solution.

We need the following axiom (D) to apply the fixed point theorem by Chow and
Hale together with the semi-Fredholm property of T̂ (ω) on the phase space B.

(D) |φ1 − φ2|B = 0 for φ1, φ2 ∈ B if and only if φ1(θ) = φ2(θ) for θ ∈ (−∞, 0].

The operator T̂ (t), t ≥ 0, on B is defined in the similar manner to the case of finite
delay, but the variable θ is taken in the interval (−∞, 0].

Lemma 2.35 If (T (t))t≥0 is a C0-semigroup on E, N(I − T̂ (ω)) consists of ω-
periodic continuous functions φ given by

φ(θ) = T (θ + nω)φ(0), θ ∈ [−nω, 0], n = 1, 2, · · · ,

where φ(0) ∈ N(I − T (ω)), and

dimN(I − T̂ (ω)) = dimN(I − T (ω)).

Denote by SL(ω) the set of ω-periodic solutions for Equation (2.176). Define the
operator K(t) on the space B by Equation(2.153), in the same way as in the finite
delay case.

Theorem 2.43 Suppose that B is a fading memory space with Axioms (C), (D),
I − T (ω) ∈ Φ+(E) and that there exists a positive constant c such that

|[φ]| ≤ c|(I − T̂ (ω))φ|B (2.177)

for φ ∈ B. Let n = dimN(I − T (ω)). If ‖K(ω)‖ < 1/2c(1 +
√
n), and if Eq.(2.176)

has an E-bounded solution, then SL(ω) 6= ∅ and dimSL(ω) ≤ n.

For the general fading memory space, Condition (2.177) is assumed for R(I −
T̂ (ω)) to be closed. If we assume more conditions on the space B, the semi-Fredholm
propery of I − T (ω) is inherited as follows.

Theorem 2.44 If B = UCg is a uniform fading memory space and if I − T (ω)
∈ Φ+(E), then I − T̂ (ω) ∈ Φ+(B).

Theorem 2.45 Assume that B = UCg is a uniform fading memory space and at
least one of the following conditions is satisfied :

i) (T (t))t≥0 is a compact C0-semigroup on E.

ii) L(t, ·) is a compact operator for each t ∈ R and I − T (ω) ∈ Φ+(E).

If Equation(2.176) has an E-bounded solution, then it has an ω-periodic solution.
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Theorem 2.46 Suppose that UCg is a uniform fading memory space, I − T (ω) ∈
Φ+(E) such that Condition (2.159) holds and that ‖T (t)‖ ≤ Mwe

wt for t ≥ 0. Let
n := dimN(I − T (ω)). Let M0, ε0 be the positive constants such that ‖S0(t)‖ ≤
M0e

−ε0t for t ≥ 0. Set J = supθ≤0 1/g(θ), and

c = M0/(1− e−ε0ω) + sup{‖T (t)‖ : 0 ≤ t ≤ ω}c0(1 +
√
n),

where c0 is the constant in Condition (2.159).
Suppose that ‖L‖∞ := sup{‖L(t)‖ : 0 ≤ t ≤ ω} satisfies the condition

JMw‖L‖∞
∫ ω

0

e(a+w+)(ω−s)‖T̂ (s)‖ds < 1/2c(1 +
√
n),

where w+ = max{w, 0}, and that Equation (2.176) has an E-bounded solution.
Then SL(ω) 6= ∅ and dimSL(ω) ≤ n.

As in the case of finite delay, these results are applicable to the existence and
uniqueness of periodic solutions of Equation (2.176). See [206] for the details.

2.5. BOUNDEDNESS AND ALMOST PERIODICITY IN DISCRETE
SYSTEMS

Let us consider the difference equation

xn+1 = Axn + fn, n ∈ Z, (2.178)

where A is a bounded linear operator on a Banach space X, fn, n ∈ Z is a sequence
in X and is almost periodic.

We will study spectral criteria for the existence of almost periodic solutions for
Eq.(2.178) and then apply them to study similar problems for evolution equations
of the form

dx

dt
= A(t)x+ f(t), (2.179)

where A(t) is a (in general unbounded) linear operator on X which is periodic and
f is almost periodic. Similar applications will be made for functional differential
equations with infinite delay

dx

dt
= Ax+ F (t)xt + f(t), (2.180)

where A is the infinitesimal generator of a C0-semigroup of linear operators, F (t) is
a periodic family of continuous linear operators, xt is segment of the solution x(·).

In the simplest case our problem is concerned with the existence of fixed points of
affine operators which arises naturally when one considers the existence of periodic
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solutions of Eq.(2.179) using its monodromy operator (with f periodic). In this
case, it is well known that there is a close connection between the boundedness and
periodicity which is sometimes called Massera-type problem.

One of the main advantages of the approach proposed in this section is that it
is simple and does not make use of sophisphicated techniques as in the previous
sections. In principle, this method can be applied to various kinds of functional
equations.

The main results of this section are stated in Theorems 2.47, 2.48, 2.49, 2.51. To
prove them we will first consider the notion of spectrum of bounded sequences. As is
shown in next subsection we have to introduce a little stronger notion of spectrum
to extend our results in Sections 2.1., 2.3. to discrete systems (Theorems 2.47, 2.48).
In Theorem 2.49 we will apply our results obtained in subsection 3 to study the
Massera-type problem of periodic solutions to functional differential equations with
infinite delay. On the other hand Theorem 2.51 will give a spectral criterion for the
existence of almost periodic solutions to evolution equations.

2.5.1. Spectrum of Bounded Sequences and Decomposition

This subsection will be devoted entirely to the notion of spectrum of bounded
sequences. Almost all results of this subsection can be proved in the same way as
in Chapter 1. We will discuss only some particular points which allow us to prove
analogs of the results in Sections 2.1. and 2.2..

We will denote by l∞(X) the space of all two-sided sequences with sup-norm,
i.e.,

l∞(X) := {(xn)n∈Z : xn ∈ X, sup
n∈Z

‖xn‖ <∞}.

First we will make precise the definition of the spectrum of a bounded sequence
g := {gn}n∈Z in X used in this section. Recall that the set of all bounded sequences
in X forms a Banach space l∞(X) with norm ‖g‖ := supn ‖gn‖X. We will denote
by S(k) the k-translation in l∞(X) , i.e. , (Sg)n = gn+k,∀g, n.

Definition 2.16 The subset of all λ of the unit circle Γ := {z ∈ C : |z| = 1} at
which

ĝ(λ) :=


∑∞
n=0 λ

−n−1S(n)g, for |λ| > 1,

−
∑∞

1 λn−1S(−n)g, for |λ| < 1

has no holomorphic extension, is said to be the spectrum of the sequence g :=
{gn}n∈Z and will be denoted by σ(g) 3.

We list below some properties of spectrum of {gn}.

Proposition 2.22 Let g := {gn} be a two-sided bounded sequence in X. Then the
following assertions hold:

i) σ(g) is closed,
3In Definition 2.16 our notion of spectrum is somewhat stronger than that in [217].
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ii) If gn is a sequence in l∞(X) converging to g such that σ(gn) ⊂ Λ for all
n ∈ N, where Λ is a closed subset of the unit circle, then σ(g) ⊂ Λ,

iii) If g ∈ l∞(X) and A is a bounded linear operator on the Banach space X,
then σ(Ag) ⊂ σ(g), where the sequence (Ag)n := Agn,∀n ∈ Z.

iv) Let the space X not contain any subspace which is isomorphic to c0 and x ∈
l∞(X) be a sequence such that σ(x) is countable. Then x is almost periodic.

Proof. i) From the definition it is obvious that the set of regular points (at which
ĝ(z) has analytic continuation) is open. Hence, σ(g) is closed.
ii) The proof can be taken from that of [185, Theorem 0.8, pp.21-22]. In fact, from
the assumption, for every positive ε

lim
n→∞

∞∑
k=−∞

e−ε|k|‖gnk − gk‖ = 0. (2.181)

This yields that ĝn(λ) → ĝ(λ) as n → ∞ uniformly on every compact subsets
of C\S1 (S1 denotes the unit circle). From the uniform convergence of gn to g,
without loss of generality we can assume that supn ‖gn(k) − g(k)‖ ≤ ‖g‖. Hence,
we can assume that ‖gn‖ ≤ 2‖g‖, ∀n. Thus

|ĝn(λ)| ≤ { 2‖g‖/(|λ| − 1), ∀|λ| > 1, 2‖g‖/(1− |λ|), ∀|λ| < 1 =
2‖g‖

|1− |λ||
. (2.182)

Now let ρ0 ∈ (C\Λ). Since Λ is closed, obviously that dist(ρ0,Λ) > 0. Thus we
can choose r > 0 such that 0 < r < min(dist(ρ0,Λ), 1/4). By assumption, ρ0 6∈
σ(gn), ∀n. This means that ĝn(λ) is analytic in Br(ρ0) for all n. Using exactly the
argument of the proof of [185, Proposition 0.8, p. 21] for the sequence F̂n(ξ) :=
ĝn(eξ), we can show that

|ĝn(λ)| ≤M, ∀n ∈ N, λ ∈ U ,

where U is a neiborhood of ρ0. Thus, by Montel’s Theorem (see e.g. [48, p. 149])
the family ĝn(λ)|U is normal, i.e. every subsequence of it contains a subsubse-
quence which converges in C(U , l∞(X)). Obviously, since this sequence converges
to ĝ(λ) pointwise, the limit function here should be ĝ(λ). Since H(U) is closed in
C(U , l∞(X)) and since ĝn(λ) is analytic in U this shows that ĝ(λ) is analytic in U .
Hence ρ0 6∈ σ(g), so σ(g) ⊂ Λ.
iii) The assertion is obvious.
iv) The proof can be done in the same way as in [137, Chap. 6] or [8, Section 3].

In view of Proposition 2.22 if Λ is a closed subset of the unit circle, then the set
of all bounded sequences in g ∈ l∞(X) such that σ(g) ⊂ Λ forms a closed subspace
of l∞(X) which we will denote by Λ(Z,X).

The following lemma will be used in the next subsections. We will denote by
Mg the closure of the subspace of l∞(X) spanned by all elements S(n)g, n ∈ Z.
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Lemma 2.36 We can define the spectrum of a given sequence x = {xn} as
σ(S|Mx

).

Proof. First note that Mx is invariant under all translations S(k). It is easy to
see that ‖S|Mx‖ = ‖S−1|Mx‖ = 1. Hence σ(S|Mx) ⊂ Γ . We will use the following
indentity

(I −A)−1 =
∞∑
n=0

An, (2.183)

for any bounded linear operator A such that ‖A‖ < 1. By assumptions and by
definition for |z| > 1 we have

x̂(z) =
∞∑
n=0

z−n−1S(n)x

= z−1
∞∑
n=0

z−nS(n)x

= z−1(I − z−1S)−1x

= (z − S)−1x. (2.184)

Similarly, for |z| < 1, by using in addition the indentity I − (I − zS−1)−1 = (I −
z−1S)−1 we can show that

x̂(z) = (z − S)−1x.

Thus it is obvious that if z0 ∈ ρ(S|Mx), then z0 is a regular point of x. Conversely,
suppose that z0 is a regular point of x̂. We will prove that the mapping z0−S|Mx :
Mx → Mx is one-to-one and onto to establish z0 ∈ ρ(S|Mx

). From the above
calculation it follows that for any y ∈Mx,

ŷ(z) = (z − S|Mx)−1y or (z − S|Mx)ŷ(z) = y

whenever |z| 6= 1. Hence, for every y ∈ Mx we get (z − S|Mx
)ŷ(z) = y on U

(because of the analyticity of the function ŷ(z) on U). In particular, the mapping
z0 − S|Mx

: Mx → Mx is ”onto”. Furthermore, we show that this mapping is
one-to-one. Indeed, if (z0 − S|Mx)a = 0 for an a = {a(n)} ∈ Mx, then a(n+ 1) =
z0a(n) ∀n ∈ Z, and hence, a(n) = zn0 a(0) ∀n ∈ Z. Then

â(z) =
a

z − z0
(∀|z| 6= 1).

Since â is analytic in U because of a ∈Mx, we have a = 0, as required. This shows
that z0 ∈ ρ(S|Mx

), completing the proof of the lemma.

Corollary 2.22 Let x = {xn} be an element of l∞(X) such that xn = xn+1 = c 6=
0,∀n ∈ Z if and only if σ(x) = {1}. Similarly, x ∈ l∞(X) such that xn = −xn+1 6=
0,∀n ∈ Z if and only if σ(x) = {−1}.
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Proof. If xn = c 6= 0,∀n ∈ Z, then it is easy to compute σ(x) = {1}. Conversely,
let σ(x) = {1}. Then by Lemma 2.36, σ(S1) = {1}, where S1 is the restriction of
S to Mx. In view of Gelfand’s Theorem S1 = IMx which completes the proof. For
the second assertion note that in this case xn = xn+2. Using the previous argument
for S(2) we get the assertion.

Corollary 2.23 Let Λ(Z,X) denote the subspace of l∞(X) consisting of all se-
quences x such that σ(x) ⊂ Λ for given closed subset Λ of the unit circle. Then
the translation S leaves Λ(Z,X) invariant and its restriction to Λ(Z,X) which is
denoted by SΛ has the property that

σ(SΛ) = Λ. (2.185)

Proof. For x0 6= 0 put xn = λnx0, λ ∈ Λ. It is easy to see that σ(x) = {λ}
and λ ∈ σ(SΛ). Now we prove the converse, i.e., C\Λ ⊂ C\σ(SΛ) = ρ(SΛ). To
this end, suppose that λ0 ∈ C\Λ. By definition of Λ(Z,X), we have that for every
y ∈ Λ(Z,X), λ0 /∈ σ(y). To show that λ0 ∈ ρ(SΛ) we will prove that for every
y ∈ Λ(Z,X) there exists a unique solution x ∈ Λ(Z,X) such that

λ0x− Sx = y . (2.186)

In fact, first the existence of such a solution x is obvious in view of Lemma 2.36. Now
we show the uniqueness of such a solution x. Equivalently, we show that equation
λ0w − Sw = 0 has only the trivial solution in Λ(Z,X). In fact, since w, 0 belong
to My in view of Lemma 2.36 w = 0 is the unique solution to the above equation.
Hence, λ0 ∈ ρ(SΛ).

The following result will relate the Bohr spectrum of an almost periodic function
f(t) and the spectrum of the sequence f(n), n ∈ Z. Before stating this result we
recall the Approximation Theorem saying that for every X-valued almost periodic
function f(·) there exists a sequence of trigonometric polynomials

Pn(t) = Pn :=
N(n)∑
j=1

aje
iλjt, t ∈ R

which converges uniformly on the real line to the function f (for more informa-
tion see [137]). Obviously, every almost periodic function is bounded and uniformly
continuous. Moreover, for every λ ∈ R the following limit

a(λ) := lim
T→∞

1
2T

∫ T

−T
e−λξf(ξ)dξ

exists and there are at most countably many reals λ such that a(λ) 6= 0. We define
Bohr spectrum of f as the set σb(f) := {λ : a(λ) 6= 0} and use the following notation
σ(f) := eiσb(f). Note that [137] the exponents of the approximate trigonometric
polynomials of an almost periodic function can be chosen from its Bohr spectrum.
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Proposition 2.23 Let f(·) be an almost periodic function in Bohr’s sense on
the real line with Bohr spectrum σb(f). Then the spectrum of the sequence x :=
{f(n), n ∈ Z} satisfies

σ(x) ⊂ σ(f) := eiσb(f). (2.187)

Proof. Let Pn :=
∑N(n)
j=1 aje

iλjt be a sequence of trigonometric polynomials
which approximates the almost periodic function f(·) with λj ∈ σb(f). Then as
in the proof of Corollary 2.23 we have σ(Qn) = {eiλj , j = 1, · · · , N(n)}, where
Qn(k) := Pn(k),∀k ∈ Z. Hence σ(Qn) ⊂ eiσb(f) := σ(f) and in view of Proposition
2.22 σ(x) ⊂ σ(f).

2.5.2. Almost Periodic Solutions of Discrete Systems

We consider in this subsection the following equation

xn+1 = Axn + fn+1, n ∈ Z, x ∈ X (2.188)

where A ∈ L(X), f = {fn} ∈ l∞(X). Re-writing (2.188) in another form we have

x = AS−1x+ f, (2.189)

where for the sake of simplicity we denote also by A the operator of multiplication
by A {xn} 7→ {Axn}. We are in a position to prove the following theorem in which
we will denote σΓ(A) = σ(A) ∩ Γ .

Theorem 2.47 Let σ(f) ∩ σΓ(A) = � . Then Eq.(2.188) has a unique solution
x ∈ l∞(X) such that σ(x) ⊂ σ(f).

Proof. Let us consider the subspace M(f) of l∞(X) consisting of all sequences w
such that σ(w) ⊂ σ(f). Obviously, M(f) is closed and invariant under S and A. We
will denote by Sf the restriction of the translation S to M(f). If σ(f)∩σΓ(A) = �,
then 1 6∈ σ(A) · σ(S−1

f ). Using the commutativeness of A and Sf and σ(AS−1
f ) ⊂

σ(A) · σ(S−1
f ) we have 1 6∈ σ(AS−1

f ) (see [193, Theorem 11.23, p. 280]). This shows
that there is a unique x ∈M(f) which is a solution to Eq.(2.188).

Remark 2.25 In the particular case when σΓ(A) = � Eq.(2.188) has an exponen-
tial dichotomy (see e.g. [17]) and the existence of such unique solutions x can be
easily proved. Here our Theorem 2.47 deals with the critical case allowing the equa-
tions under question to have no exponential dichotomy. The condition in Theorem
2.47 will be called nonresonant to distinguish it from that in our next theorem in
which we even allow the intersection of σΓ(A) ∩ Γ to be nonempty.

We now consider the resonant case in which σ(f) ∩ σΓ(A) may not be empty.
We will prove the discrete version of the spectral decomposition in Section 3 which
will yield the existence of bounded solutions with specific spectral properties.

Lemma 2.37 Let x be any bounded solution to Eq.(2.188). Then the following
estimates hold true:
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i)
σ(x) ⊂ σΓ(A) ∪ σ(f) . (2.190)

ii)
σ(x) ⊃ σ(f) . (2.191)

Proof. (i) A simple computation shows that

x̂(z) = z−1Ax−1 + z−1Ax̂(z) + f̂(z), (2.192)

for all |z| 6= 1 . Hence, if z0 ∈ C\(σΓ(A)∪σ(f)), then z0 is a regular of x, i.e. (2.190)
is proved.
(ii) Conversely, from (2.192) if z0 is a regular point of x̂, it is obvious that z0 is also
a regular point of f . Hence (2.191) is proved.

Theorem 2.48 Let Eq.(2.188) have a bounded solution x. Moreover, let the fol-
lowing condition be satisfied:

σΓ(A)\σ(f) is closed. (2.193)

Then there is a bounded solution xf to Eq.(2.188) such that σ(xf ) = σ(f).

Proof. Let us denote by Λ := σΓ(A) ∪ σ(f). By Lemma 2.37, since the sets
σΓ(A)\σ(f) and σ(f) are disjoint compact, using the Riesz spectral projection we
see that there is a projection Q in Mx such that

σ(QSQ) ⊂ σ(f) , σ((I −Q)S(I −Q)) ⊂ σΓ(A)\σ(f). (2.194)

Moreover, Q is invariant under S. Hence, x = Qx + (I −Q)x . We now show that
σ(Qx) ⊂ σ(f). In fact, we have MQx ⊂ ImQ because of the invariance of ImQ
under S. On the other hand, ImQ = QMx ⊂ MQx. Thus, MQx = ImQ and
σ(Qx) = σ(QSQ) ⊂ σ(f). Actually, we have proved that the space Λ(Z,X) is split
into the direct sum of two spectral subspaces consisting of all sequences with spectra
contained in σ(f) and σΓ(A)\σ(f), respectively. Note that this splitting is invariant
under translations and multiplication by a bounded operator. Hence, denoting the
projections by P1, P2, respectively, we have

P1x = P1(AS(−1)x+ f)
= AS(−1)P1x+ P1f

= AS(−1)P1x+ f. (2.195)

Hence xf := P1x is the spectral component we are looking for.

Remark 2.26 Note that Theorem 2.48 is a discrete version of [169, Theorem 3.3].
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We are now in a position to find spectral criteria for the existence of periodic and
almost periodic solutions to Eq.(2.179) and Eq.(2.180) which will be then applicable
to differential equations. We recall that a bounded sequence x is said to be almost
periodic if it belongs to the following subspace of l∞(X)

APS(X) := span{λ·z, λ ∈ Γ, z ∈ X} (2.196)

Corollary 2.24 Let the assumptions of Theorem 2.48 be satisfied. Moreover, let
the spectrum σ(f) be countable and the space X not contain c0. Then, there is an
almost periodic solution to Eq.(2.188).

Proof. The corollary is an immediate consequence of Theorem 2.48 and Propo-
sition 2.22.

Corollary 2.25 Let the assumptions of Theorem 2.47 be satisfied. Moreover, let
the sequence f be almost periodic. Then, there is an almost periodic solution xf to
Eq.(2.188) which is unique if one requires that σ(xf ) ⊂ σ(f).

Proof. The proof can be done in the same way as in that of Theorem 2.47 in the
framework of APS(X).

2.5.3. Applications to Evolution Equations

Although the results of the previous subsection should have independent interests,
we now discuss several applications of our results to study the existence of (almost)
periodic solutions to differential equations.

Boundedness and periodic solutions to abstract functional differential
equations

First we will consider the Massera-type problem with respect to mild solutions of
the abstract functional differential equation

dx

dt
= Ax+ F (t)xt + f(t). (2.197)

More precisely, we consider Eq.(2.197) in the following setting: If x : (−∞, a) → X,
then a function xt : (−∞, 0] → X, t ∈ (−∞, a), is defined by xt(θ) = x(t + θ), θ ∈
(−∞, 0]. Let B be a Banach space, consisting of functions ψ : (−∞, 0] → X, which
satisfies some axioms listed below:

(B-1) If a function x : (−∞, σ + a) → X is continuous on [σ, σ + a) and xσ ∈ B,
then

(a) xt ∈ B for all t ∈ [σ, σ + a) and xt is continuous in t ∈ [σ, σ + a);
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(b) H−1|x(t)| ≤ |xt|B ≤ K(t − σ) sup{|x(s)| : σ ≤ s ≤ t} + M(t − σ)|xσ|B
for all t ∈ [σ, σ + a), where H > 0 is constant, K : [0,∞) → [0,∞) is
continuous, M : [0,∞) → [0,∞) is measurable, locally bounded and they
are independent of x.

(B-2) The space B is complete.

We always assume that Eq.(2.197) satisfies the following hypothesis H:

(H-1) A : D(A) ⊂ X → X is the infinitesimal generator of a C0-semigroup (T (t))t≥0

on X;

(H-2) B : R× B → X is continuous and B(t, ·) : B → X is linear;

(H-3) F : R→ X is continuous.

We recall that mild solutions to Eq.(2.197) are defined to be solutions to the integral
equation

x(t) = T (t− s)x(s) +
∫ t

s

T (t− ξ)[F (ξ)xξ + f(ξ)]dξ,∀t ≥ s. (2.198)

Under the hypothesis H and the above listed axioms on the phase space B the
following Cauchy problem has always a unique solution{

x(t) = T (t− s)x(s) +
∫ t
s
T (t− ξ)[F (ξ)xξ + f(ξ)]dξ,∀t ≥ s

xs = φ ∈ B.
(2.199)

We refer the reader to Section 4 for more information on this kind of equations
as well as the problem we are concerned with. Let F (t), f(t) be both periodic with
period, say 2π. We call monodromy operator of the corresponding homogeneous
equation of Eq.(2.198) the operator V (2π, 0) which maps every φ ∈ B to x2π ∈ B,
where x(·) is the solution of the Cauchy problem (2.199).

Theorem 2.49 Suppose that F (t), f(t) are both periodic with the same periods, say,
2π. Furthermore, we assume that 1 is an isolated point of the part of the spectrum
on the unit circle of the monodromy operator corresponding to the homogeneous
equation of Eq.(2.198). Then, Eq.(2.197) has a mild 2π-periodic solution if and
only if it has a mild solution bounded on the whole line.

Proof. It is easy to see that Eq.(2.198) gives rise to the following equation

ut = V (t, t− 2π)ut−2π + gt,∀t ∈ R, (2.200)

where V (t, s) is the evolution operator generated by the corresponding homogeneous
equation of Eq.(2.198) in the phase space B and gt is 2π-periodic function in B.
Hence, we get the boundedness of the sequence {u2πn, n ∈ Z}. Moreover, u(t) is
2π-periodic if and only if {u2πn, n ∈ Z} is a constant sequence. Thus we are in a
position to apply Theorem 2.48. Note that 2π-periodic solutions of the continuous
equations correspond to constant solutions of discrete equations.
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Remark 2.27 If B = BUC(R−,X) we can see that from the boundedness of u in
the future, i.e., supt>0 ‖u(t)‖ <∞ we get the boundedness on the whole line. Hence,
in the assumptions of the above theorem we can weaken the boundedness condition
to require only the boundedness in the future. We refer the reader to Section 4 for
more information on the Massera-type problem for functional differential equations
with infinite delay with conditions guaranteeing that there are only finitely many
points of the spectrum of the monodromy operator on the unit circle (hence Theorem
2.49’s conditions are satisfied).

Now we will show that the above approach can be easily extended to the Massera-
type problem for anti-periodic solutions. Recall that an X-valued function on the
real line f(t) is said to be τ -anti-periodic if and only if f(t) = −f(t+ τ),∀t ∈ R.

Theorem 2.50 Suppose that F (t) is periodic with period, say, 2π and f(t) is 2π-
anti-periodic. Furthermore, we assume that −1 is an isolated point of the part of
the spectrum on the unit circle of the monodromy operator corresponding to the
homogeneous equation of Eq.(2.198). Then, Eq.(2.197) has a mild 2π-anti-periodic
solution if and only if it has a mild solution bounded on the whole line.

Proof. The theorem can be proved in the same manner as the previous one, so
the details are omitted.

Almost periodic solutions to periodic evolution equations

We now consider in this subsection conditions for the existence of almost periodic
mild solutions to Eq.(2.179). Once Eq.(2.179) is well-posed this problem is actually
reduced to find conditions for the existence of almost periodic solutions to the
following more general equations

x(t) = U(t, s)x(s) +
∫ t

s

U(t, ξ)f(ξ)dξ,∀t ≥ s, (2.201)

where (U(t, s))t≥s is a 1-evolution process (see definition in Section 1).
We will relate our above results to continuous case of evolution equations via

the well-known procedure of extension of almost periodic sequences (see [67, Section
9.5]) which can be sumarized in the following propositon.

Proposition 2.24 Let (U(t, s)t≥s) be a 1-periodic strongly continuous evolutionary
process and f be almost periodic. Assume that u is a solution on the real line of
Eq.(2.201). Then if the sequence {u(n), n ∈ Z} is almost periodic, the solution u is
almost periodic as well.

Proof. First, note that the function

w(t) := su(n) + (1− s)u(n+ 1), if t = sn+ (1− s)(n+ 1),

as a function defined on the real line, is almost periodic. Also, the function taking t
into g(t) := (w(t), f(t)) is almost periodic (see [137, p.6]). As is known, the sequence
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{g(n)} = {(w(n), f(n)} is almost periodic. Hence, for every positive ε the following
set is relatively dense (see [67, p. 163-164])

T := Z ∩ T (g, ε), (2.202)

where T (g, ε) := {τ ∈ R : supt∈R ‖g(t+ τ)− g(t)‖ < ε}, i.e., the set of ε periods of
g. Hence, for every m ∈ T we have

‖f(t+m)− f(t)‖ < ε,∀t ∈ R, (2.203)
‖u(n+m)− u(n)‖ < ε,∀n ∈ Z. (2.204)

Since u is a solution to Eq.(2.201), we have

‖u(n+m+ s)− u(n+ s)‖ ≤ ‖U(s, 0)(u(n+m)− u(n))‖+

+
∫ s

0

U(s, ξ)(f(n+ ξ +m)− f(n+ ξ))dξ‖

≤ Neω‖u(n+m)− u(n)‖+Neω sup
t∈R

‖f(m+ t)− f(t)‖.

In view of (2.203) and (2.204) m is a εN -period of the function u. Finally, since εT
is relatively dense, we see that u is an almost periodic solution of Eq.(2.201).

Consider the function

g(t) =
∫ t+1

t

U(t+ 1, ξ)f(ξ)dξ, t ∈ R. (2.205)

In view of Lemma 2.1 g is almost periodic. Moreover, by Lemma 2.3 σ(g) ⊂ σ(f).

Theorem 2.51 Let the inhomogeneous evolution equation (2.201) have a bounded
solution v and f be almost periodic. Moreover, with g defined as above let the the
following conditions be satisfied:

i)
σΓ(P )\σ(g) is closed. (2.206)

ii) σ(g) is countable and X does not contain c0.

Then there is an almost periodic solution to Eq.(2.201). Moreover, if

σΓ(P ) ∩ σ(f) = �. (2.207)

Then the existence of almost periodic solution to Eq.(2.201) is guaranteed without
the assumption on the existence of a bounded solution v.

Proof. From the 1-periodicity of the process (U(t, s)t≥s) we can apply Theorem
2.48 to the discrete equation
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xn+1 = Pxn + g(n) (2.208)

where P is the monodromy operator of the corresponding homogeneous equation. In
fact, as a result we can find an almost periodic solution to the above equation, say,
wn, n ∈ Z. It is easy to see that this implies the existence of a bounded uniformly
continuous solution on the whole line to the inhomogeneous continuous evolution
equation (2.201), say, v(·). In fact

v(t) = U(t, n)wn +
∫ t

n

U(t, ξ)f(ξ)dξ,∀t ∈ [n, n+ 1), n ∈ Z. (2.209)

Obviously, v(n + 1) = wn+1,∀n ∈ Z. The uniform continuity follows easily from
the boundedness of the sequence w and the periodicity of the evolutionary pro-
cess (U(t, s))t≥s. We now apply Proposition 2.24 to see that v(t) should be al-
most periodic. If (2.207) holds, then we can apply Theorem 2.47 as in this case
σΓ(P )∩ σ(g) = �. Hence, we can repeat the above argument to show the existence
of an almost periodic solution to Eq.(2.201).

Remark 2.28 In Corollary 2.11 the condition for the existence of almost periodic
solutions is that σΓ(P )\σ(f) is closed. Comparing this with that of Theorem 4.2 we
see a little difference. A question as whether σ(g) = σ(f) holds is still open to us,
although we believe that this should be true. Another aspect of our Theorem 2.51
is we do not need the condition on the uniform continuity of a solution v.

2.6. BOUNDEDNESS AND ALMOST PERIODIC SOLUTIONS OF
SEMILINEAR EQUATIONS

The method we have used in the previous sections can be extended to nonlinear
equations. The first question we are faced with is how to associate to a given nonlin-
ear evolution equation evolution semigroups in suitable function spaces. The next
one is to find common fixed points of these semigroups in chosen function spaces.
It turns out that using evolution semigroups we can not only give a simple proofs
of previous results in the finite dimensional case, but also extend them easily to the
infinite dimensional case.

2.6.1. Evolution Semigroups and Semilinear Evolution Equations

In the first three subsections we are mainly concerned with the existence of almost
periodic semilinear evolution equations of the form

dx

dt
= Ax+ f(t, x, xt) (2.210)
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where A is the infinitesimal generator of a C0-semigroup (T (t))t≥0 and f is an
everywhere defined continuous operator from R × X × C to X. Note that our
method used in this subsection applies to nonautonomous equations with almost
periodic coefficients, not restricted to periodic or autonomous equations as in the
previous sections.

Throughout this section we will denote by C = BUC((−∞, 0],X) the space of
all uniformly continuous and bounded functions from (−∞, 0] to X, by X a given
Banach space and by xt the map x(t+θ) = xt(θ), θ ∈ (−∞, 0], where x(·) is defined
on (−∞, a] for some a > 0.

Almost periodic solutions of differential equations without delay

In this subsection we will deal with almost periodic mild solutions to the semilinear
evolution equation

dx

dt
= Ax+ f(t, x) , x ∈ X (2.211)

where X is a Banach space, A is the infinitesimal generator of a C0-semigroup of
linear operators (S(t))t≥0 of type ω, i.e.

‖S(t)x− S(t)y‖ ≤ eωt‖x− y‖, ∀ t ≥ 0, x, y ∈ X ,

and B is an everywhere defined continuous operator from R ×X to X. Hereafter,
recall that by a mild solution x(t), t ∈ [s, τ ] of equation (2.211) we mean a continuous
solution of the integral equation

x(t) = S(t− s)x+
∫ t

s

S(t− ξ)B(ξ, x(ξ)dξ, ∀s ≤ t ≤ τ. (2.212)

Definition 2.17 (condition H4). Equation (2.211) is said to satisfy condition H4
if

i) A is the infinitesimal generator of a linear semigroup (S(t))t≥0 of type ω in
X,

ii) B is an everywhere defined continuous operator from R×X to X,

iii) For every fixed t ∈ R, the operator (−B(t, ·) + γI) is accretive in X.

The following condition will be used frequently:

Definition 2.18 (condition H5). Equation (2.211) is said to satisfy condition H5
if for every u ∈ AP (X) the function B(·, u(·)) belongs to AP (X) and the operator
B∗ taking u into B(·, u(·)) is continuous.

The main point of our study is to associate with equation (2.211) an evolu-
tion semigroup which plays a role similar to that of the monodromy operator for
equations with periodic cofficients. Hereafter we will denote by U(t, s), t ≥ s, the
evolution operator corresponding to equation (2.211) which satisfies the assump-
tions of Theorem 1.11, i.e. U(t, s)x is the unique solution of equation (2.212).
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Proposition 2.25 Let the conditions H4 and H5 be satisfied. Then with equation
(2.211) one can associate an evolution semigroup (Th)h≥0 acting on AP (X), defined
as

[Thv](t) = U(t, t− h)v(t− h),∀h ≥ 0, t ∈ R, v ∈ AP (X).

Moreover, this semigroup has the following properties:

i) Th, h ≥ 0 is strongly continuous, and

Thu = Shu+
∫ h

0

Sh−ξB∗(T ξu)dξ, ∀h ≥ 0, u ∈ AP (X),

where (Shu)(t) = S(h)u(t− h),∀h ≥ 0, t ∈ R, u ∈ AP (X).

ii)
‖Thu− Thv‖ ≤ e(ω+γ)h‖u− v‖, ∀h ≥ 0, u, v ∈ AP (X).

Proof. We first look at the solutions to the equation

w(t) = St−az +
∫ t

a

St−ξB∗(w(ξ))dξ ∀z ∈ AP (X), t ≥ a ∈ R. (2.213)

It may be noted that (Sh)h≥0 is a strongly continuous semigroup of linear oparators
in AP (X) of type ω. Furthermore, for λ > 0, λγ < 1 and u, v ∈ AP (X), from the
accretiveness of the operators −B(t, ·) + γI we get

(1− λγ)‖x− y‖ = (1− λγ) sup
t
‖u(t)− v(t)‖

= sup
t

(1− λγ)‖u(t)− v(t)‖

≤ sup
t
‖u(t)− v(t)− λ[B(t, u(t))−B(t, v(t))]‖

= ‖u− v − λ(B∗u−B∗v)‖. (2.214)

This shows that (−B∗ + γI) is accretive. In virtue of Theorem 1.11 there exists a
semigroup (Th)h≥0 such that

Thu = Shu+
∫ h

0

Sh−ξB∗T
ξudξ,

‖Thu− Thv‖ ≤ e(ω+γ)h‖u− v‖, ∀h ≥ 0, u, v ∈ AP (X).

From this we get

[Thu](t) = [Shu](t) +
∫ h

0

[Sh−ξB∗(T ξu)](t)dξ,∀t ∈ R.

Thus
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[Thu](t) = S(h)u(t− h) +
∫ h

0

S(h− ξ)[B∗(T ξu](t− h+ ξ)dξ

= S(h)u(t− h) +
∫ h

0

S(h− ξ)B(t+ ξ − h, [Tu](t+ ξ − h))dξ

= S(h)u(t− h) +
∫ t

t−h
S(t− η)B(η, [T η−(t−h)u](η)dη.

If we denote [T t−su](t) by x(t), we get

x(t) = S(t− s)z +
∫ t

s

S(t− ξ)B(ξ, x(ξ))dξ,∀t ≥ s, (2.215)

where z = u(s). Consequently, from the uniqueness of mild solutions of Equation
(2.211) we get [T t−su](t) = x(t) = U(t, s)u(s) and [Thu](t) = U(t, t−h)u(t−h) for
all t ≥ s, u ∈ AP (Q). This completes the proof of the proposition.

The main idea underlying our approach is the following assertion.

Corollary 2.26 Let all assumptions of Proposition 2.25 be satisfied. Then a mild
solution x(t) of Equation (2.210), defined on the whole real line R, is almost periodic
if and only if it is a common fixed point of the evolution semigroup (Th)h≥0 defined
in Proposition 2.25.

Proof. Suppose that x(t), defined on the real line R, is an almost periodic mild
solution of equation (2.211). Then from the uniqueness of mild solutions we get

x(t) = U(t, t− h)x(t− h) = [Thx](t), ∀t ∈ R.

This shows that x is a fixed point of Th for every h > 0. Conversely, suppose that
y(·) is any common fixed point of Th, h ≥ 0. Then

y(t) = [T t−sy](t) = U(t, s)y(s), ∀t ≥ s.

This shows that y(·) is a mild solution of equation (2.211).

We now apply Corollary 2.26 to find sufficient conditions for the existence of
almost periodic mild solutions of equation (2.211).

Corollary 2.27 Let all conditions of Proposition 1 be satisfied. Furthermore, let
ω + µ be negative and −B∗ − µI be accretive. Then there exists a unique almost
periodic mild solution of Equation (2.211).

Proof. It is obvious that there exists a unique common fixed point of the semi-
group (Th)h≥0. The assertion now follows from Corollary 2.26.
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Remark 2.29 i) A particular case in which we can check the accretiveness of
−B∗ − µI is ω + γ < 0. In fact, this follows easily from the above estimates
for ‖u− v‖ (see the estimate (2.214)).

ii) It is interesting to ”compute” the infinitesimal generator of the evolution
semigroup (Th)h≥0 determined by Proposition 2.25. To this purpose, let us
recall the operator L which relates a mild solution u of the equation ẋ =
Ax+f(t) to the forcing term f by the rule Lu = f (see Section 2.1 and 2.2 for
more discussion on this operator). From the proof of Proposition 2.25 it follows
in particular that the infinitesimal generator G of the evolution semigroup
(Th)h≥0 is −L+B∗.

iii) We refer the reader to Sections 1 and 2 for information on semilinear equa-
tions with small nonlinear terms. In this case we can consider the semilinear
equations under question as nonlinearly perturbed ones (see Corollary 2.4 and
Theorem 2.11). It can be seen that u is a mild solution of Eq.(2.211) if and
only if (−L+B∗)u = 0, so it is the fixed point of the semigroup (Th)h≥0.

iv) Let B∗ act on the function space Λ(X)∩AP (X). Then by the same argument
as in the proof of Proposition 2.25 we can prove that the evolution semigroup
(Th)h≥0 leaves Λ(X) ∩ AP (X) invariant. This will be helpful if we want to
discuss the spectrum of the unique almost periodic solution in Corollary 2.27.

Almost periodic solutions of differential equations with delays

In this subsection we apply the results of the previous subsection to study the
existence of almost periodic mild solutions of the equation

dx

dt
= Ax+ f(t, x, xt) (2.210)

where A is defined as in the previous subsection, and f is an everywhere defined
continuous mapping from R×X×C to X. Hereafter we call a continuous function
x(t) defined on the real line R a mild solution of equation (2.210) if

x(t) = S(t− s)x(s) +
∫ t

s

S(t− ξ)f(ξ, x(ξ), xξ)dξ, ∀t ≥ s.

We should emphasize that our study is concerned only with the existence of
almost periodic mild solutions of equation (2.210), and not with mild solutions in
general. Consequently, the conditions guaranteeing the existence and uniqueness of
mild solutions of equation (2.210) as general as in [205] are not supposed to be a
priori conditions4.

Definition 2.19 (condition H6). Equation (2.210) is said to satisfy condition H6
if the following is true:

4We refer the reader to [205] for more information on the existence and uniqueness of mild
solutions of equations of the form (2.210).
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i) For every g ∈ AP (X) the mapping F (t, x) = f(t, x, gt) satisfies conditions H4
and H5 with the same constant γ,

ii) There exists a constant µ with ω − µ < 0 such that −(µI + F∗) is accretive
for every g ∈ AP (X),

iii) [x−y, f(t, x, φ)−f(t, y, φ′)] ≤ γ‖x−y‖+δ‖φ−φ′‖, ∀t ∈ R, x, y ∈ X, φ, φ′ ∈ C.

Theorem 2.52 Let condition H6 hold. Then for δ sufficiently small (see the esti-
mate (2.219) below), equation (2.210) has an almost periodic mild solution.

Proof. First we fix a function g ∈ AP (X). In view of Proposition 2.25 we observe
that the equation

dx

dt
= Ax+ F (t, x)

has a unique almost periodic mild solution, where F (t, x) = f(t, x, gt). We denote
this solution by Tg. Thus, we have defined an operator T acting on AP (X). We
now prove that T is a strict contraction mapping. In fact, let us denote by U(t, s)
and V (t, s) the Cauchy operators

U(t, s)x = S(t− s)x+
∫ t

s

S(t− ξ)f(ξ, U(ξ, s)x, gξ)dξ, (2.216)

V (t, s)x = S(t− s)x+
∫ t

s

S(t− ξ)f(ξ, V (ξ, s)x, hξ)dξ, (2.217)

for given g, h ∈ AP (X), x ∈ X, t ≥ s.
Putting u(t) = U(t, s)x, v(t) = V (t, s)x for given s, x, from the assumptions we

have
[u(t)− v(t), f(t, u(t), gt − f(t, v(t), ht] ≤ m(t, ‖u(t)− v(t)‖),

where m(t, ‖u(t)− v(t)‖) = γ‖u(t)− v(t)‖+ δ‖h− g‖. Using this we get

‖u(t)− v(t)‖ ≤ ‖u(t− η)− v(t− η)‖+ ηm(t, ‖u(t)− v(t)‖) +

+
∫ t

t−η
‖S(t− ξ)f(ξ, u(ξ), hξ)− f(t, u(t), ht)‖dξ +

+
∫ t

t−η
‖S(t− ξ)f(ξ, v(ξ), gξ)− f(t, v(t), gt)‖dξ.

Now let us fix arbitrary real numbers a ≤ b. Since the functions S(t−ξ)f(ξ, u(ξ), hξ)
and S(t − ξ)f(ξ, v(ξ), gξ) are uniformly continuous on the set a ≤ ξ ≤ t ≤ b, for
every ε > 0 there exists an η0 = η0(ε) such that

‖S(t− ξ)f(ξ, u(ξ), hξ)− f(t, u(t), ht)‖ < ε,

‖S(t− ξ)f(ξ, v(ξ), gξ)− f(t, v(t), gt)‖ < ε,

for all ‖t − ξ‖ < η0 and t ≤ ξ ∈ [a, b]. Hence, denoting ‖u(t) − v(t)‖ by α(t), for
η < η0 we have
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α(t)− eωηα(t− η) ≤ ηm(t, α(t)) + 2ηε. (2.218)

Applying this estimate repeatedly, we get

α(t)− eω(t−s) ≤
n∑
i=1

eω(t−ti)m(ti, α(ti))∆i + 2ε
n∑
i=1

eω(t−ti)∆i,

where t0 = s < t1 < t2 < ... < tn = t and |ti− ti−1| = ∆i. Thus, since ε is arbitrary,
and since the function m is continuous, we get

α(t)− eω(t−s)α(s) ≤
∫ t

s

eω(t−ξ)m(ξ, α(ξ))dξ

=
∫ t

s

eω(t−ξ)(γα(ξ) + δ‖h− g‖)dξ.

Applying Gronwall’s inequality we get

α(t) ≤ e(γ+ω)(t−s)α(s) + eγ(t−s)+ωt(
e−ωs − e−ωt

ω
)δ‖h− g‖.

Because of the identity α(s) = ‖u(s)− v(s)‖ = ‖U(s, s)x− V (s, s)x‖ = 0, from the
above estimate we obtain

sup
t−1≤ξ≤t

‖U(ξ, t− 1)x− V (ξ, t− 1)x‖ ≤ eγ+ω − eγ

ω
δ‖h− g‖.

Now let us denote by T th, T
t
g , t ≥ 0 the respective evolution semigroups corresponding

to equations (2.216) and (2.217). Since Th and Tg are defined as the unique fixed
points u0, v0 of T 1

h , T
1
g , respectively, we have

‖Th− Tg‖ = ‖u0 − v0‖ = ‖T 1
hu0 − T 1

g v0‖ ≤
≤ ‖T 1

hu0 − T 1
g u0‖+ ‖T 1

g u0 − T 1
g − v0‖

≤ eγ+ω − eγ

ω
δ‖h− g‖+ eω−µ‖u0 − v0‖

= Nδ‖h− g‖+ eω−µ‖Th− Tg‖,

where N = (eγ+ω − eγ)/ω. Finally, we have

‖Th− Tg‖ ≤ eγ(eω − 1)
ω(1− eω−µ)

.

Thus, if the estimate

δ <
ω(1− eω−µ)
eγ(eω − 1)

(2.219)

holds true, then T is a strict contraction mapping in AP (X). By virtue of the
Contraction Mapping Principle T has a unique fixed point. It is easy to see that this
fixed point is an almost periodic mild solution of equation (2.210). This completes
the proof of the theorem.
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Remark 2.30 i) In case ω = 0, γ = −µ we get the estimate

δ < eµ − 1 = µ+ µ2/2 + ...

which guarantees the existence of the fixed point of T .

ii) If ω+γ < 0 , then we can choose µ = −γ, and therefore we get the accretiveness
condition on −(F∗ + µI). However, in general, the condition ω + γ < 0 is a
very strong restriction on the coefficients of equation (2.210), if f depends
explicitly on t.

Examples

In applications one frequently encounters functions f from R×X×C → X of the
form

f(t, x, gt) = F (t, x) +G(t, gt), ∀t ∈ R, x ∈ X, gt ∈ C,

where F satisfies condition ii) of Definition 2.19 and G(t, y) is Lipschitz continuous
with respect to y ∈ C, i.e.

‖G(t, y)−G(t, z)‖ ≤ δ‖y − z‖, ∀t ∈ R, y, z ∈ C

for some positive constant δ. With f in this form numerous examples of partial
functional differential equations fitting into our abstract framework can be found
(see e.g. [22], [129], [142], [179] and in [226]).

In order to describe a concrete example we consider a bounded domain Ω in Rn

with smooth boundary ∂Ω and suppose that

A(x,D)u =
∑

|α|≤2m

aα(x)Dαu

is a strongly elliptic differential operator in Ω. Then, defining the operator

Au = A(x,D)u, ∀u ∈ D(A) = W 2m,2(Ω) ∩Wm,2
0 (Ω)

we know from [179, Theorem 3.6] that the operator −A is the infinitesimal generator
of an analytic semigroup of contractions on L2(Ω). Now let f, g : R× Ω×R → R
be Lipschitz continuous and define the operators F (t, w)(x) = f(t, x, w(x)) and
G(t, w)(x) = g(t, x, w(x)) where t ∈ R, x ∈ Ω and w ∈ L2(Ω). Then, for any
positive constant r, the boundary value problem

∂u(t, x)
∂t

= A(x,D)u(t, x) + f(t, x, u(t, x)) + g(t, x, u(t− r, x)) in Ω ,

u(t, x) = 0 on ∂Ω

fits into the abstract setting of equation (2.210).
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2.6.2. Bounded and Periodic Solutions to Abstract Functional Differ-
ential Equations with Finite Delay

Let us consider the following functional evolution equation with finite delay

u′(t) +Au(t) = f(t, ut), t > 0, u(s) = φ(s), s ∈ [−r, 0], (2.220)

in a Banach space (X, ‖ · ‖), with A the generator of a strongly continuous semi-
group of linear operators and f a continuous T -periodic function which is Lipschitz
continuous in φ ∈ C. Here r > 0 is a constant. We recall that in this subsection the
notation C([−r, 0], X) stands for the space of continuous functions from [−r, 0] to
X with the sup-norm, ‖φ‖C = maxs∈[−r,0] ‖φ(s)‖, and define ut ∈ C([−r, 0], X) by
ut(s) = u(t+ s), s ∈ [−r, 0], for a function u.

In this subsection, we will study the relationship between the bounded solutions
and the periodic solutions of Eq.(2.220). For this purpose, we will use the solution
map P defined along the solution by the formula

Pφ = uT (·, φ), φ ∈ C([−r, 0], X),
(i.e., (Pφ)(s) = uT (s, φ) = u(T + s, φ), s ∈ [−r, 0], ),

where u(·, φ) is the solution of Eq.(2.220) with the initial function φ.
It is possible to carry the idea and techniques used in finite dimensional spaces

to general Banach spaces by using fundamental results of solution operators one of
which is the compactness of the above defined operator P (see Theorem 1.13).

Recall that every continuous solution to the following equation{
u(t) = T (t− a)φ(0) +

∫ t
a
T (t− s)f(s, us)ds, 0 ≤ t,

u0 = φ
, (2.221)

is called mild solution to Eq.(2.220) on [0,+∞). Under the above assumption, the
Cauchy problem 2.221 has a unique solution on [0,+∞). We recall below some
standard definitions.

Definition 2.20 Mild solutions of Eq.(2.220) are bounded if for each B1 > 0, there
is a B2 > 0, such that ‖φ‖C ≤ B1 and t ≥ 0 imply ‖u(t, φ)‖ < B2 ∀ solution u of
Eq.(2.221).

Definition 2.21 Mild solutions of Eq.(2.220) are ultimate bounded if there is a
bound B > 0, such that for each B3 > 0, there is a K > 0, such that ‖φ‖C ≤ B3

and t ≥ K imply ‖u(t, φ)‖ < B ∀ solution u of Eq.(2.221).

Lemma 2.38 (Horn’s Fixed Point Theorem) Let E0 ⊂ E1 ⊂ E2 be convex subsets
of Banach space Z, with E0 and E2 compact subsets and E1 open relative to E2.
Let P : E2 → Z be a continuous map such that for some positive integer m,

P j(E1) ⊂ E2, 1 ≤ j ≤ m− 1,
P j(E1) ⊂ E0, m ≤ j ≤ 2m− 1.

Then P has a fixed point in E0.
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Proof. The proof can be found in [110].

Now we study the periodic solutions for the finite delay evolution equation
Eq.(2.220). As is well known, a fixed point of P corresponds to a periodic solu-
tion. Hence, we will find conditions suitable to apply Horn Fixed Point Theorem so
that P has fixed points.

Theorem 2.53 Let the above assumptions be satisfied. If the mild solutions of
Eq.(2.220) are bounded and ultimate bounded, then Eq.(2.220) has a T–periodic
mild solution.

Proof. Let the map P be defined as above. We see that

Pm(φ) = umT (φ), φ ∈ C([−r, 0]). (2.222)

Next, let B > 0 be the bound in the definition of ultimate boundedness. Using
boundedness, there is B2 > B such that {‖φ‖C ≤ B, t ≥ 0} implies ‖u(t, φ)‖ < B2.
And also, there is B4 > 2B2 such that {‖φ‖C ≤ 2B2, t ≥ 0} implies ‖u(t, φ)‖ < B4.
Next, using ultimate boundedness, there is a positive integer m such that {‖φ‖C ≤
2B2, t ≥ (m− 2)T} implies ‖u(t, φ)‖ < B. These imply

‖P i−1φ‖C = ‖u((i− 1)T + ·, φ)‖C < B4

for i = 1, 2, 3, ... and ‖φ‖C ≤ 2B2, (2.223)
‖P i−1φ‖C = ‖u((i− 1)T + ·, φ)‖C < B

for i ≥ m and ‖φ‖C ≤ 2B2. (2.224)

Now let

H ≡ {φ ∈ C([−r, 0], X) : ‖φ‖C < B4}, E2 ≡ (cov.(P (H))),
K ≡ {φ ∈ C([−r, 0], X) : ‖φ‖C < 2B2}, E1 ≡ K ∩ E2,

G ≡ {φ ∈ C([−r, 0], X) : ‖φ‖C < B}, E0 ≡ (cov.(P (G))),
(2.225)

where cov.(F ) is the convex hull of the set F defined by cov.(F ) = {
∑n
i=1 λifi : n ≥

1, fi ∈ F, λi ≥ 0,
∑n
i=1 λi = 1}. Thus E0, E1 and E2 are convex subsets and E1 is

open relative to E2.
Note that G ⊂ H, thus E0 ⊂ E2. Next, we show that E0 ⊂ K. For this, note

that from the definition of B2, ‖Pu‖ < B2 for u ∈ G. Thus for e ∈ cov.(P (G)),
one has e =

∑
λiei with ei ∈ P (G), and ‖e‖ ≤

∑
λi‖ei‖ ≤

∑
λiB2 = B2. This

shows E0 ⊂ K. Therefore, E0 ⊂ K∩E2 = E1 ⊂ E2. Next, as H and G are bounded
subsets and P is a compact operator, P (G) and P (H) are precompact subsets. Now,
it is known that cov.(P (G)) and cov.(P (H)) are also precompact subsets. Therefore
E0 and E2 are compact subsets. From (2.223) and (2.224), one has

P i(E1) ⊂ P i(K) = PP i−1(K) ⊂ P (H) ⊂ E2, i = 1, 2, 3, ..., (2.226)
P i(E1) ⊂ P i(K) = PP i−1(K) ⊂ P (G) ⊂ E0, i ≥ m. (2.227)
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Since the continuity of P follows from Theorem 1.2 we are now in a position to apply
the Horn’s Fixed Point Theorem to get a T–periodic mild solution of Eq.(2.220).

2.7. ALMOST PERIODIC SOLUTIONS OF NONLINEAR EVOLU-
TION EQUATIONS

2.7.1. Nonlinear Evolution Semigroups in AP (∆)

In this section we will consider the following fully nonlinear evolution equation

0 ∈ du

dt
+A(t)u, (2.228)

where A(t) denotes a (possibly nonlinear multivalued) operator from D(A(t)) ⊂ X
to X, where (X, ‖ · ‖) is a given Banach space and D(A(t)) stands for the domain
of a given operator A(t) and R(A(t)) for the range of A(t). It will be assumed in
this subsection that A(t) is almost periodic in the sense of Bohr (see condition C2
below).

Our method is based on fundamental results of Crandall-Pazy [52] on the ex-
istence of evolution operator U(t, s) to Eq.(2.228) and the semigroup of nonlinear
operators associated with it defined as

[Thv](t) = U(t, t− h)v(t− h), t ∈ R, (2.229)

where v ∈ AP (∆) , here AP (∆) denotes the space of X-valued almost periodic
functions v with v(t) ∈ ∆ ⊂ X (for the precise definition of ∆ see condition A2
below). Unfortunately, in this section we cannot say anything about the strong
continuity of this semigroup as for the previous sections. However, this suggests to
state similar results.

The main result of this section is Theorem 2.55 in which a sufficient condition is
found for all generalized solutions to Eq.(2.228) to approach a unique almost peri-
odic one. As we consider the general case of A(t), e.g. D(A(t)) may depent on t , the
almost periodic dependence of A(t) on t will be stated in terms of the Yosida approx-
imant of A(t), but not on A(t). Proposition 2.27 will be useful to compare this with
the usual form of t-dependence and especially for Lipschitz perturbation. We give
two examples on the applications of our result to functional and partial differential
equations. Our condition on Eq.(2.228) will be imposed on the coefficient-operator
A(t) for Eq.(2.228) to have almost periodic evolution operator U(t, s) 5 which has
some advantages when we consider the perturbed equation (see Proposition 2.27 and
Corollary 2.29 and Remarks which follows) and the relation between the frequency
of the almost periodic solution and that of the coefficient-operator A(t).

In what follows we introduce the notion of admissibility of the coefficient-
operator B(t) for a special case which will be frequently used later on.

5see e.g. [21], [53], [115], [130] for related results
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Definition 2.22 A single-valued operator B(t) is said to be admissible (with respect
to ∆ ) if it satisfies the following conditions:

i) B(t) : D(B(t)) → X, and for some subset ∆ ⊂ ∩tD(B(t)), B(t)x is continuous
with respect to (t, x) ∈ R×∆,

ii) supt ‖B(t)x0‖ < +∞ for some x0 ∈ ∆ ,

iii) ‖B(t)x−B(t)y‖ ≤ L‖x− y‖,∀x, y ∈ ∆ .

Throughout the section we will need the following

Lemma 2.39 Let B(t) be admissible (with respect to ∆). Moreover, let B(t)x be
almost periodic in t for every fixed x ∈ ∆. Then for every almost periodic function
v ∈ AP (∆), the function B(t)v(t) is almost periodic in t.

Proof. Let us consider a sequence of translates B(t + τn)x, x ∈ K, where K is
a compact subset of ∆. We now show that there is a subsequence {τnk

} such that
B(t+τn)x converges uniformly in x ∈ K. To this end, by using the diagonal method
we can choose {τnk

} so that the sequence {B(t+ τnk
x} converges at each x from a

countable subset K1 that is dense in K. From the inequality

‖B(t+ τnk
)x−B(t+ τnj

)x‖ ≤ ‖B(t+ τnk
)x−B(t+ τnk

)x1‖+
≤ ‖B(t+ τnk

)x1 −B(t+ τnj
)x1‖+

+‖B(t+ τnj
)x1 −B(t+ τnj

)x‖
≤ 2L‖x− x1‖+

+‖B(t+ τnk
)x1 −B(t+ τnj

)x1‖

it follows that for any positive ε there exists a natural number N(x1, ε) such that

‖B(t+ τnk
)x−B(t+ τnj

)x‖ < ε (nk, nj ≥ N) (2.230)

for all x ∈ U(x1, ε) := {x : ‖x− x1‖ < ε/4L}. The open balls U(x1, ε) cover the set
K. Hence, one can pick up finitely many such balls. This implies immediately the
uniform convergence.

Now suppose that v(·) is an almost periodic function with values in ∆. Then we
have to prove that for any sequence {τk} there is a subsequence {τnk

} such that the
function B(t+ τnk

)v(t+ τnk
) is uniformly convergent in t. To this end, first define

K := {y ∈ ∆ : y = v(s) for some s }. Obviously, K is compact. Consequently, by
choosing the subsequence {τnk

} such that v(t + τnk
) is convergent uniformly in t

and B(t + τnk
)y is convergent uniformly for t ∈ R, y ∈ K we get the convergence

of B(t+ τnk
)v(t+ τnk

).

Next we recall the basic notions and results from the Crandall-Pazy theory on
the existence and uniqueness of generalized solutions to Eq.(2.228). Below we shall
always identify a multivalued operator A with its graph in X×X.
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Definition 2.23 A subset A of X×X is said to be in class A(ω) if for each λ > 0
such that λω < 1 and each pair [xi, yi] ∈ A, i = 1, 2, we have

‖(x1 + λy1)− (x2 + λy2)‖ ≥ (1− λω)‖x1 − x2‖ (2.231)

A is said to be accretive if A ∈ A(0) .

Let us denote Jλ = (I +λA)−1. Below are the main properties of accretive sets.

Lemma 2.40 Let ω be real and A ∈ A(ω). If λ ≥ 0 and λω < 1, then the following
statements hold:

i) Jλ is a (single-valued) function

ii) ‖Jλx− Jλy‖ ≤ (1− λω)−1‖x− y‖ ∀x, y ∈ D(Jλ).

In this section as a standing hypothesis we always assume that the following
condition A are satisfied:

(A1) A(t) ∈ A(ω) for all t ∈ R

(A2) D(A(t)) = ∆ is independent of t,

(A3) R(I + λA(t)) ⊂ ∆ for all t ∈ R and 0 < λ < λ0 , where λ0 > 0 is given,

Below we shall use the following notations: Jλ(t) stands for the resolvent (I +
λA(t))−1 and Aλ(t) for the Yosida approximant (I − Jλ(t))/λ . As usual, since
D(A(t)) may depend on t and then the function A(t)x may not be defined for all
t despite that x ∈ D(A(t1)) for some t1 , the dependence on t of A(t) is stated in
terms of that of Yosida approximant Aλ(t) and the resolvent Jλ(t) as follows:

(C1) There is a bounded uniformly continuous function f : R → X and a monotone
increasing function L : [0,+∞) → [0,+∞) such that

‖Aλ(t)x−Aλ(τ)x‖ ≤ ‖f(t)− f(τ)‖L(‖x‖)

for all t ∈ R, 0 < λ < λ0, x ∈ ∆ ,

(C2) For every fixed x ∈ ∆ the function Aλ(t)x is almost periodic in t.

Under the assumptions A1, A2, A3, C1 the following theorem holds true:

Theorem 2.54 Let the conditions A1, A2, A3, C1 hold. Then

U(t, s)x = lim
n→+∞

n∏
i=1

J(t−s)/n

(
s+ i

t− s

n

)
x (2.232)

exists for x ∈ ∆ and s < t . Moreover, U(t, s) has the following properties:
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i)
‖U(t, s)x− U(t, s)y‖ ≤ eω(t−s)‖x− y‖ ∀s < t, x, y ∈ ∆

ii) U(s, s) = I, ∀s,

iii) U(t, s)U(s, r) = U(t, r) for all r < s < t ,

iv) U(t, s)x is continuous with respect to s < t, x ∈ ∆.

v) For every fixed positive h the following limit

lim
n→+∞

n∏
i=1

Jh/n(t+ ih/n)x

is uniformly with respect to t ∈ R .

Proof. The theorem is an immediate consequence of [52, Theorem 2.1].

We say that u(t) is a generalized solution to (2.228) on [s, T ] if u(t) = U(t, s)x
for some x and t ∈ [s, T ].

We now show the existence the nonlinear semigroup (2.229) on AP (∆).

Proposition 2.26 Let conditions A1, A2, A3, C1, C2 hold. Then for every h ≥ 0
and every almost periodic function v(t) with values in ∆ the function U(t, t−h)v(t−
h) is also almost periodic in t.

Proof. By virtue of Lemma 2.39, it suffices to show that for every x ∈ ∆ the
function w(t) = U(t+h, t)x is almost periodic. In fact, from conditions A2, C2 and
Theorem 2.54, observe that for 0 < λ < λ0, Aλ(t) is admissible. Now applying
Lemma 2.39 we see that for every n sufficiently large (e.g h/n < λ0 ) the function

n∏
i=1

Jh/n

(
t+

ih

n

)
x

is an almost periodic function. Furthermore, by Theorem 2.54, the convergence in
the limit

U(t+ h, t)x = lim
n→+∞

n∏
i=1

Jh/n

(
t+

ih

n

)
x (2.233)

is uniformly in t. Thus, U(t+ h, t)x is almost periodic in t. The proof is complete.

Corollary 2.28 Let the conditions of Proposition 2.26 be satisfied. Then a gener-
alized solution of Equation (2.228) defined on the whole line is almost periodic if
and only if it is a common fixed point of the semigroup Th, h ≥ 0 defined by (2.229).

Proof. The corollary is an immediate consequence of Proposition 2.26.
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2.7.2. Almost Periodic Solutions of Dissipative Equations

The main result of this section is stated in the following:

Theorem 2.55 Let the conditions of Proposition 2.26 be satisfied. Moreover, let
ω(t) be a function such that

i) lim sup|t|→+∞ ω(t) < 0 , supt∈R ω(t) < +∞

ii) A(t) ∈ A(ω(t)) for all t .

Then Equation (2.228) has a unique generalized almost periodic solution u(t) which
is defined as a limit

u(t) = lim
m→+∞

U(t, t−mh)x

= lim
m→+∞

lim
n→+∞

n∏
i=1

Jmh/n

(
(t−mh+

imh

n

)
x (2.234)

for some sufficiently large h. Moreover, there exist positive constants N,µ such that
every generalized solution x(t) defined on [s,+∞) satisfies

‖u(t)− x(t)‖ ≤ Ne−µ(t−s)‖u(s)− x(s)‖ ∀t ≥ s. (2.235)

Proof. By virtue of Proposition 2.26, the semigroup (Th)h≥0 is well defined in
AP (∆). From the assumptions it follows that there exist positive numbers µ, T
such that ω(t) < −µ < 0, for t 6∈ [−T, T ]. By Proposition 2.26, the semigroup
(Th)h≥0 associated with the evolution operator (U(t, s))t≥s defined by (2.229) acts
on the function space AP (∆). We now show that this semigroup has a common fixed
point. To this end, by applying Theorem 2.54 to Eq.(2.228) in different intervals
(−∞,−T ], [−T, T ], [T,+∞) we have

‖U(t, s)x− U(t, s)y‖ ≤ Neµ(t−s)‖x− y‖, ∀t ≥ s, x, y ∈ ∆, (2.236)

where N = e2(µ+η), η = supt ω(t). Suppose h is any positive number such that
Ne−µh < 1. It is seen that Th is a strict contraction. Thus, by the Contraction
Mapping Theorem (see e.g. [18]) it has a unique fixed point. Furthermore, this fixed
point is also a unique common fixed point for the semigroup (Th)h≥0. Now applying
Corollary 2.28 we get the first assertion of the theorem. The estimate (2.235) follows
from (2.236). The theorem is proved.

The following assertion on perturbation will be useful to compare our results with
the previous ones.

Proposition 2.27 Let condition C2 be satisfied for A(t) with ∆ = X. Moreover, let
B(t) be an admissible nonlinear operator with D(B(t)) = X such that for every fixed
x the function B(t)x is almost periodic. Then the operator (A(t) + B(t)) satisfies
condition C2.
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Proof. Let us define the operators B, JAλ : AP (X) → AP (X) by the following
formulas

[Bu](t) = B(t)u(t), ∀t

[JAλ u](t) = JAλ (t)u(t).

Consider the operator Tλ acting on the space Lip(AP (X)) of Lipschitz continuous
operators acting on AP (X) defined as

Tλψ = JAλ [−λBψ − λBJAλ ].

From Lemma 2.40, and the assumptions it follows that

Lip(Tλ) ≤
1

(1− λω)
λLip(B).

Thus, for λ > 0 sufficiently small Lip(Tλ) < 1. According to the Contraction Map-
ping Theorem there is a unique operator φλ such that φλ = Tλφλ. Consequently,

[I + λ(A+B)][JAλ + φλ] = I + (I + λA)φλ + λBJAλ + λBφλ

= I + (−λBφλ − λBJAλ + λBJAλ + λBφλ) = 1

On ther other hand, since suptLip(B(t)) < +∞ we can show easily that [A(t) +
B(t)] + (ω − suptLip(B(t)))I is accretive. So, for λ > 0 sufficiently small, we can
well define the operators [(I + λ(A(t) +B(t))]−1 and JA+B

λ . It is easily seen that

[JAλ + φλ]u(t) = JA+B
λ u(t)

= [(I + λ(A(t) +B(t))]−1u(t)

for every u ∈ AP (X) . This shows that for every u ∈ AP (X) the function [(I +
λ(A(t) +B(t))]−1u(t) is almost periodic.

Now we consider the perturbed equation

0 ∈ du

dt
+A(t)u+B(t)u, (2.237)

where B(t) will be assumed to be admissible.

Corollary 2.29 Let the conditions of Theorem 2.55 hold with ∆ = X . Moreover,
let the admissible operator B(t) satisfy the following conditions

i) D(B(t)) = X, for every fixed x ∈ X, B(t)x is almost periodic in t,

ii) The perturbed equation (2.237) satisfies condition C1 (i.e. (A(t) + B(t)) sat-
isfies C1 ).
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Then there exists a positive constant δ such that if supt ‖B(t)‖ < δ the perturbed
equation (2.236) has a unique almost periodic generalized solution u(t). Moreover,
any other generalized solution v(t) defined on [s,+∞) of the perturbed equation
approaches u(t) at exponentially rate, i.e

‖u(t)− v(t)‖ ≤ Ne−η(t−s)‖u(s)− v(s)‖, ∀ t ≥ s.

Proof. In fact, by [22, Theorem 3.2, p.158] one sees that there is a γ such that
the operator γI + A(t) + B(t) is m-accretive. Now Proposition 2.27 and Theorem
2.55 apply.

Remark 2.31 i) As a particular case we can take an operator A(t) = A(t +
τ) ∀t, where τ is a given positive constant, and D(A) = X. Then condition
C2 is satisfied for A(t). According to Proposition 2.27 condition C2 is satisfied
also for the perturbed equation (2.237) with B(t)x = g(t) ∀t, x , where g(t) is
an almost periodic function.

ii) In the above case, using the identity JA+B
λ (t)x = JAλ (x − λB(t)) one can

show that condition ii) in Corollary 2.29 is satisfied without any additional
assumption.

iii) In case the operator A(t) in Eq.(2.237) is independent of t one can show
that condition ii) is also automatically satisfied if B(t) satisfies a condition
similar to C1 but in the usual terms, i.e. there are functions h, L with similar
properties as in the definition of condition C1 such that

‖B(t)x−B(τ)x‖ ≤ |h(t)− h(τ)|L(‖x‖), ∀t, τ, x.

In fact, by the proof of Proposition 2.27, φλu(t) = Q(t)u(t) for some Lipschitz
continous Q(t). We now show that Q(t) is also admissible. To this end, put
u(t) = x for a given x ∈ X,∀t ∈ R. Then

‖Q(t)0‖ = ‖JAλ (0) +
λ

1− λω
‖B(t)Q(t)0 +B(t)JAλ (0)‖

≤ ‖JAλ (0)‖+
λ

1− λω
‖B(t)JAλ (0)‖

+
λ

1− λω
(‖B(t)0‖+K‖Q(t)0‖.

From this and the admissibility of B(t) it can be easily seen that

sup
t
‖Q(t)0‖ <∞

Now we show that A+B(t) satisfies condition C1. In fact

‖Q(t)x−Q(τ)x‖ ≤ λ

1− λω
‖B(t)Q(t)x+B(t)JAλ (x)−
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−B(τ)Q(τ)x+B(τ)JAλ (x)‖

≤ λ

1− λω
{|h(t)− h(τ)|L(‖JAλ (x)‖) +

+‖B(t)Q(t)x−B(t)Q(τ)x‖+
+‖B(t)Q(τ)x−B(τ)Q(τ)x‖}

≤ λ

1− λω
|h(t)− h(τ)|L(‖JAλ (x)‖) +

+
λ

1− λω
{K‖Q(t)x−Q(τ)x‖+

+|h(t)− h(τ)|L(‖Q(τ)x‖)}.

From this and the admissibility of B(t), Q(t) and the assumption that B(t)
satisfies condition C1

‖Q(t)x−Q(τ)x‖ ≤ λ

1− λ(ω +K)
(|h(t)− h(τ)|(L1(‖x‖)),

where L1 is a monotone increasing functions. This shows that (A + B(t))
satisfies condition C1.

2.7.3. An Example

Let X = L2[0, 1] = L2 be the set of Lebesgue integrabale real valued functions on
[0, 1] with the usual norm ‖u‖ =< u, u >1/2

< u, v >=
∫ 1

0

u(ξ), v(ξ)dξ, u, v ∈ L2.

Let σ : R → R be continuously differentiable, σ(0) = 0 and suppose that there are
constants m and M such that 0 < m ≤ σ′(u) ≤M <∞ for all u ∈ R. Let

r(·, ·, ·) : R× [0, 1]×R → R

be in L2, and for every fixed (t, u) ∈ R × L2, r(t, u(·), ·) be L2-almost periodic in
t. Moreover, suppose that

i) supt∈R ‖r(t, 0, ·)‖ <∞;

ii) |r(t, x, ·)− r(t, y, ·)| ≤ K|x− y|,∀x, y ∈ R;

iii) ‖r(t, u(·), ·)− r(τ, u(·), ·)‖ ≤ |h(t)− h(τ)|L(‖u‖),∀t, τ, u ∈ L2 ,

where h(·) is a bounded, uniformly continuous function, L is a monotone increasing
function [0,∞) :→ [0,∞). Now applying Remark 2.31 (iii) following Corollary 2.29
we have
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Theorem 2.56 Let all assumptions made above be met. Then for the Lipschitz
coefficient K sufficiently small each solution of the following equation{

ut(t, ξ) = (σ(uξ))ξ + r(t, u, ξ), t ∈ R, 0 < ξ < 1,
u(t, 0) = u(t, 1) = 0 ∀t ∈ R

(2.238)

such that u(t, ·) ∈ L2 for t ≥ 0 approaches a unique generalized solution of (2.238)
as t→∞.

Proof. Take Au := (σ(uξ))ξ with

D(A) = {u ∈ L2 : u(0) = u(1) = 0, with u(ξ) and u′(ξ)
absolutely continuous on [0, 1], u′′(ξ) ∈ L2}

and [B(t)u](ξ) := r(t, u, ξ), ∀ξ, t, u ∈ L2. As shown in [197, Section 4] A is m-
accretive, we are now in a position to apply Remark 2.31 (iii) to finish the proof.

2.8. NOTES

The results of Section 1 are taken mainly from [167] and [160]. The topics of Section
1 have been discussed earlier in [186], [185], [218], [222] in the case of autonomous
equations with methods quite different from what is presented here. For the peri-
odic equations with Floquet representation the problem has been treated in [217].
Since even simplest infinite dimensional equations, such as functional and parabolic
differential equations, have no Floquet representation, periodic equations should be
treated directly. Evolution semigroups method has been used first in [167]. Theorem
2.2 is taken from [160]. An earlier version of it has been stated in [167]. Note that
in [31] this result has been stated in more general terms, though its proof, based on
the method of [167], seems to be incomplete. Other results of this section are the
nonautonomous analogues of the corresponding results in [186], [222].

The approach of Section 2 has been first used in [160]. The results for abstract
ordinary differential equations have been known earlier in [218], [222] in the case
the operator A generates a C0-semigroup. In [186], [185] Volterra equations have
been considered. Similar conditions for the admissibility of function spaces Λ(X)
have been stated. Theorem 2.6 has an earliear version in [137, Lemma 3, p.93] for
the case where the first order equation generates a C0-semigroup and F = AP (X).
More complete proofs can be found in [8], [26], [192]. In [26] the theorem was proved
for arbitrary B-class F and A as the generator of a C0-semigroup. The case of second
order equations with F = AP (X) was considered in [8, Theorem 4.5, p.375]. In the
case F = AP (X) the theorem was formulated in general terms in [221, the proof of
Theorem 4.4] (for which, seemingly, additional conditions should be assumed).

The decomposition theorem 2.14 in Section 3 is taken from [169] and [70]. An
earlier version of it for periodic solutions has been stated in [168]. The main results
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of this section extend a classical result in ordinary differential equations on periodic
solution [4, Theorem 20.3, p. 278]. Earlier extensions of this result for solutions
bounded on the positive line can be found in [147], [40], [45], [206]. To our view,
the version of this section for equations defined on the positive line should be true.
Since this area is currently very dynamic, the references should be updated in the
near future.

The main results of Section 4 are taken from [206]. The main method is the
applications of the fixed point theorems due to Chow and Hale. If the equation is
described by the compact semigroup, the fixed point theorem is related to the well
known theorem by Schawder. In other case, we use the theory of semi-Fredholm
operator for the closedness of the operator for the fixed point.

Section 5 is taken from [170]. The method of using extensions of almost periodic
sequences to study almost periodic solutions of differential equations can be read in
[67, Section 9.5].

Sections 6 and 7 are taken from [18], [19] and [138]. Earlier results for finite
dimensional or bounded case can be found in [149], [200], [123], [124], [147], [40].



CHAPTER 3

STABILITY METHODS FOR SEMILINEAR
EVOLUTION EQUATIONS AND NONLINEAR

EVOLUTION EQUATIONS

3.1. SKEW PRODUCT FLOWS OF PROCESSES AND QUASI -
PROCESSES AND STABILITY OF INTEGRALS

Let X be a metric space with metric d and let w : R+×R+×X 7→ X ,R+ := [0,∞),
be a function satisfying the following properties for all t, τ, s ∈ R+ and x ∈ X :

(p1) w(0, s, x) = x;

(p2) w(t+ τ, s, x) = w(t, τ + s, w(τ, s, x)).

Let Y be a nonempty closed set in X . We call the mapping w a Y-quasi-process
on X or simply a quasi-process on X , if w satisfies the condition,

(p3) the restricted mapping w : R+ ×R+ × Y 7→ X is continuous,

together with the conditions (p1) and (p2). In case of Y = X , the concept of quasi-
processes is identical with that of processes investigated in [53], [54] [77], [78] and
[120]. We emphasize that the concept of processes does not fit in with the study
of ρ-stabilities in functional differential equations in contrast with the concept of
quasi-processes, as will be seen in Section 3.3. The ρ-stability is a useful tool in the
study of the existence of almost periodic solutions for almost periodic systems.

Denote by W the set of all quasi-processes on X . For τ ∈ R+ and w ∈ W , we
define the translation σ(τ)w of w by

(σ(τ)w)(t, s, x) = w(t, τ + s, x), (t, s, x) ∈ R+ ×R+ ×X ,

and set γ+
σ (w) =

⋃
t≥0 σ(t)w. Clearly γ+

σ (w) ⊂W.We denote byHσ(w) all functions
χ : R+×R+×X 7→ X such that for some sequence {τn} ⊂ R+, {σ(τn)w} converges
to χ pointwise on R+ ×R+ ×X , that is,

lim
n→∞

(σ(τn)w)(t, s, x) = χ(t, s, x) ∀(t, s, x) ∈ R+ ×R+ ×X .

The set Hσ(w) is considered as a topological space with the pointwise convergence,
and it is called the hull of w.

Consider a Y-quasi-process w on X satisfying

(p4) Hσ(w) ⊂W.

163
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Clearly, Hσ(w) is invariant with respect to the tanslation σ(τ), τ ∈ R+. For any
t ∈ R+, we consider a function π(t) : X ×Hσ(w) 7→ X ×Hσ(w) defined by

π(t)(x, χ) = (χ(t, 0, x), σ(t)χ)

for (x, χ) ∈ X ×Hσ(w). π(t) is called the skew product flow of the quasi-process w,
if the following property holds true:

(p5) π(t)(y, χ) is continuous in (t, y, χ) ∈ R+ × Y ×Hσ(w).

The skew product flow π(t) is said to be Y -strongly asymptotically smooth if,
for any nonempty closed bounded set B ⊂ Y × Hσ(w), there exists a compact
set J ⊂ Y × Hσ(w) with the property that {π(tn)(yn, χn)} has a subsequence
which approaches to J whenever sequences {tn} ⊂ R+ and {(yn, χn)} ⊂ B sat-
isfy limn→∞ tn = ∞ and π(t)(yn, χn) ∈ B for all t ∈ [0, tn]. In case of Y = X ,
the Y-strong asymptotic smoothness of π(t) implies the asymptotic smoothness
of π(t) introduced in [77], [78]. Clearly, if π(t) is completely continuous, then it
is X -strongly asymptotic smooth. In Section 3.3, we shall see that the Y-strong
asymptotic smoothness of π(t) is ensured when w is a quasi-process generated by
some functional differential equations.

Now we suppose that Hσ(w) is sequentially compact and we discuss relation-
ships between some stability properties for the quasi-process w and those for the
“limiting” quasi-processes χ ∈ Ωσ(w); here Ωσ(w) denotes the ω-limit set of w with
respect to the translation semigroup σ(t). A continuous function µ : R+ 7→ Y
is called an integral of the quasi-process w on R+, if w(t, s, µ(s)) = µ(t + s)
for all t, s ∈ R+ (cf. [78, p. 80]). In the following, we suppose that there ex-
ists an integral µ : R+ 7→ Y of the quasi-process w on R+ such that the set
O+(µ) = {µ(t) : t ∈ R+} is contained in Y and is relatively compact in X . From
(p5) we see that π(δ)(µ(s), σ(s)w) = (w(δ, s, µ(s)), σ(s+δ)w) = (µ(s+δ), σ(s+δ)w)
tends to (µ(s), σ(s)w) as δ → 0+, uniformly for s ∈ R+; consequently, the integral
µ must be uniformly continuous on R+. From Ascoli-Arzéla’s theorem and the se-
quential compactness of Hσ(w), it follows that for any sequence {τ ′n} ⊂ R+, there
exist a subsequence {τn} of {τ ′n}, a χ ∈ Hσ(w) and a function ν : R+ 7→ Y such that
limn→∞ σ(τn)w = χ and limn→∞ µ(t+ τn) = ν(t) uniformly on any compact inter-
val in R+. We shall use the following expression. Let Y and Z be two pseudo-metric
spaces, and f, fn, n = 1, 2, . . . , be functions mapping Y and Z. If fn(ξ) → f(ξ) in
Z as n→∞, uniformly on any compact set in Y , then we write as

fn(ξ) → f(ξ) compactly on Y,

for simplicity. Therefore, in the above case, we write as

(µτn , σ(τn)w) → (ν, χ) compactly,

for simplicity. Denote by Hσ(µ,w) the set of all (ν, χ) such that (µτn , σ(τn)w) →
(ν, χ) compactly for some sequence {τn} ⊂ R+. In particular, we denote by Ωσ(µ,w)
the set of all (ν, χ) ∈ Hσ(µ,w) for which one can choose a sequence {τn} ⊂ R+ so
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that limn→∞ τn = ∞ and (µτn , σ(τn)w) → (ν, χ) compactly. We easily see that ν
is an integral of the quasi-process χ on R+ whenever (ν, χ) ∈ Hσ(µ,w).

For any x0 ∈ X and ε > 0, we set Vε(x0) = {x ∈ X : d(x, x0) < ε}. We will give
the definition of stabilities for the integral µ of the quasi-process w.

Definition 3.1 The integral µ : R+ 7→ Y of the quasi-process w is said to be:

i) Y-uniformly stable (Y-US) (resp. Y-uniformly stable in Ωσ(w)) if for any ε >
0, there exists a δ := δ(ε) > 0 such that w(t, s,Y∩Vδ(µ(s))) ⊂ Vε(µ(t+s)) for
(t, s) ∈ R+×R+ (resp. χ(t, s,Y∩Vδ(ν(s))) ⊂ Vε(ν(t+s)) for (ν, χ) ∈ Ωσ(µ,w)
and (t, s) ∈ R+ ×R+);

ii) Y-uniformly asymptotically stable (Y-UAS) (resp. Y-uniformly asymptoti-
cally stable in Ωσ(w)), if it is Y-US (resp. Y-US in Ωσ(w)) and there ex-
ists a δ0 > 0 with the property that for any ε > 0, there is a t0 > 0
such that w(t, s,Y ∩ Vδ0(µ(s))) ⊂ Vε(µ(t + s)) for t ≥ t0, s ∈ R+ (resp.
χ(t, s,Y∩Vδ0(ν(s))) ⊂ Vε(ν(t+s)) for (ν, χ) ∈ Ωσ(µ,w) and t ≥ t0, s ∈ R+);

iii) Y-attractive (resp. Y-attractive in Ωσ(w)) if there is a δ0 > 0 such that
for y ∈ Y ∩ Vδ0(µ(0)) (resp. y ∈ Y ∩ Vδ0(ν(0)) and (ν, χ) ∈ Ωσ(µ,w)),
d(w(t, 0, y), µ(t)) → 0 (resp. d(χ(t, 0, y), ν(t)) → 0) as t→∞;

iv) Y-weakly uniformly asymptotically stable (Y-WUAS) in Ωσ(w) if it is Y-US
in Ωσ(w) and Y-attaractive in Ωσ(w).

We assume the following property on Y, w and µ:

(p6) There is a δ1 > 0 such that for any s ∈ R+ and t0 > 0, w(t0, s, y) ∈ Y
whenever y ∈ Y and w(t, s, y) ∈ Vδ1(µ(t+ s)) for all t ∈ (0, t0].

If Y = X , then (p6) is clearly satisfied. In Section 3.3, we will give a nontivial
example for which (p6) is satisfied.

Theorem 3.1 Let Y be a closed set in a metric space X and suppose that w is a
Y-quasi-process on X for which Hσ(w) is sequentially compact and that the skew
product flow π(t) : X ×Hσ(w) 7→ X ×Hσ(w) of the quasi-process w is Y-strongly
asymptotically smooth. Also, suppose that µ : R+ 7→ Y is an integral of w on
R+ such that O+(µ) is a relative compact subset of Y and that (p4) and (p6) are
satisfied. Then the following statements are equivalent: The integral µ is

i) Y-UAS.

ii) Y-US and Y-attractive in Ωσ(w).

iii) Y-UAS in Ωσ(w).
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iv) Y-WUAS in Ωσ(w).

Proof. We shall show that (ii) implies (i). We may choose δ0 so that for x ∈
Vδ0(ν(0)) ∩ Y and (ν, v) ∈ Ωσ(µ,w), d(v(t, 0, x), ν(t)) → 0 as t → ∞. Let η0 =
δ(δ0/2)/2. Since µ(t) is Y -US, in order to prove the Y -UAS, it is sufficient to show
the existence of t0 for a given ε such that w(t, s,Y ∩Vη0(µ(s))) ⊂ Vδ(ε)(µ(t+s)), s ∈
R+, for some t ∈ [0, t0]. Suppose it is not the case. Then there exists sequences
σk, σk ≥ 0, and xk ∈ Y such that xk ∈ Vη0(µ(σk)) but w(t, σk, xk) /∈ Vδ(ε)(µ(t+σk))
for t ∈ [0, 2k]. We can see w(t, σk, xk) ∈ Vδ0/2(µ(t + σk)) for all t ≥ 0. Now we
may assume (µtk , σ(tk)w) → (ν, v) compactly as k → ∞, where tk = σk + k for
some (ν, v) ∈ Ωσ(µ,w). Since π(t) is Y-strongly asymptotically smooth, taking a
subsequence if necessary, we can assume that w(k, σk, xk) → x for some x ∈ Y as
k → ∞. Note that x ∈ Y ∩ Vδ0/2(ν(0)) ⊂ Vδ0(ν(0)) but v(t, 0, x) /∈ Vδ(ε)(ν(t)) for
all t ∈ R+, which contradicts the Y-attractivity in Ωσ(w) of µ(t).

It is clear that (iii) implies (iv).
We shall show that (i) implies (iii). Let τk →∞ as k →∞ and (µτk , σ(τk)w) →

(ν, v) ∈ Ωσ(µ,w), compactly. Let any σ ∈ R+ be fixed. If k is sufficiently large, we
get

ν(σ) ∈ Vδ(ε/2)/2(µ(τk + σ)).

Let y ∈ Y ∩ Vδ(ε/2)/2(ν(σ)). Then (σ(τk)w)(t, σ, y) = w(t, τk + σ, y) ∈ Vε/2(µ(t +
τk+σ)) for t ≥ σ, because y ∈ Vδ(ε/2)(µ(τk+σ)). Since (σ(τk)w)(t, σ, y) → v(t, σ, y)
and µ(t+ τk + σ) → ν(t+ σ), v(t, σ, y) ∈ Vε/2(ν(t+ σ)) for all t ≥ σ, which implies
ν(t) is Y-US.

Now we shall show ν(t) is Y-UAS. Let y ∈ Y ∩ Vδ0/2(ν(σ)) and ν(σ) ∈
Vδ0/2(µ(τk + σ)). Since µ(t) is Y-UAS, we have w(t, τk + σ, y) ∈ Vε/2(µ(t+ τk + σ))
for t ≥ t0(ε/2) because of y ∈ Vδ0(µ(τk + σ)). Hence v(t, σ, y) ∈ Vε/2(ν(t+ σ)) for
t ≥ t0(ε/2).

We shall show that (iv) implies (i). In order to establish this assertion, it sufficies
to show that (iv) yields the Y-US of the integral µ. To do this by a contradiction,
we assume that the integral µ is Y-WUAS in Ωσ(w), but not Y-US. Then there
exist an ε > 0, ε < min{δ0, δ1}, and a sequence {(tn, sn, yn)} in R+ × R+ ×
Y such that d(yn, µ(sn)) → 0 as n → ∞, d(w(tn, sn, yn), µ(tn + sn)) = ε and
d(w(t, sn, yn), µ(t+ sn)) < ε for 0 ≤ t < tn, where δ1 is the one ensured in (p6) and
δ0 is the one given for the Y-attractivity in Ωσ(w) of the integral µ. Take a positive
constant γ, γ < ε, so that χ(t, s,Y ∩ Vγ(ν(s))) ⊂ Vε(ν(t+ s)) for (t, s) ∈ R+ ×R+

and (ν, χ) ∈ Ωσ(µ,w), which is possible by the Y-US in Ωσ(w) of the integral µ.
Since d(yn, µ(sn)) → 0 as n→∞, there exists a sequence {τn}, 0 < τn < tn, such
that d(w(τn, sn, yn), µ(τn + sn)) = γ/2 and d(w(t, sn, yn), µ(t + sn)) ≥ γ/2 for all
t ∈ [τn, tn].

We assert that τn → ∞ as n → ∞. Suppose that the assertion is false. Then,
without loss of generality, we may assume that τn → τ0 and (µsn , σ(sn)w) →
(µ̃, w̃) as n → ∞, for some τ0 < ∞ and (µ̃, w̃) ∈ Hσ(µ,w). From (p5) it follows
that π(τn)(yn, σ(sn)w) tends to π(τ0)(µ̃(0), w̃) in Y × Hσ(w) as n → ∞, which
implies that (σ(sn)w)(τn, 0, yn) = w(τn, sn, yn) tends to w̃(τ0, 0, µ̃(0)) = µ̃(τ0) as
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n → ∞. On the other hand, since d(w(τn, sn, yn), µ(τn + sn)) = γ/2, we must get
d(w̃(τ0, 0, µ̃(0)), µ̃(τ0)) = γ/2, a contradiction.

Now we may assume that (µτn+sn , σ(τn + sn)w) → (ν, χ) as n → ∞, for
some (ν, χ) ∈ Ωσ(µ,w). Notice that π(t)(yn, σ(sn)w) = (w(t, sn, yn), σ(t+ sn)w) ∈
Vδ1(µ(t+ sn))×H(w) for t ∈ [0, τn]. By virtue of (p6), we get w(t, sn, yn) ∈ Y for
all t ∈ [0, τn]. Since π(t) is Y-strongly asymptotically smooth, taking a subsequence
if necessary, we can assume that w(τn, sn, yn) → ỹ for some ỹ ∈ Y as n→∞. Note
that ỹ ∈ Vγ(ν(0)). We first consider the case where the sequence {tn − τn} has a
convergent subsequence. Without loss of generality, we can assume that tn− τn → t̃
as n→∞, for some t̃ <∞. Then (p5) implies that π(tn − τn)(w(τn, sn, yn), σ(τn +
sn)w) = (w(tn, sn, yn), σ(tn + sn)w) tends to π(t̃)(ỹ, χ) in Y × Hσ(w) as n → ∞.
Letting n→∞ in the relation d((σ(τn+sn)w)(tn−τn, 0, w(τn, sn, yn)), µ(tn+sn)) =
d(w(tn − τn, sn + τn, w(τn, sn, yn)), µ(tn + sn)) = d(w(tn, sn, yn), µ(tn + sn)) = ε,
we get d(χ(t̃, 0, ỹ), ν̃(t̃)) = ε. This is a contradiction, because of χ(t̃, 0, ỹ) ∈
χ(t̃, 0,Y ∩ Vγ(ν(0))) ⊂ Vε(ν(t̃). Thus we must have limn→∞(tn − τn) = ∞.
Now, letting n → ∞ in the relation d((σ(sn + τn)w)(t, 0, w(τn, sn, yn)), µ(t +
τn + sn)) = d(w(t + τn, sn, yn), µ(t + τn + sn)) ≤ ε for t ∈ [0, tn − τn], we get
d(χ(t, 0, ỹ), ν(t)) ≤ ε < δ0 for all t ≥ 0. Then, from the Y-attractivity in Ωσ(w)
of the integral µ, it follows that d(χ(t, 0, ỹ), ν(t)) → 0 as t → ∞. On the other
hand, since d(w(t + τn, sn, yn), µ(t + τn + sn)) ≥ γ/2 for t ∈ [0, tn − τn], we must
get d(χ(t, 0, ỹ), ν(t)) ≥ γ/2 for all t ≥ 0; hence d(χ(t, 0, ỹ), ν(t)) 6→ 0 as t → ∞, a
contradiction.

When X = Y, the stabilities for the integral µ(t) of the process w is defined.
For example, the integral µ(t) of the process w is uniformly stable in Ωσ(w) (US in
Ωσ(w) ), if for any ε > 0, there exists a δ := δ(ε) > 0 such that v(t, s, Vδ(ν(s))) ⊂
Vε(ν(t + s)) for (ν, v) ∈ Ωσ(µ,w) and (t, s) ∈ R+ × R+. The other stabilities for
the integral µ(t) of the process w are given in a similar way.

The next theorem follows from Theorem 3.1, immediately.

Theorem 3.2 Suppose that w is a process on X for which Hσ(w) is sequentially
compact and that the skew product flow π(t) : X × Hσ(w) 7→ X × Hσ(w) of the
process w is X -strongly asymptotically smooth. Also, suppose that µ : R+ 7→ X is
an integral of w on R+ such that O+(µ) is a relative compact subset of X . Then
the following statements are equivalent:

i) The integral µ is UAS.

ii) The integral µ is US and attractive in Ωσ(w).

iii) The integral µ is UAS in Ωσ(w).

iv) The integral µ is WUAS in Ωσ(w).
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3.2. EXISTENCE THEOREMS OF ALMOST PERIODIC
INTEGRALS

3.2.1. Asymptotic Almost Periodicity and Almost Periodicity

A process w : R+ × R × X 7→ X ,R = (−∞,∞), which satisfies (p1)–(p5) for
X = Y is said to be almost periodic if w(t, s, x) is almost periodic in s uniformly with
respect to t, x in bounded sets. Let w be an almost periodic process on X . Bochner’s
theorem (Theorem 1.18) implies that Ωσ(w) = Hσ(w) is a minimal set. Also, for any
v ∈ Hσ(w), there exists a sequence {τn} ⊂ R+ such that w(t, s+ τn, x) → v(t, s, x)
as n → ∞, uniformly in s ∈ R and (t, x) in bounded sets of R+ × X . Consider a
metric ρ∗ on Hσ(w) defined by

ρ∗(u, v) =
∞∑
n=0

1
2n

ρ∗n(u, v)
1 + ρ∗n(u, v)

with ρ∗n(u, v) = sup{d(u(t, s, x), v(t, s, x)) : 0 ≤ t ≤ n, s ∈ R, d(x, x0) ≤ n}, where
x0 is a fixed element in X . Then v ∈ Hσ(w) means that ρ∗(σ(τn)w, v) → 0 as
n→∞, for some sequence {τn} ⊂ R+. Let µ(t) be an integral of the process w.

Definition 3.2 An integral µ(t) on R+ is said to be asymptotically almost peri-
odic if it is a sum of a continuous almost periodic function φ(t) and a continuous
function ψ(t) defined on R+ which tends to zero as t→∞, that is

µ(t) = φ(t) + ψ(t).

Let µ(t) be an integral on R+ such that the set O+(µ) is relatively compact in
X . It is known (cf., e.g. [231, pp. 20–30]), that when X = Rn, µ(t) is asymptotically
almost periodic if and only if it satisfies the following property:

(L) For any sequence {t′n} such that t′n → ∞ as n → ∞ there exists a subse-
quence {tn} of {t′n} for which µ(t+ tn) converges uniformly on R+.

Indeed, using Bochner’s criterion (Theorem 1.18) for almost periodic functions,
we see that argument employed in [231, pp. 20–30] works even where X is any
separable Banach space, under the condition O+(µ) is relatively compact in X .
Therefore, the above equivalence holds true where X is a separable Banach space,
too. Now, for an integral µ on R+ of the almost periodic process w we consider the
following property:

(A) For any ε > 0, there exists a δ(ε) > 0 such that ν(t) ∈ Vε(µ(t + τ)), for all
t ≥ 0, whenever (ν, v) ∈ Ωσ(µ,w), ν(0) ∈ Vδ(ε)(µ(τ)), and ρ∗(σ(τ)w, v) < δ(ε)
for some τ ≥ 0.

Theorem 3.3 Assume that µ(t) is an integral on R+ of the almost periodic process
w such that the set O+(µ) = {µ(t) : t ∈ R+} is relatively compact in X . Then µ(t)
is asymptotically almost periodic if and only if it has Property (A).
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Proof. Assume that µ(t) has Property (A), and let {t′n} be any sequence such
that t′n → ∞ as n → ∞. Then there exist a subsequence {tn} of {t′n} and a
(ν, v) ∈ Ωσ(µ,w) such that (µtn , σ(tn)w) → (ν, v) compactly on R. For any ε > 0,
there exists an n0(ε) > 0 such that if n ≥ n0(ε), then ν(0) ∈ Vδ(ε)(µ(tn)) and
ρ∗(σ(tn)w, v) < δ(ε), where δ(ε) is the one for Property (A), which implies

ν(t) ∈ Vε(µ(t+ tn)) for t ≥ 0.

Thus µ(t) satisfies Property (L) and hence it is asymptotically almost periodic.
Next, suppose that µ(t) is asymptotically almost periodic, but does not have

Property (A). Then there exists an ε > 0 and sequences (νn, vn) ∈ Ωσ(µ,w), τn ≥ 0
and tn > 0 such that

νn(tn) ∈ ∂Vε(µ(tn + τn)), (3.1)

νn(0) ∈ V1/n(µ(τn)) (3.2)

and

ρ∗(vn, σ(τn)w) <
1
n
, (3.3)

where ∂Vε is the boundary of Vε. We can assume that for a function ν(t)

d(νn(t), ν(t)) → 0 uniformly on R as n→∞, (3.4)

because νn ∈ Ω(µ) and µ(t) is asymptotically almost periodic.
First, we shall show that τn →∞ as n→∞. Suppose not. Then we may assume

that for a constant τ ≥ 0, τn → τ as n→∞. Since

ρ∗(σ(τ)w, vn) ≤ ρ∗(σ(τ)w, σ(τn)w) + ρ∗(σ(τn)w, vn),

we have by (3.3)
ρ∗(σ(τ)w, vn) → 0 as n→∞.

Here we note that since

w(t, s+ τ, ν(s)) = (σ(τ)w)(t, s, ν(s))
= lim

n→∞
vn(t, s, νn(s))

= lim
n→∞

νn(t+ s) = ν(t+ s),

we have w(t, s+ τ, ν(s)) = ν(s+ t). Since

d(µ(τ), ν(0)) ≤ d(µ(τ), µ(τn)) + d(µ(τn), νn(0)) + d(νn(0), ν(0))

and
d(µ(τ), µ(τn)) → 0 as n→∞,
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it follows from (3.2) and (3.4) that d(µ(τ), ν(0)) = 0. Then µ(t+τ) = w(t, τ, µ(τ)) =
w(t, τ, ν(0)) = ν(t) for all t ∈ R+. In particular,

d(µ(tn + τ), ν(tn)) = 0 for all n. (3.5)

On the other hand, for sufficiently large n we get

d(µ(tn + τ), ν(tn)) ≥ d(µ(tn + τn), νn(tn))− d(µ(tn + τn), µ(tn + τ))
−d(νn(tn), ν(tn))

≥ ε− ε

4
− ε

4
by (3.1), (3.4) and the uniform continuity of µ(t) on R+. This contradicts (3.5).

By virtue of the sequential compactness of Hσ(w) and the asymptotic almost
periodicity of µ(t), we can assume that

(µτn , σ(τn)w) → (η, v) compactly on R (3.6)

for some (η, v) ∈ Ωσ(µ,w). Since

d(η(0), ν(0)) ≤ d(η(0), µ(τn)) + d(µ(τn), νn(0)) + d(νn(0), ν(0)),

(3.2), (3.4) and (3.6) imply η(0) = ν(0), and therefore

η(t) = v(t, 0, η(0)) = v(t, 0, ν(0))
= lim

n→∞
(σ(τn)w)(t, 0, νn(0))

= lim
n→∞

vn(t, 0, νn(0))

= lim
n→∞

νn(t) = ν(t)

by (3.3), (3.4) and (3.6). Hence we have

d(µ(τn + t), νn(t)) ≤ d(µ(τn + t), η(t)) + d(ν(t), νn(t))
< ε

for all sufficiently large n, which contradicts (3.1). This completes the proof of
Theorem 3.3.

The following theorem is an extension of the well known result (cf., [231, Theo-
rem 16.1]) for X = Rn to the case of dimX = ∞.

Theorem 3.4 If the integral µ(t) on R+ of the almost periodic process w is asymp-
totically almost periodic, then there exists an almost periodic integral of the process
w.

Proof. Since w(t, s, x) is an almost periodic process, there exsits a sequence
{tn}, tn → ∞ as n → ∞, such that (σ(tn)w)(t, s, x) → w(t, s, x) as n → ∞ uni-
formly with respect to t, x in bounded sets and s ∈ R. The integral µ(t) has the
decomposition µ(t) = φ(t) + ψ(t), where φ(t) is almost periodic and ψ(t) → 0 as
t → ∞. Hence we may assume φ(t + tn) → φ∗(t) as n → ∞ uniformly on t ∈ R,
where we note φ∗(t) is almost periodic. Since (φ∗, w) ∈ Ωσ(µ,w), φ∗(t) is an almost
periodic integral of w.
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3.2.2. Uniform Asymptotic Stability and Existence of Almost Periodic
Integrals

We shall show the existence of an almost periodic integral under the assumption of
uniform asymptotic stability.

Lemma 3.1 Let T > 0. Then for any ε > 0, there exists a δ(ε) > 0 with the
property that d(µ(s), φ(0)) < δ(ε) and ρ∗(σ(s)w, v) < δ(ε) imply φ(t) ∈ Vε(µ(s+ t))
for t ∈ [0, T ], whenever s ∈ R+ and (φ, v) ∈ Ωσ(µ,w).

Proof. Suppose the contrary. Then, for some ε > 0 there exists sequences
{sn}, sn ∈ R+, {τn}, 0 < τn < T , and (φn, vn) ∈ Ωσ(µ,w) such that

ρ∗(σ(sn)w, vn) <
1
n
,

φn(0) ∈ V1/n(µ(sn)),

φn(t) ∈ Vε(µ(sn + t)) for t ∈ [0, τn)

and
φn(τn) ∈ ∂Vε(µ(sn + τn)).

Since τn ∈ [0, T ], we can assume that τn converges to a τ ∈ [0, T ] as n → ∞.
Since Ωσ(µ,w) is compact, we may assume (φn, vn) → (φ, v) ∈ Ωσ(µ,w) and
(µsn , σ(sn)w) → (η, v) ∈ Ωσ(µ,w) as n→∞, respectively. Then φ(τ) ∈ ∂Vε(η(τ)).
On the other hand, since φ(0) = η(0), we get φ(t) = η(t) on R+ by (p2). This is a
contradiction.

Theorem 3.5 Suppose that w is an almost periodic process on X , and let µ(t) be
an integral on R+ of w such that the set O+(µ) is relatively compact in X . If the
integral µ(t) is UAS, then it has Property (A). Consequently, it is asymptotically
almost periodic.

Proof. Suppose that µ(t) has not Property (A). Then there are sequences
{tn}, tn ≥ 0, {rn}, rn > 0, (φn, vn) ∈ Ωσ(µ,w) and a constant δ1, 0 < δ1 < δ0/2,
such that

φn(0) ∈ V1/n(µ(tn)) and ρ∗(vn, σ(tn)w) <
1
n

(3.7)

and

φn(rn) ∈ ∂Vδ1(µ(tn + rn)) and φn(t) ∈ Vδ1(µ(t+ tn)) on [0, rn), (3.8)

where δ0 is the one given for the UAS of µ(t). By Theorem 3.2, µ(t) is UAS in
Ωσ(w). Let δ(·) be the one given for US of µ(t) in Ωσ(w). There exists a sequence
{qn}, 0 < qn < rn, such that

φn(qn) ∈ ∂Vδ(δ1/2)/2(µ(tn + qn)) (3.9)
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and

φn(t) ∈ Vδ1(µ(t+ tn)) \ Vδ(δ1/2)/2(µ(t+ tn)) on [qn, rn], (3.10)

for a large n by (3.7) and (3.8). Suppose that there exists a subsequence of {qn},
which we shall denote by {qn} again, such that qn converges some q ∈ R+. It follows
from (3.7) that there exists an n0 > 0 such that for any n ≥ n0, q+1 ≥ qn ≥ 0 and
φn(t) ∈ Vδ(δ1/2)/4(µ(tn + t)) for t ∈ [0, q + 1] by Lemma 3.1, which contraicts (3.9).
Therefore, we can see that qn →∞ as n→∞.

Put pn = rn − qn and suppose that pn → ∞ as n → ∞. Set sn = qn + (pn/2).
By (3.7) and the compactness of Ωσ(µ,w), we may assume that ((φn)sn , σ(sn)vn)
and (µtn+sn , σ(tn + sn)w) tend to some (φ, v) and (η, v) ∈ Ωσ(µ,w) compactly on
R as n → ∞, respectively. For any fixed t > 0, one can take an n1 > 0 such that
for every n ≥ n1, rn − sn = pn/2 > t, because pn → ∞ as n → ∞. Therefore for
n ≥ n1, we have qn < t+ sn < rn, and

φn(t+ sn) /∈ Vδ(δ1/2)/2(µ(t+ tn + sn)) (3.11)

by (3.10). There exists an n2 ≥ n1 such that for every n ≥ n2

φn(t+ sn) ∈ Vδ(δ1/2)/8(φ(t)) and η(t) ∈ Vδ(δ1/2)/8(µ(t+ tn + sn)). (3.12)

It follows from (3.11) and (3.12) that for every n ≥ n2,

d(φ(t), η(t)) ≥ d(φn(t+ sn), µ(t+ tn + sn))− d(µ(t+ tn + sn), η(t))
−d(φn(t+ sn), φ(t))

≥ δ(δ1/2)/4. (3.13)

However, since η(0) ∈ Vδ0/2(φ(0)), the UAS of µ(t) in Ωσ(w) implies d(φ(t), η(t)) →
0 as t→∞, which contradicts (3.13).

Now we may assume that pn converges to some p ∈ R+ as n → ∞, and that
0 ≤ pn < p + 1 for all n. Moreover, we may assume that ((φn)qn , σ(qn)vn) and
(µtn+qn , σ(tn+qn)w) tend to some (ψ, u), (ν, u) ∈ Ωσ(µ,w) as n→∞, respectively.
Since d(ψ(0), ν(0)) = δ(δ1/2)/2 by (3.9), we have ψ(p) ∈ Vδ1/2(ν(p)). However,
we have a contradiction by (3.8), because d(ψ(p), ν(p)) ≥ d(µ(tn + rn), φn(rn)) −
d(ψ(p), φn(qn+p))−d(φn(qn+pn), φn(qn+p))−d(φn(qn+pn), φn(rn))−d(µ(tn+
rn), ν(pn))− d(ν(pn), ν(p)) ≥ δ1/2 for all large n. Thus the integral µ(t) must have
Property (A).

3.2.3. Separation Condition and Existence of Almost Periodic Integrals

We shall establish an existence theorem of almost periodic integrals under a sepa-
ration condition. When (ν, v) ∈ Ωσ(µ,w), we often write ν ∈ Ωv(µ).

Definition 3.3 Ωσ(µ,w) is said to satisfy a separation condition if for any v ∈
Ωσ(w), Ωv(µ) is a finite set and if φ and ψ, φ, ψ ∈ Ωv(µ), are distinct integrals of
v, then there exists a constant λ(v, φ, ψ) > 0 such that

d(φ(t), ψ(t)) ≥ λ(v, φ, ψ) for all t ∈ R.
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To make expressions simple, we shall use the following notations. For a sequence
{αk}, we shall denote it by α and β ⊂ α means that β is a subsequence of α. For
α = {αk} and β = {βk}, α+ β will denote the sequence {αk + βk}. Moreover, Lαx
will denote limk→∞ x(t+ αk), whenever α = {αk} and limit exists for each t.

Lemma 3.2 Suppose that Ωσ(µ,w) satisfies the separation condition. Then one can
choose a number λ0 independent of v ∈ Ωσ(w), φ and ψ for which d(φ(t), ψ(t)) ≥ λ0

for all t ∈ R. The number λ0 is called the separation constant for Ωσ(µ,w).

Proof. Obviously, we can assume that the number λ(v, φ, ψ) is independent of φ
and ψ. Let v1 and v2 are in Ωσ(w). Then there exists a sequence r′ = {r′k} such
that

v2(t, s, x) = lim
k→∞

(σ(r′k)v1)(t, s, x)

uniformly on R+ × S for any bounded set S in R+ × X , that is, Lr′v1 = v2
uniformly on R+ × S for any bounded set S in R × X . Let φ1(t) and φ2(t) be
integrals in Ωv1(µ). There exist a subsequence r ⊂ r′, (ψ1, v2) ∈ Hσ(φ1, v1) and
(ψ2, v2) ∈ Hσ(φ2, v1) such that Lrφ1 = ψ1 and Lrφ

2 = ψ2 in X compactly on R.
Since Hσ(φi, v1) ⊂ Ωσ(µ,w), i = 1, 2, ψ1 and ψ2 also are in Ωv2(µ). Let φ1 and φ2

be distinct integrals. Then

inf
t∈bfR

d(φ1(t+ rk), φ2(t+ rk)) = inf
t∈bfR

d(φ1(t), φ2(t)) = α12 > 0,

and hence

inf
t∈bfR

d(ψ1(t), ψ2(t)) = β12 ≥ α12 > 0, (3.14)

which means that ψ1 and ψ2 are distinct integrals of the process v2(t, s, x). Let
p1 ≥ 1 and p2 ≥ 1 be the numbers of distinct integrals of processes v1(t, s, x) and
v2(t, s, x), respectively. Clearly, p1 ≤ p2. In the same way, we have p2 ≤ p1 =: p.

Now, let α = min{αik : i, k = 1, 2, · · · , p, i 6= k} and β = min{βjm : j,m =
1, 2, · · · , p, j 6= m}. By (3.14), we have α ≤ β. In the same way, we have α ≥ β.
Therfore α = β, and we may set λ0 = α = β.

Theorem 3.6 Assume that µ(t) is an integral on R+ of the almost periodic process
w such that the set O+(µ) is relatively compact in X , and suppose that Ωσ(µ,w)
satisfies the separation condition. Then µ(t) has Property (A). Consequently, µ(t)
is asymptotically almost periodic.

Proof. Suppose that µ(t) has not Property (A). Then there exists an ε > 0 and
sequences (φk, vk) ∈ Ωσ(µ,w), τk ≥ 0 and tk ≥ 0 such that

d(µ(tk + τk), φk(tk)) = ε(< λ0/2), (3.15)

d(µ(τk), φk(0)) = 1/k (3.16)
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and

ρ∗(σ(τk)w, vk) = 1/k, (3.17)

where λ0 is the separation constant for Ωσ(µ,w).
First, we shall show that tk+τk →∞ as k →∞. Suppose not. Then there exists

a subsequence of {τk}, which we shall denote by {τk} again, and a constant τ ≥ 0
and that τk → τ as k →∞. Since

ρ∗(σ(τ)w, vk) ≤ ρ∗(σ(τ)w, σ(τk)w) + ρ∗(σ(τk)w, vk),

(3.17) implies that

ρ∗(σ(τ)w, vk) → 0 as k →∞. (3.18)

Moreover, we can assume that

(φk, vk) → (φ, v) compactly on R

for some (φ, v) ∈ Ωσ(µ,w). From (3.18), it follows that v = σ(τ)w. Since

d(µ(τ), φ(0)) ≤ d(µ(τ), µ(τk)) + d(µ(τk), φk(0)) + d(φk(0), φ(0)) → 0

as k →∞ by (3.16), we get µ(τ) = φ(0), and hence

µ(t+ τ) = (σ(τ)w)(t, 0, µ(τ)) = (σ(τ)w)(t, 0, φ(0)) = v(t, 0, φ(0)) = φ(t).

However, we have d(µ(tk + τk), φ(tk)) ≥ ε/2 for a sufficiently large k by (3.15),
because

d(µ(tk + τk), φk(tk)) ≥ d(µ(tk + τk), φk(tk))− d(φk(tk), φ(tk)).

This is a contradiction. Thus we must have tk + τk →∞ as k →∞.
Now, set qk = tk + τk and νk(t) = φk(tk + t). Then

(µqk , σ(qk)w) ∈ Hσ(µ,w) and (νk, σ(tk)vk) ∈ Ωσ(µ,w),

respectively. We may assume that (µqk , σ(qk)w) → (µ̄, w̄) compactly on R for some
(µ̄, w̄) ∈ Ωσ(µ,w), because qk →∞ as k →∞. Since

ρ∗(w̄, σ(tk)vk) ≤ ρ∗(w̄, σ(qk)w) + ρ∗(σ(qk)w, σ(tk)vk)
= ρ∗(w̄, σ(qk)w) + ρ∗(σ(τk)w, vk),

we see that ρ∗(w̄, σ(tk)vk) → 0 as k → ∞ by (3.17). Hence, we can choose a
subsequence {νkj} of {νk} and a ν̄ ∈ Ωw̄(µ) such that

(νkj , σ(tkj
)vkj ) → (ν̄, w̄) compactly on R.

Since



CHAPTER 3. STABILITY METHODS 175

lim
j→∞

{d(µ(tkj
+ τkj

), φkj (tkj
))− d(νkj (0), ν̄(0))− d(µ̄(0), µ(qkj

))}

≤ d(µ̄(0), ν̄(0))
≤ lim

j→∞
{d(µ(tkj + τkj ), φ

kj (tkj )) + d(νkj (0), ν̄(0)) + d(µ̄(0), µ(qkj ))},

it follows from (3.15) that d(µ̄(0), ν̄(0)) = ε, which contradicts the separation con-
dition of Ωσ(µ,w).

If for any v ∈ Ωσ(w), Ωv(µ) consists of only one element, then Ωσ(µ,w) clearly
satisfies the separation condition. Thus, the following result (cf.[54]) is an immediate
consequence of Theorems 3.4 and 3.6.

Corollary 3.1 If for any v ∈ Ωσ(w), Ωv(µ) consists of only one element, then
there exists an almost periodic integral of the process w.

3.2.4. Relationship between the Uniform Asymptotic Stability and the
Separation Condition

Theorem 3.7 Assume that µ(t) is an integral on R+ of the almost periodic process
w such that the set O+(µ) is relatively compact in X . Then the following statements
are equivalent:

i) Ωσ(µ,w) satisfies the separation condition;

ii) there exists a number δ0 > 0 with the property that for any ε > 0 there
exists a t0(ε) > 0 such that d(φ(s), ψ(s)) < δ0 implies d(φ(t), ψ(t)) < ε for
t ≥ s+ t0(ε), whenever s ∈ R, v ∈ Ωσ(w) and φ, ψ ∈ Ωv(µ).

Consequently, the UAS of the integral µ(t) on R+ implies the separation condition
on Ωσ(µ,w).

Proof. If we set δ0 = λ0, then Claim i) clearly implies Claim ii).
We shall show that Claim ii) implies Claim i). First of all, we shall verify that

any distinct integrals φ(t), ψ(t) in Ωv(µ), v ∈ Ωσ(w), satisfy

lim inf
t→−∞

d(φ(t), ψ(t)) ≥ δ0. (3.19)

Suppose not. Then for some v ∈ Ωσ(w), there exists two distinct integrals φ(t) and
ψ(t) in Ωv(µ) which satisfy

lim inf
t→−∞

d(φ(t), ψ(t)) < δ0. (3.20)

Since φ(t) and ψ(t) are distinct integrals, we have d(φ(s), ψ(s)) = ε at some s and for
some ε > 0. Then there is a t1 such that t1 < s − t0(ε/2) and d(φ(t1), ψ(t1)) < δ0
by (3.20). Then d(φ(s), ψ(s)) < ε/2, which contradicts d(φ(s), ψ(s)) = ε. Thus
we have (3.19). Since O+(µ) is compact, there are a finite number of coverings
which consists of m0 balls with diameter δ0/4. We shall show that the number of
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integrals in Ωv(µ) is at most m0. Suppose not. Then there are m0 + 1 integrals in
Ωv(µ), φj(t), j = 1, 2, · · · ,m0 + 1, and a t2 such that

d(φj(t2), φi(t2)) ≥ δ0/2 for i 6= j, (3.21)

by (3.19). Since φj(t2), j = 1, 2, · · · ,m0 + 1, are in O+(µ), some of these integrals,
say φi(t), φj(t)(i 6= j), are in one ball at time t2, and hence d(φj(t2), φi(t2)) < δ0/4,
which contradicts (3.21). Therefore the number of integrals in Ωv(µ) is m ≤ m0.
Thus

Ωv(µ) = {φ1(t), φ2(t), · · · , φm(t)} (3.22)

and

lim inf
t→−∞

d(φj(t), φi(t)) ≥ δ0, i 6= j. (3.23)

Consider a sequence {τk} such that τk → −∞ as k →∞ and ρ∗(σ(τk)v, v) → 0
as k → ∞. For each j = 1, 2, · · · ,m, set φj,k(t) = φj(t+ τk). Since (φj,k, σ(τk)v) ∈
Hσ(φj , v), we can assume that

(φj,k, σ(τk)v) → (ψj , v) compactly on R

for some (ψj , v) ∈ Hσ(φj , v) ⊂ Ωσ(µ,w). Then it follows from (3.23) that

d(ψj(t), ψi(t)) ≥ δ0, for all t ∈ R and i 6= j. (3.24)

Since the number of integrals in Ωv(µ) is m, Ωv(µ) consists of ψ1(t), ψ2(t), · · ·, ψm(t)
and we have (3.24). This shows that Ωσ(µ,w) satisfies the separation condition.

3.2.5. Existence of an Almost Periodic Integral of Almost Quasi- Pro-
cesses

By using the same arguments as in the proof of Theorem 3.3, we can see that µ(t)
on R+ of the quasi-process w is asymptotically almost periodic if and only if it has
Property (A). Hence we have the following theorem by using the same arguments
as in the proof of Theorem 3.5, if O+(µ) is contained in Y.

Theorem 3.8 Let Y be a nonempty closed set in X . Suppose that w is an almost
periodic quasi-process on X , and let µ(t) be an integral on R+ of w such that the set
O+(µ) is contained in Y and relatively compact in X . If the integral µ(t) is Y-UAS,
then it has Property (A). Consequently, it is asymptotically almost periodic.

3.3. PROCESSES AND QUASI-PROCESSES GENERATED BY AB-
STRACT FUNCTIONAL DIFFERENTIAL EQUATIONS

3.3.1. Abstract Functional Differential Equations with Infinite Delay

We shall treat abstract functional differential equations on a fading memory space
(resp. uniform fading memory space) and show that quasi-processes (resp. processes)
are naturally generated by functional differential equations.
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We first explain some notation and convention employed throughout this section.
Let X be a Banach space with norm ‖ · ‖X. For any interval J ⊂ R, we denote
by BC(J ;X) the space of all bounded and continuous functions mapping J into
X. Clearly BC(J ;X) is a Banach space with the norm ‖ · ‖BC(J;X) defined by
‖φ‖BC(J;X) = sup{‖φ(t)‖X : t ∈ J}. If J = R−,R− = (−∞, 0], then we simply
write BC(J ;X) and ‖ · ‖BC(J;X) as BC and ‖ · ‖BC, respectively. For any function
u : (−∞, a) 7→ X and t < a, we define a function ut : R− 7→ X by ut(s) = u(t+ s)
for s ∈ R−. Let B = B(R−;X) be a real Banach space of functions mapping R−

into X with a norm ‖ · ‖B. The space B is assumed to have the following properties:

(A1) There exist a positive constant N and locally bounded functions K(·) and
M(·) on R+ with the property that if u : (−∞, a) 7→ X is continuous on [σ, a)
with uσ ∈ B for some σ < a, then for all t ∈ [σ, a),

(i) ut ∈ B,

(ii) ut is continuous in t (w.r.t. ‖ · ‖B),

(iii) N‖u(t)‖X ≤ ‖ut‖B ≤ K(t− σ) supσ≤s≤t ‖u(s)‖X +M(t− σ)‖uσ‖B.

(A2) If {φn} is a sequence in B∩BC converging to a function φ compactly on R−

and supn ‖φn‖BC <∞, then φ ∈ B and ‖φn − φ‖B → 0 as n→∞.

It is known [107, Proposition 7.1.1] that the space B contains BC and that there
is a constant J > 0 such that

‖φ‖B ≤ J‖φ‖BC, φ ∈ BC. (3.25)

Set B0 = {φ ∈ B : φ(0) = 0} and define an operator S0(t) : B0 7→ B0 by

[S0(t)φ](s) =

 φ(t+ s) if t+ s ≤ 0,

0 if t+ s > 0

for each t ≥ 0. In virtue of (A1), one can see that the family {S0(t)}t≥0 is a strongly
continuous semigroup of bounded linear operators on B0. We consider the following
properties:

(A3) lim
t→∞

‖S0(t)φ‖B = 0, φ ∈ B0.

(A3’) lim
t→∞

‖S0(t)‖ = 0.

Here and hereafter, we denote by ‖·‖ the operator norm of linear bounded operators.
The space B is called a fading memory space (resp. a uniform fading memory space),
if it satisfies (A3) (resp. (A3’)) in addition to (A1) and (A2). It is obvious that
B is a fading memory space whenever it is a uniform fading memory space. It
is known [107, Proposition 7.1.5] that the functions K(·) and M(·) in (A1) can
be chosen as K(t) ≡ J and M(t) ≡ (1 + (J/N))‖S0(t)‖. Note that (A3) implies
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supt≥0 ‖S0(t)‖ < ∞ by the Banach-Steinhaus theorem. Therefore, whenever B is
a fading memory space, we can assume that the functions K(·) and M(·) in (A1)
satisfy K(·) ≡ K and M(·) ≡M, constants.

We provide a typical example of fading memory spaces. Let g : R− 7→ [1,∞)
be any continuous, nonincreasing function such that g(0) = 1 and g(s) → ∞ as
s→ −∞. We set

C0
g := C0

g (X) = {φ ∈ C(R−,X), lim
s→−∞

‖φ(s)‖X/g(s) = 0}.

Then the space C0
g equipped with the norm

‖φ‖g = sup
s≤0

‖φ(s)‖X
g(s)

, φ ∈ C0
g ,

is a separable Banach space and it satisfies (A1)–(A3). Moreover, one can see that
(A3’) holds if and only if sup{g(s + t)/g(s) : s ≤ −t} → 0 as t → ∞. Therefore,
if g(s) ≡ e−s, then the space C0

g is a uniform fading memory space. On the other
hand, if g(s) = 1 + ‖s‖k for some k > 0, then the space C0

g is a fading memory
space, but not a uniform fading memory space.

Throughout the remainder of this section, we assume that B is a fading memory
space or a uniform fading memory space which is separable.

Now we consider the following functional differential equation

du

dt
= Au(t) + F (t, ut), (3.26)

where A is the infinitesimal generator of a compact semigroup {T (t)}t≥0 of bounded
linear operators on X and F (t, φ) ∈ C(R+ × B;X). In what follows, we shall show
that (3.26) generates a quasi-process on an appropriate space under some conditions
and deduce equivalence relationships between some stability properties of (3.26) and
those of its limiting equations as an application of Theorem 3.1.

We assume the following conditions on F :

(H1) F (t, φ) is uniformly continuous on R+ ×K for any compact set K in B, and
{F (t, φ) | t ∈ R+} is a relative compact subset of X for each φ ∈ B.

(H2) For any H > 0, there is an L(H) > 0 such that ‖F (t, φ)‖X ≤ L(H) for all
t ∈ R+ and φ ∈ B such that ‖φ‖B ≤ H.

For τ ∈ R+, we denote the τ -translation F τ of F (t, φ) by

F τ (t, φ) = F (t+ τ, φ), (t, φ) ∈ R+ × B.

Clearly, F τ is in C(R+ × B;X), too. Set

H(F ) = {F τ ; τ ∈ R+},
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where {F τ ; τ ∈ R+} denotes the closure of {F τ ; τ ∈ R+} in C(R × B;X). The
subspace H(F ) of C(R+×B;X) is called the hull of F . It is known [107, Proposition
8.1.3] thatH(F ) is metrizable. Clearly, the hullH(F ) is invariant with respect to the
τ -translation; that is, Gτ ∈ H(F ) whenever G ∈ H(F ) and τ ∈ R+. Moreover, from
(H1) and [107, Theorem 7.1.4] it follows thatH(F ) is a compact set in C(R+×B;X).
If G ∈ H(F ), one can choose a sequence {τn} ⊂ R+ so that F τn tends to G in
C(R+ ×B;X), that is, F (t+ τn, φ) → G(t, φ) compactly on R+ ×B. Assume (H1)
and (H2), and let {t′n} with t′n → ∞ as n → ∞. Then the family of functions
{F (t+ t′n, φ) : n = 1, 2, . . .} is equicontinuous on the set [−J, J ]×B for each J > 0.
Indeed, if (s0, φ0) ∈ [−J, J ] × B and δ := ‖s − s0‖ + ‖φ − φ0‖B is small, then
s0 + t′n ∈ R+ and s+ t′n ∈ R+ for sufficiently large n and

‖F (s+ t′n, φ)− F (s0 + t′n, φ0)‖X
≤ ‖F (s+ t′n, φ− φ0)‖X + ‖F (s+ t′n, φ0)− F (s0 + t′n, φ0)‖X
≤ Lδ + sup{‖F (t, φ0)− F (τ, φ0)‖X : t, τ ∈ R+, ‖t− τ‖ ≤ δ}

by (H2). Therefore the desired equicontinuity follows from (H1). For each (t, φ) ∈
R × B, the set {F (t + t′n, φ) : n ≥ n0} is relatively compact in X by (H1); here
n0 is a positive integer such that t′n + t ∈ R+ for n ≥ n0. Since B is separable,
by the Ascoli-Arzéla theorem and the diagonalization procedure, one can select a
subsequence of {F (t + t′n, φ) : n = 1, 2, . . .} which is uniformly convergent on any
compact subset on R × B. Hence there exist a subsequence {tn} ⊂ {t′n} and a
continuous function G : R× B 7→ X such that

F (t+ tn, φ) → G(t, φ) compactly on R× B. (3.27)

We denote by Ω(F ) the set of all functions H : R × B 7→ X for which one can
choose a sequence {tn} ⊂ R so that tn →∞ as n→∞ and F (t+ tn, φ) → G(t, φ)
compactly on R×B. Note that the conditions (H1) and (H2) are satisfied for G(t, φ)
as well as F (t, φ). We denote by Ω(F ) the set of all elements G in H(F ) for which
one can choose a sequence {τn} ⊂ R+ so that {τn} → ∞ as n→∞ and F τn → G
in C(R× B;X). If G ∈ H(F ), the system

du

dt
= Au(t) +G(t, ut) t ∈ R+, (3.28)

is called an equation in the hull of System (3.26). In particular, if G ∈ Ω(F ), then
it is called a limiting equation of (3.26).

Under the conditions (H1) and (H2), it is known that for any (σ, φ) ∈ R+ × B,
there exists a function u ∈ C((−∞, t1);X) such that uσ = φ and the following
relation holds:

u(t) = T (t− σ)φ(0) +
∫ t

σ

T (t− s)G(s, us)ds, σ ≤ t ≤ t1,

(cf. [91, Theorem 1]). The function u is called the (mild) solution of (3.28) through
(σ, φ) defined on [σ, t1] and denoted by u(t) := u(t, σ, φ,G). In the above, t1 can be
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taken as t1 = ∞ if supt≤t1 ‖u(t)‖X < ∞ (cf. [91, Corollary 2]). In the following,
we always assume that (3.26) is regular, that is, the following condition is satisfied,
too:

(H3) For any G ∈ H(F ) and (σ, φ) ∈ R+ × B, Equation (3.28) has a unique
solution through (σ, φ) which exists for all t ≥ σ.

3.3.2. Processes and Quasi-Processes Generated by Abstract Func-
tional Differential Equations with Infinite Delay

Consider a mapping Φ : R+ ×R+ × B ×H(F ) 7→ B defined by

Φ(t, s, φ,G) = ut+s(s, φ,G) ∈ B, (t, s, φ,G) ∈ R+ ×R+ × B ×H(F ).

Proposition 3.1 Assume that B is a fading memory space and that conditions
(H1)–(H3) are hold. Then the mapping Φ is continuous.

Proof. Assume that the mapping Φ is not continuous. Then there exist an
ε > 0, (t0, s0, φ0, G) ∈ R+ × R+ × B × H(F ) and sequences {tk} ⊂ R+, {sk} ⊂
R+, {φk} ⊂ B and {Gk} ⊂ H(F ) such that (tk, sk, φk, Gk) → (t0, s0, φ0, G) and
|Φ(tk, sk, φk, Gk)− Φ(t0, s0, φ0, G)|B ≥ 3ε for k ∈ N (N denotes the set of all posi-
tive integers). Since Φ(t, s0, φ0, G) ∈ B is continuous in t ∈ R+ by (A1–ii), we may
assume that |xktk − xtk |B ≥ 2ε for all k ∈ N, where x(t) = u(t + s0, s0, φ

0, G) and
xk(t) = u(t + sk, sk, φ

k, Gk) for k ∈ N. There exist γ > 0, σk and τk, 0 < σk <
τk ≤ tk, such that γ < min{ε/(1 +M), Nε/K},

‖xkσk
− xσk

‖B = γ, ‖xkτk
− xτk

‖B = 2ε,

‖xkt − xt‖B < γ (0 ≤ t < σk)

and
‖xkt − xt‖B < 2ε (0 ≤ t < τk)

for k ∈ N; here the functions M(·) and K(·) in (A1) may be chosen as positive
constants M and K, respectively, because B is a fading memory space. By choosing
a subsequence if necessarily, we may assume that σk → σ0 ∈ [0, t0]. We claim that

σ0 > 0. (3.29)

Indeed, if (3.29) is false, then we have, for any 0 ≤ t ≤ min{σk, 1},

‖xk(t)− x(t)‖X = |T (t)xk(0) +
∫ t

0

T (t− τ)Gk(sk + τ, xkτ )dτ

−T (t)x(0)−
∫ t

0

T (t− τ)G(s0 + τ, xτ )dτ |X

≤ C1{(1/N)|φk − φ0|B + 2
∫ t

0

L(H)dτ},
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where H = sup{|xt|B, |xkt |B : 0 ≤ t ≤ τk, k ∈ N} and C1 = sup0≤s≤1 ||T (s)||; hence

γ = |xkσk
− xσk

|B
≤ K sup

0≤t≤σk

|xk(t)− x(t)|X +M |φk − φ0|B

≤ KC1{(1/N)|φk − φ0|B + 2σkL(H)}+M |φk − φ0|B → 0

as k →∞, a contradiction.
Next we prove that the set O := {xk(t) : 0 ≤ t ≤ τk, k ∈ N} is relatively

compact in X. To do this, we consider the sets Oη = {xk(t) : η ≤ t ≤ τk, k ∈ N}
and Õη = {xk(t) : 0 ≤ t ≤ η, k ∈ N} for any η > 0 such that η < infk τk. Then
α(O) = max{α(Oη), α(Õη)}, where α(·) is Kuratowski’s measure of noncompact-
ness of sets in X. For the details of the properties of α(·), see [133, Section 1.4]. Let
0 < ν < min{1, η}. Since xk(t) is a mild solution of du

dt = Au(t) + Gk(t + sk, ut)
through (0, φk), we get

xk(t) = T (t)φk(0) +
∫ t

0

T (t− s)hk(s)ds

= T (η)[T (t− η)φk(0) +
∫ t−η

0

T (t− η − s)hk(s)ds] +

+
∫ t

t−η
T (t− s)hk(s)ds

= T (η)xk(t− η) + T (ν)
∫ t−ν

t−η
T (t− s− ν)hk(s)ds+

+
∫ t

t−ν
T (t− s)hk(s)ds

for t ≥ η, where hk(t) = Gk(t + sk, x
k
t ). The set {

∫ t−ν
t−η T (t − s − ν)hk(s)ds : η ≤

t ≤ τk, k ∈ N} is bounded in X, and hence T (ν){
∫ t−ν
t−η T (t − s − ν)hk(s)ds : η ≤

t ≤ τk, k ∈ N} is relatively compact in X by the compactness of the semigroup
{T (t)}t≥0. Similarly, one can get the relative compactness of the set T (η){xk(t−η) :
η ≤ t ≤ τk, k ∈ N}. Since

α(Oη) = α({
∫ t

t−ν
T (t− s)hk(s)ds : η ≤ t ≤ τk, k ∈ N})

≤ C1L(H)ν,

letting ν → 0 in the above, we get α(Oη) = 0. Hence

α(O) = α(Õη) = α({T (t)φk(0) +
∫ t

0

T (t− s)hk(s)ds : 0 ≤ t ≤ η, k ∈ N})

= α({
∫ t

0

T (t− s)hk(s)ds : 0 ≤ t ≤ η, k ∈ N})

≤ C1L(H)η
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for all 0 < η < infk τk, which shows α(O) = 0; consequently, O must be relatively
compact in X.

Since the set {xk(σk), x(σk) : k ∈ N} is relatively compact in X, |[T (t− σk)−
I](xk(σk) − x(σk))|X → 0 as |t − σk| → 0. Therefore, repeating almost the same
arguments as in the proof of (3.29), we obtain inf{τk − σk : k ∈ N} =: 2a > 0,
because of the inequality |xkτk

−xτk
|B ≤ K supσk≤t≤τk

|xk(t)−x(t)|X+M |xkσk
−xσk

|B
or ε < K supσk≤t≤τk

|xk(t)−x(t)|X. Noting that |xk(t)−xk(s)|X ≤ sup{|T (t−s)z−
z|X : z ∈ O}+ C1L(H)|t− s| when 0 ≤ s ≤ t ≤ σ0 + a and t ≤ s+ 1, we have that
xk(t) is equicontinuous on [0, σ0+a]. Hence, one may assume that xk(t) converges to
some continuous function y(t) uniformly on [0, t0 + a] as k →∞. Putting y0 = φ0,
we have xkt → yt in B uniformly on [0, σ0 + a], because of xk0 = φk → φ0 in B.
Letting k →∞ in the relation

xk(t) = T (t)φk(0) +
∫ t

0

T (t− τ)Gk(sk + τ, xkτ )dτ

for t ∈ [0, σk + a], we have

y(t) = T (t)y(0) +
∫ t

0

T (t− τ)G(s0 + τ, yτ )dτ

for t ∈ [0, σ0 + (a/2)]; hence y(t− s0) ≡ u(t, s0, φ0, G) = x(t− s0) on [s0, s0 + σ0 +
(a/2)] by (H3). Consequently |yσ0 − xσ0 |B = 0. This is a contradiction, because we
must get |yσ0 − xσ0 |B = γ by letting k → ∞ in |xkσk

− xσk
|B = γ. This completes

the proof of the proposition.

Now we take X = Y = B and consider a function wGB : R+ × R+ × B 7→ B
defined by

wGB (t, s, φ) = ut+s(s, φ,G), (t, s, φ) ∈ R+ ×R+ × B.

By virtue of (H3), we see that the mapping wGB satisfies (p1) and (p2) with X = B.
Moreover from Proposition 3.1 it follows that wGB satisfies (p3). Thus the mapping
wGB is a B-quasi-process on B. In fact, wGB is precisely a process on B in a sense of
[53], [54], [77], [78]. We call wGB a process on B generated by (3.28).

Now we consider the process wFB on B generated by (3.26). (H3) yields the
relation u(t+ τ, s+ τ, φ, F ) = u(t, s, φ, F τ ) for t ∈ R and (s, τ, φ) ∈ R+ ×R+ ×B.
Hence (σ(τ)wFB )(t, s, φ) = wFB (t, τ + s, φ) = ut+τ+s(τ + s, φ, F ) = ut+s(s, φ, F τ ) =
wF

τ

B (t, s, φ) for (t, s, φ) ∈ R+ ×R+ × B; in other words,

σ(τ)wFB ≡ wF
τ

B .

Therefore Hσ(wFB ) = {wGB : G ∈ H(F )} and Ωσ(wFB ) = {wGB : G ∈ Ω(F )}. In par-
ticular, the process wFB satisfies the condition (p4). Moreover, we see that Hσ(wFB )
is sequentially compact and that a mapping πB(t) : B × Hσ(wFB ) 7→ B × Hσ(wFB )
defined by

πB(t)(φ,wGB ) = (ut(0, φ,G), σ(t)wGB ), (φ,wGB ) ∈ B ×Hσ(wFB ),

satisfies the condition (p5), and hence πB(t) is the skew product flow of wFB .
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Lemma 3.3 The skew product flow πB(t) is B-strongly asymptotically smooth
whenever B is a uniform fading memory space.

Proof. Let B be any bounded closed set in B×Hσ(wFB ). Then there is an H > 0
such that B ⊂ BH ×Hσ(wFB ), where BH = {φ ∈ B : |φ|B ≤ H}. Let L := L(H) be
a constant in (H2), and set

Q1 = {
∫ 1

0

T (τ)h(τ)dτ : h ∈ BC([0, 1];X) with |h|BC([0,1];X) ≤ L}.

By the same reason as the one for the set O in the proof of Proposition 3.1, we see
that the set Q1 is relativly compact in X. Then there exists a compact set OB in
X satisfying

T (1)XH/N +Q1 ⊂ OB , (3.30)

where N is the constant in (A1), and XH/N = {x ∈ X : |x|X ≤ H/N}. Denote by
JB the set of all elements φ in BC with the property that φ(θ) ∈ OB for θ ∈ R−

and

|φ(t)− φ(s)|X ≤ sup{|T (t− s)z − z|X : z ∈ OB}+ C1L|t− s|

for all s, t satisfying s−1 ≤ t−1 ≤ s ≤ 0, where C1 = sup0≤s≤1 ||T (s)||. From (A2)
and Ascoli-Arzéla’s theorem, we see that JB is a compact set in B.

Now, let {tn} ⊂ R+ and {(φn, wGn

B )} ⊂ B be sequences with the property that

limn→∞tn = ∞ and πB(t)(φn, wGn

B ) = (ut(0, φn, Gn), w
Gt

n

B ) ∈ B for all t ∈ [0, tn].
We shall show that {πB(tn)(φn, wGn

B )} has a subsequence which approaches to the
compact set JB × Hσ(wFB ). We may assume that tn > 2 for n = 1, 2, · · · . Set
xn(t) = u(t, 0, φn, Gn), n = 1, 2, · · · . Since |xnt |B ≤ H for t ∈ [0, tn], we get

xn(t) = T (1)xn(t− 1) +
∫ t

t−1

T (t− s)Gn(s, xns )ds

= T (1)xn(t− 1) +
∫ 1

0

T (τ)hn,t(τ)dτ

for any t ∈ [1, tn], where hn,t(τ) = Gn(t − τ, xnt−τ ). Note that hn,t ∈ BC([0, 1];X)
with |hn,t|BC([0,1];X) ≤ L and that |xn(t − 1)|X ≤ (1/N)|xnt−1|B ≤ H/N . It follows
from (3.30) that the set {xn(t) : 1 ≤ t ≤ tn, n = 1, 2, · · ·} ⊂ OB . Moreover, if
1 ≤ s ≤ t ≤ tn and |t− s| ≤ 1, then

|xn(t)− xn(s)|X ≤ |T (t− s)xn(s)− xn(s)|X + |
∫ t

s

T (t− τ)Gn(τ, xnτ )dτ |X

≤ sup{|T (t− s)z − z|X : z ∈ OB}+ C1L|t− s|.

Therefore, if we consider a function yn defined by yn(t) = xn(t) if 1 ≤ t ≤ tn, and
yn(t) = xn(1) if t ≤ 1, then yntn ∈ JB . Observe that

utn(0, φn, Gn) = yntn + S0(tn − 1)[xn1 − xn(1)ξ],
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where ξ(θ) = 1 for θ ≤ 0. Since |xn1 − xn(1)ξ|B ≤ H + JH/N by (3.25), we get
|utn(0, φn, Gn) − yntn |B ≤ ||S0(tn − 1)||(1 + J/N)H → 0 as n → ∞, because B is a
uniform fading memory space. Thus {πB(tn)(φn, wGn

B )} approaches to the compact
set JB ×Hσ(wFB ).

Suppose the following condition:

(H4) Equation (3.26) has a bounded solution ū(t) defined on R+ such that ū0 ∈
BC.

A subset F of C(R+;X) is said to be uniformly equicontinuous on R+, if
sup{‖x(t + δ) − x(t)‖X : t ∈ R+, x ∈ F} → 0 as δ → 0+. For any set F in
C(R+;X) and any set S in B, we set

R(F) = {x(t) : t ∈ R+, x ∈ F}

W (S,F) = {x(·) : R 7→ X | x0 ∈ S, x|R+ ∈ F}

and
V (S,F) = {xt | t ∈ R+, x ∈W (S,F)}.

Lemma 3.4 Let B be a fading memory space. If S is a compact subset in B and if
F is a uniformly equicontinuous set in C(R+,X) such that the set R(F) is relatively
compact in X, then the set V (S,F) is relatively compact in B.

Proof. We shall prove that any sequence {xktk}, tk ≥ 0, xktk ∈ V (S,F), contains
a convergent subsequence. Taking a subsequence if necessary, we may assume that
tk → t0 ≤ ∞ and xk0 := φk → φ in S as k →∞, because S is compact. Let

xktk = yktk + S0(tk)ψk,

where

yk(s) =

{
xk(s) s ≥ 0

xk(0) s ≤ 0,

ψk = xk0 − xk(0)χ

and
χ(θ) = 1 θ ≤ 0.

Then ψk → ψ := φ − φ(0)χ in B as k → ∞. Clearly ξk := yktk lies in BC, and
the sequence {ξk} is equicontinuous on R−. Moreover, for each θ ≤ 0 the set
{ξk(θ) : k = 1, 2, . . .} is relatively compact in X, because it is contained in the set
R(F) which is relatively compact in X. By applying the Ascoli-Arzéla theorem and
(A2), we can assume that {ξk} is a convergent sequence in B. On the other hand,
since supt≥0 ‖S0(t)‖ <∞ , we have ‖S0(tk)ψk − S0(tk)ψ‖B ≤ supt≥0 ‖S0(t)‖‖ψk −
ψ‖B → 0 as k →∞. If t0 <∞, then S0(tk)ψ → S0(t0)ψ as k →∞, if t0 = ∞, then
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S0(tk)ψ → 0 as k → ∞ by (A3). As a result, {S0(tk)ψk} is a convergent sequence
in B. Therefore, the sequence {xktk} has the desired property.

By noting Lemma 3.4, for the solution ū(t) of (3.26) whose existence is assumed
in (H4), we have the following lemma by using the same arguments as in the proof
of Proposition 3.1.

Lemma 3.5 Oū,R+ := {ū(t) | 0 ≤ t} is compact in X, ū(t) is uniformly continuous
on R+ and Xū,R+ := {ūt | 0 ≤ t} is compact in B.

Therefore, for any sequence {τ ′n} ⊂ R+ one can choose a subsequence {τn} ⊂
{τ ′n}, v̄ ∈ C(R;X) and G ∈ H(F ) such that limn→∞ F τn = G in C(R+ × B;X)
and limn→∞ |ūt+τn − v̄t|B = 0 uniformlu on any compact set in R+, that is,

(ūτn , F τn) → (v̄, G) compactly.

Denote by H(ū, F ) the set of all (v̄, G) ∈ C(R;X)×H(F ) such that (ūτn , F τn) →
(v̄, G) compactly for some sequence {τn} ⊂ R+. In particular, we denote by Ω(ū, F )
the set of all elements (v̄, G) in H(ū, F ) for which one can choose a sequence {τn} ⊂
R+ so that limn→∞ τn = ∞ and (ūτn , F τn) → (v̄, G) compactly. We can easily see
that v̄ is a solution of (3.28) whenever (v̄, G) ∈ H(ū, F ).

For any function ξ : R 7→ X such that ξ0 ∈ B and ξ is continuous on R+, we
define a continuous function µξB : R+ 7→ B by the formula

µξB(t) = ξt, t ∈ R+.

It is clear that µūB is an integral of the process wFB on R+. Also, we getHσ(µūB, w
F
B ) =

{(µv̄B, wGB ) : (v̄, G) ∈ H(ū, F )} and Ωσ(µūB, w
F
B ) = {(µv̄B, wGB ) : (v̄, G) ∈ Ω(ū, F )}.

The B-stabilities for the solution ū(t) of (3.26) is defined via those of the integral
µūB of the process wFB in Definition 3.1 with X = Y = B. For example, the solution
ū(t) of (3.26) is B-uniformly stable in Ω(F )(B-US in Ω(F )), if for any ε > 0 there
exists a δ(ε) > 0 such that |ut(s, φ,G) − v̄t|B < ε for t ≥ s ≥ 0 whenever (v̄, G) ∈
Ω(ū, F ) and |φ− v̄s|B < δ(ε). The other B-stabilities for ū(t) are given in a similar
way; we omit the details.

3.3.3. Stability Properties for Abstract Functional Differential Equa-
tions with Infinite Delay

Combining the above observation with Theorem 3.1 and Lemma 3.3, we get the
following result on B-stabilities (cf. [101]). We emphasize that the additional condi-
tion that B is a uniform fading memory space cannot be removed because a fading
memory space B must be a uniform fading memory space whenever there is a func-
tional differential equation on B which has a B-UAS solution ([107, Theorem 7.2.6],
[159]).

Theorem 3.9 Let B be a uniform fading memory space which is separable, and
suppose that the conditions (H1)–(H4) are satisfied. Then the following statements
are equivalent:
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i) The solution ū(t) of (3.26) is B-UAS.

ii) The solution ū(t) of (3.26) is B-US and B-attractive in Ω(F ).

iii) The solution ū(t) of (3.26) is B-UAS in Ω(F ).

iv) The solution ū(t) of (3.26) is B-WUAS in Ω(F ).

Next we shall construct a quasi-process with X = BCρ associated with (3.28);
here and hereafter, BCρ denotes the space BC which is equipped with the metric ρ
defined by

ρ(φ, ψ) =
∞∑
n=0

1
2n

|φ− ψ|n
1 + |φ− ψ|n

, φ, ψ ∈ BCρ,

where |φ − ψ|n = sup−n≤θ≤0 |φ(θ) − ψ(θ)|X. Then (BC, ρ) is a metric space. Fur-
thermore, it is clear that ρ(φk, φ) → 0 as k → ∞ if and only if φk → φ compactly
on R−.

We first provide an example which shows that a process on BCρ cannot be
always constructed for functional differential equations with infinite delay.

Example 3.1 Consider a scalar delay equation

ẋ(t) =
∞∑
n=1

(1/n3)x(t− n), (3.31)

which is a special case of (3.26) with B = C0
g (R) (g(s) = s + 1), A = 0 and

F (t, φ) =
∑∞
n=1(1/n

3)φ(−n).

It is clear that the conditions (H1)–(H3) are satisfied for this equation. Consider a
sequence {φk} ⊂ BC defined by φk(θ) = 0 if −k ≤ θ ≤ 0, k4 if θ ≤ −k − 1 and
linear if −k − 1 ≤ θ ≤ −k. Clearly φk → 0 in BCρ. Let denote by x(t, s, φ) the
solution of (3.31) through (s, φ). Then

x(1, 0, φk) =
∫ 1

0

∞∑
n=1

(1/n3)φk(s− n)ds

≥ 1/(k + 2)3
∫ 1

0

φk(s− k − 2)ds

≥ k4/(k + 2)3 ≥ 1

for k ≥ 10. Note that x(t, 0, 0) ≡ 0 and x1(0, φk) 6→ x1(0, 0) in BCρ. Hence
the associated mapping w : R+ × R+ × BCρ 7→ BCρ defined by w(t, s, φ) =
xt+s(s, φ), (t, s, φ) ∈ R+ ×R+ × BCρ, is not continuous on R+ ×R+ × BCρ.

From the above example, we see that the concept of processes does not fit in with
the study of the ρ-stabilities in functional differential equations. In what follows, we
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shall consider a subset Y of BCρ and construct a Y-quasi-process on BCρ associated
with (3.26) to overcome the above difficulty.

Let U be a closed and bounded subset of X whose interior U i contains the
closure of the set {ū(t) : t ∈ R}, where ū is the one in (H4). Set

BCUρ = {φ ∈ BCρ : φ(θ) ∈ U for all θ ∈ R−}.

It is clear that BCUρ is a nonempty closed subset of BCρ. With X = BCρ and
Y = BCUρ , we shall construct the quasi-process associated with (3.28). Consider a
function wGρ : R+ ×R+ × BCρ 7→ BCρ defined by

wGρ (t, s, φ) = ut+s(s, φ,G), (t, s, φ) ∈ R+ ×R+ × BCρ,

which is the restriction of wGB to R+ ×R+ × BCρ.

Lemma 3.6 wGρ is a BCUρ -quasi-process on BCρ.

Proof. From (H3) we easily see that wGρ satisfies (p1) and (p2) with X = BCρ.
We shall show that wGρ satisfies (p3) with X = BCρ and Y = BCUρ . Suppose
the condition (p3) is not satisfied for wGρ . Then there exist a point (t̄, s̄, φ̄) ∈
R+ × R+ × BCρ and sequences {tn} ⊂ R+, {sn} ⊂ R+ and {φn} ⊂ BCUρ
such that (tn, sn, φn) → (t̄, s̄, φ̄) in R+ × R+ × BCρ as n → ∞ and that
infn ρ(utn+sn(sn, φn, G), ut̄+s̄(s̄, φ̄, G)) > 0. Then there exists an integer l > 0 such
that infn |utn+sn

(sn, φn, G)−ut̄+s̄(s̄, φ̄, G)|BC([−l,0];X) > 0, and hence there exists a
sequence {τn} ⊂ [−l, 0] such that

inf
n
|u(tn + sn + τn, sn, φ

n, G)− u(t̄+ s̄+ τn, s̄, φ̄, G)|X > 0. (3.32)

Since u(t, s̄, φ̄, G) is continuous in t ∈ R, we get infn |u(tn+sn+τn, sn, φn, G)−u(tn+
s̄+τn, s̄, φ̄, G)|X > 0. Therefore it must hold that tn+τn ≥ 0 for all sufficiently large
n, because of ρ(φn, φ̄) → 0 as n → ∞. Thus we can assume that limn→∞ τn = τ̄
for some τ̄ ∈ [−l, 0] with t̄+ τ̄ ≥ 0. Since limn→∞ |φn − φ|B = 0 by (A2), it follows
from Proposition 3.1 that limn→∞ |utn+sn+τn

(sn, φn, G) − ut̄+s̄+τ̄ (s̄, φ̄, G)|B = 0;
which implies that limn→∞ |u(tn+sn+ τn, sn, φ

n, G)−u(t̄+ s̄+ τ̄ , s̄, φ̄, G)|X = 0 by
(A1-iii). Therefore limn→∞ |u(tn + sn + τn, sn, φ

n, G)− u(t̄+ s̄+ τn, s̄, φ̄, G)|X = 0,
which is a contradiction to (3.32).

The mapping wGρ constructed above is called the BCUρ -quasi-process on BCρ
generated by (3.28).

Now we consider the BCUρ -quasi-process wFρ on BCρ generated by (3.26). By
the same calculation as for wFB , we see that σ(τ)wFρ = wF

τ

ρ , Hσ(wFρ ) = {wGρ :
G ∈ H(F )} and Ωσ(wFρ ) = {wGρ : G ∈ Ω(F )}. Moreover, we see that Hσ(wFρ ) is
sequentially compact and the BCUρ - quasi-process wFB satisfies the condition (p4).
For t ∈ R+, consider a mapping πρ(t) : BCρ ×Hσ(wFρ ) 7→ BCρ ×Hσ(wFρ ) defined
by
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πρ(t)(φ,wGρ ) = (ut(0, φ,G), σ(t)wGρ ), (φ,wGρ ) ∈ BCρ ×Hσ(wFρ ).

Notice that limn→∞ |φn − φ|B = 0 whenever {φn} ⊂ BCUρ satisfies the condition
limn→∞ ρ(φn, φ) = 0. Therefore, repeating almost the same argument as in the proof
of Lemma 3.6, one can see that πρ(t) satisfies the condition (p5) with Y = BCUρ ,
and hence πρ(t) is the skew product flow of wFρ .

Lemma 3.7 The skew product flow πρ(t) is BCUρ -strongly asymptotically smooth.

Proof. It suffices to show that for the set BCUρ ×Hσ(wFρ ) there exists a compact
set J ⊂ BCUρ ×Hσ(wFσ ) with the property that {πρ(tn)(φn, wGn

ρ )} has a subsequence
which approaches to J whenever sequences {tn} ⊂ R+ and {(φn, wGn

ρ )} ⊂ BCUρ ×
Hσ(wFρ ) satisfy limn→∞ tn = ∞ and πρ(t)(φn, wGn

ρ ) ⊂ BCUρ × Hσ(wFρ ) for all t ∈
[0, tn]. This can be done by the same arguments as in the proof of Lemma 3.3. Indeed,
since the set U is bounded in X, putting B = BCUρ ×Hσ(wFρ ) we can construct the
set JB as in the proof of Lemma 3.3. Then the set J := (JB ∩BCUρ )×Hσ(wFρ ) is a
compact set in BCUρ ×Hσ(wFρ ). By virtue of (A2) and Ascoli-Arzéla’s theorem, J has
the desired property, because the function xn(t) in the proof of Lemma 3.3 satisfies
xn(t) ∈ OB and |xn(t)− xn(s)|X ≤ sup{|T (t− s)z − z|X : z ∈ OB}+C1L|t− s| for
any s, t with 1 ≤ s ≤ t ≤ tn and |t− s| ≤ 1.

For any function ξ : R 7→ X such that ξ0 ∈ BCUρ and ξ is continuous on R+, we
define a continuous function µξρ : R+ 7→ BCρ by

µξρ(t) = ξt, t ∈ R+.

It follows from (H4) that µūρ is an integral of the quasi-process wFρ on R+. Let
η > 0 be chosen so that the interior of U contains the η-neighborhood of the set
{ū(t) : t ∈ R}. Then we easily see that (p6) is satisfied with δ1 := η as Y = BCUρ ,
w = wFρ and µ = µūρ because of the inequality |u(t + s, s, φ, F ) − ū(t + s)|X ≤
ρ(wFρ (t, s, φ), µūρ(t)). Also, we get Hσ(µūρ , w

F
ρ ) = {(µv̄ρ, wGρ ) : (v̄, G) ∈ H(ū, F )} and

Ωσ(µūρ , w
F
ρ ) = {(µv̄ρ, wGρ ) : (v̄, G) ∈ Ω(ū, F )}.

The BCUρ -stabilities of the integral µūρ of the quasi-process wFρ yield the ρ-
stabilities with respect to U for the solution ū(t) of (3.26). For example, the solution
ū(t) of (3.26) is ρ-uniformly stable with respect to U in Ω(F )(ρ-US with respect to
U in Ω(F )), if for any ε > 0 there exists a δ(ε) > 0 such that ρ(ūt(s, φ,G), v̄t) < ε
for t ≥ s ≥ 0 whenever (v̄, G) ∈ Ω(ū, F ), ρ(φ, v̄s) < δ(ε) and φ(s) ∈ U for all
s ∈ R−. The other ρ-stabilities with respect to U for ū(t) are given in a similar
way; we omit the details.

The following result is a direct consequence of Theorem 3.9 and Lemmas 3.6
and 3.7.

Theorem 3.10 Let B be a fading memory space which is separable and suppose
that the conditions (H1)–(H4) are satisfied. Also, let U be a closed and bounded
subset of X whose interior contains the closure of the set {ū(t) : t ∈ R}. Then the
following statements are equivalent:



CHAPTER 3. STABILITY METHODS 189

i) The solution ū(t) of (3.26) is ρ-UAS with respect to U .

ii) The solution ū(t) of (3.26) is ρ-US with respect to U and ρ-attractive with
respect to U in Ω(F ).

iii) The solution ū(t) of (3.26) is ρ-UAS with respect to U in Ω(F ).

iv) The solution ū(t) of (3.26) is ρ-WUAS with respect to U in Ω(F ).

In the above, if the terms ρ(ut(σ, φ, F ), ūt) and ρ(ut(σ, φ,G), v̄t) are replaced by
|u(t, σ, F )−ū(t)|X and |u(t, σ,G)−v̄(t)|X respectively, then we have another concept
of ρ-stability, which will be referred to as the (ρ,X)-stability. The equivalence of
these two concepts of ρ-stabilities are given by the following proposition.

Proposition 3.2 Let U be a closed and bounded subset of X whose interior U i

contains the closure of the set {ū(t) : t ∈ R}. Then the solution ū(t) of (3.26) is
ρ-US if and only if it is (ρ,X)-US.

Proof. The proof of the “only if” part is obvious. We shall establish the “if” parts.
Take any ε > 0, (σ, φ) ∈ R+ × BC with φ(s) ∈ U , for all s ∈ U , ρ(φ, ūσ) < δ(ε),
where δ(·) is the one for (ρ,X)-US of the solution ū(t) of (3.26). Then v(t) =
v(t, σ, φ, F ) satisfies

|v(t)− ū(t)|X < ε for t ≥ σ. (3.33)

To estimate ρ(vt, ūt), we first estimate |ūt − vt|j . Let t ≥ σ, and denote by k
the largest integer which does not exceed t − σ. If j ≤ k, then j ≤ t − σ; hence
|ūt − vt|j = sup−j≤s≤0 |ū(t + s) − v(t + s)|X < ε by (3.33). On the other hand, if
j ≥ k + 1, then j ≥ t− σ, hence

|ūt − vt|j = max{ sup
−j≤s≤σ−t

|ū(t+ s)− v(t+ s)|X,

sup
σ−t≤s≤0

|ū(t+ s)− v(t+ s)|X}

≤ max{ sup
−j≤θ≤0

|φ(θ)− ū(σ + θ)|X, sup
σ≤θ

|v(θ)− ū(θ)|X}

< |φ− ū(σ)|j + ε

by (3.33). Then

ρ(vt, ūt) = (
k∑
j=1

+
∞∑

j=k+1

)2−j |vt − ūt|j/[1 + |vt − ūt|j ] + ε

<
k∑
j=1

2−jε/(1 + ε) +
∞∑

j=k+1

2−j [|φ− ūσ|j + ε]/[1 + |φ− ūσ|j + ε]

≤
k∑
j=1

2−jε/(1 + ε) +
∞∑

j=k+1

2−j |φ− ūσ|j/[1 + |φ− ūσ|j ]

< ε+ δ(ε) ≤ 2ε,

which shows that the solution ū(t) of (3.26) is ρ-US with δ(·/2).
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3.4. EQUIVALENT RELATIONSHIPS BETWEEN BC-STABILITIES
AND ρ-STABILITIES

3.4.1. BC-Stabilities in Abstract Functional Differential Equations with
Infinite Delay

Let B be a fading memory space which is separable. We shall discuss some rela-
tionships between BC-stabilities and ρ-stabilities, and extend some results due to
Murakami and Yoshizawa [161] for X = Rn to the case where dimX = ∞.

The solution ū(t) of (3.26) in (H4) is said to be BC-totally stable (BC-TS) if
for any ε > 0 there exists a δ(ε) > 0 with the property that σ ∈ R+, φ ∈ BC
with |ūσ − φ|BC < δ(ε) and h ∈ BC([σ,∞);X) with supt∈[σ,∞) |h(t)|X < δ(ε) imply
|ū(t)− u(t, σ, φ, F + h)|X < ε for t ≥ σ, where u(·, σ, φ, F + h) denotes the solution
of

du

dt
= Au(t) + F (t, ut) + h(t), t ≥ σ, (3.34)

through (σ, φ).
The other BC-stabilities for ū(t) are given in a similar way; we omit the details.

Theorem 3.11 Assume that conditions (H1)–(H4) hold. If ū(t) of (3.26) is BC-
UAS, then it is BC-UAS in Ω(F ) and BC-TS.

Proof. First, we shall show that ū(t) is BC-UAS in Ω(F ).
Let (δ(·), δ0, t0(·)) be the triple for BC-UAS of ū(t), where we may assume

δ0 < δ(1). We first establish that

σ ∈ R+, (v̄, G) ∈ Ω(ū, F ) and |φ− v̄σ|BC < δ(
η

2
)

imply |x(t, σ, φ,G)− v(t)|X < η for t ≥ σ. (3.35)

Select a sequence {tn} with tn →∞ as n→∞ such that (ūtn , F tn) → (v̄(t), G(t, φ))
compactly, and consider any solution x(·, σ+ tn, φ− v̄σ + ūσ+tn , F ). For any n ∈ N,
set xn(t) = x(t + tn, σ + tn, φ − v̄σ + ūσ+tn , F ), t ∈ R. Since the solution ū(t) of
(3.26) is BC-UAS, from the fact that |xnσ − ūσ+tn |BC = |φ − vσ|BC < δ(η/2) it
follows that

|xn(t)− ū(t+ tn)|X <
η

2
for all t ≥ σ and n ∈ N. (3.36)

Observe that the set {xn(σ) : n ∈ N} is relatively compact in X. In virtue of this
fact and (3.36), repeating almost the same argument as in the proof of Lemma
3.5 we can see that the set {xn(t) : t ≥ σ, n ∈ N} is relatively compact in X and
that the sequence {xn} is uniformly equicontinuous on [σ,∞). Thus we may assume
that xn(t) → y(t) compactly on [σ,∞) for some function y(t) : [σ,∞) 7→ X. Since
xn(σ) = φ(0) − v̄(σ) + ū(σ + tn), we obtain y(σ) = φ(0). Hence, if we extend the
function y by setting yσ = φ, then y ∈ C(R,X) and |xnt − yt|B → 0 compactly on
[σ,∞). Letting n→∞ in the relation
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xn(t) = T (t− σ){φ(0)− v̄(σ) + ū(σ + tn)}+
∫ t

σ

T (t− s)F (s+ tn, x
n
s )ds, t ≥ σ,

we obtain

y(t) = T (t− σ)φ(0) +
∫ t

σ

T (t− s)G(s, ys)ds, t ≥ σ,

which means that y(t) ≡ x(t, σ, φ,G) for t ≥ σ by the regularity assumption (H3).
Then (3.35) follows from (3.36) by letting n→∞.

Repeating the above arguments with η = 2, we can establish that

σ ∈ R+, (v̄, G) ∈ Ω(ū, F ) and |φ− vσ|BC < δ0

imply |x(t, σ, φ,G)− v̄(t)|X < ε for t ≥ σ + t0(
ε

2
). (3.37)

Next, we suppose that the solution ū(t) is not BC-TS. Then there exist an ε, 0 <
ε < δ0, sequences {τn} ⊂ R+, {rn}, rn > 0, {φn} ⊂ BC, {hn}, hn ∈ BC([τn,∞);X),
and solutions {x(·, τn, φn, F + hn)} such that, for all n ∈ N,

|φn − ūτn |BC <
1
n

and sup
t≥τn

|hn(t)| <
1
n

(3.38)

and

|zn(τn+ rn)− ū(τn+ rn)|X = ε and |zn(t)− ū(t)|X < ε ∀t ∈ (−∞, τn+ rn), (3.39)

here zn(t) := x(t, τn, φn, F +hn). We first consider the case that {rn} is unbounded.
Without loss of generality, we may assume that

(ūτn+rn−t0 , F τn+rn−t0) → (v̄, G)

compactly, for some (v̄, G) ∈ Ω(ū, F ) and that zn(t+τn+rn− t0) → z(t) compactly
on (−∞, t0] for some function z, where t0 = t0(ε/2). Repeating almost the same
argument as in the proof of the claim (3.35), we see by (3.38) that z satisfies (3.28)
on [0, t0]. Let n→∞ in (3.39) to obtain |z(t)− v̄(t)|X ≤ ε on (−∞, t0] and |z(t0)−
v̄(t0)|X = ε. This is a contradiction, because |z0 − v̄0|BC ≤ ε < δ0 implies |z(t0) −
v̄(t0)|X < ε by (3.37). Therefore the sequence {rn} must be bounded. Thus we may
assume that {rn} converges to some r, 0 ≤ r < ∞. Moreover, we may assume that
{zn(τn+ t)} → ξ compactly on (−∞, r]. Consider the case where the sequence {τn}
is unbounded; hence we may assume that (ūτn , F τn) → (w,H) compactly, for some
(w,H) ∈ Ω(ū, F ). Then ξ(t) satisfies

ξ(t) = T (t)ξ(0) +
∫ t

0

T (t− s)H(s, ξs)ds

on [0, r], and moreover we have |ξ0 − w0|BC = 0 and |ξ(r)− w(r)|X = ε by letting
n→∞ in (3.38) and (3.39). This is a contradiction, because we must have ξ ≡ w on
[0, r] by (H3). Thus the sequence {τn} must be bounded, too. Hence we may assume
that limn→∞ τn = τ for some τ <∞. Then ξ(t− τ) satisfies (3.26) on [τ, τ + r], and
moreover we have |ξ0 − ūτ |BC = 0 and |ξ(r)− ū(τ + r)|X = ε by (3.38) and (3.39).
This again contradicts the fact that the solution ū(t) of (3.26) is BC-UAS.
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3.4.2. Equivalent Relationship between BC-Uniform Asymptotic Sta-
bility and ρ-Uniform Asymptotic Stability

Theorem 3.12 Assume that conditions (H1)–(H4) hold. If the solution ū(t) of
(3.26) is BC-UAS, then it is ρ-US w.r.t.U for any closed bounded set U in X
such that U i ⊃ Oū.

Proof. We assume that the solution ū(t) of (3.26) is BC-UAS but not ρ-US
w.r.t.U ; here U ⊂ {x ∈ X : |x|X ≤ c} for some c > 0. Since the solution ū(t) of
(3.26) is not (ρ,X)-US w.r.t.U as noted in Proposition 3.2 there exist an ε ∈ (0, 1),
sequences {τm} ⊂ R+, {tm} (tm > τm), {φm} ⊂ BC with φm(s) ∈ U for s ∈ R−

and solutions {u(t, τm, φm, F ) =: ûm(t)} of (3.26) such that

ρ(φm, ūτm
) < 1/m (3.40)

and that

|ûm(tm)− ū(tm)|X = ε and |ûm(t)− ū(t)|X < ε on [τm, tm) (3.41)

for m ∈ N. For each m ∈ N and r ∈ R+, we define φm,r ∈ BC by

φm,r(θ) =

 φm(θ) if − r ≤ θ ≤ 0,

φm(−r) + ū(τm + θ)− ū(τm − r) if θ < −r.

We note that |φm,r − ūτm |BC = |φm − ūτm |[−r,0] and

sup{|φm,r − φm|B : m ∈ N} → 0 as r →∞. (3.42)

For, if (3.42) is false, then there exist an ε > 0 and sequences {mk} ⊂ N and
{rk}, rk →∞ as k →∞, such that |φmk,rk − φmk |B ≥ ε for k = 1, 2, · · ·. Put ψk :=
φmk,rk − φmk . Clearly, {ψk} is a sequence in BC which converges to zero function
compactly on R− and supk |ψk|BC < ∞. Then Axiom (A2) yields that |ψk|B → 0
as k → ∞, a contradiction. Furthermore, the set {φm, φm,r : m ∈ N, r ∈ R+} is
relatively compact in B. Indeed, since the set {ūt : t ∈ R+} is relatively compact
in B, (3.40) and Axiom (A2) yield that any sequence {φmj}∞j=1 (mj ∈ N) has a
convergent subsequence in B.

Therefore, it sufficies to show that any sequence {φmj ,rj}∞j=1(mj ∈ N, rj ∈
R+) has a convergent subsequence in B. We assert that the sequence of functions
{φmj ,rj (θ)}∞j=1 contains a subsequence which is equicontinuous on any compact set
in R−. If this is the case, then the sequence {φmj ,rj}∞j=1 would have a convergent
subsequence in B by the Ascoli-Arzéla theorem and Axiom (A2), as required. Now,
notice that the sequence of functions {ū(τmj +θ)} is equicontinuous on any compact
set in R−. Then the assertion obviously holds true when the sequence {mj} is
bounded. Taking a subsequence if necessary, it is thus sufficient to consider the case
mj →∞ as j →∞. In this case, it follows from (3.40) that φmj (θ)− ū(τmj

+ θ) =:
wj(θ) → 0 compactly on R−. Concequently, {wj(θ)} is equicontinuous on any
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compact set in R−, and so is {φmj (θ)}. Therefore the assertion immediately follows
from this observation.

Now, for any m ∈ N, set um(t) = ûm(t+τm) if t ≤ tm−τm and um(t) = um(tm−
τm) if t > tm−τm. Moreover, set um,r(t) = φm,r(t) if t ∈ R− and um,r(t) = um(t) if
t ∈ R+. Since |umt |B ≤ K{1+|ū|[0,∞)}+M |φm|B ≤ K{1+|ū|[0,∞)}+MJc by (3.25)
and (A1-iii), by using the same arguments as in the proof of Lemma 3.5 we see that
{um(t)} is uniformly equicontinuous in C(R+,X). Then it follows from Lemma 3.4
and the relative compactness of the set {φm, φm,r : m ∈ N, r ∈ R+} that the
set W := {um,rt , umt : m ∈ N, t ∈ R+, r ∈ R+} is compact in B. Hence F (t, φ) is
uniformly continuous on R+ ×W by (H1). Define a continuous function qm,r on
R+ by qm,r(t) = F (t+ τm, u

m
t )−F (t+ τm, u

m,r
t ) if 0 ≤ t ≤ tm − τm, and qm,r(t) =

qm,r(tm−τm) if t > tm−τm. Since |um,rt −umt |B ≤M |φm,r−φm|B (t ∈ R+,m ∈ N)
by (A1-iii), it follows from (3.42) that sup{|um,rt − umt |B : t ∈ R+,m ∈ N} → 0 as
r →∞; hence one can choose r = r(ε) ∈ N in such a way that

sup{|qm,r(t)|X : m ∈ N, t ∈ R+} < δ(ε/2)/2,

where δ(·) is the one for the BC-TS of ū(t). Moreover, for this r, select an m ∈ N
such that m > 2r(1 + δ(ε/2))/δ(ε/2). Then 2−r|φm − ūτm |r/[1 + |φm − ūτm |r] ≤
ρ(φm, ūτm) < 2−rδ(ε/2)/[1 + δ(ε/2)] by (3.40), which implies that

|φm − ūτm
|r < δ(ε/2) or |φm,r − ūτm

|BC < δ(ε/2).

The function um,r satisfies um,r0 = φm,r and

um,r(t) = um(t)

= T (t)φm(0) +
∫ t

0

T (t− s){F (s+ τm, u
m
s )}ds

= T (t)φm,r(0) +
∫ t

0

T (t− s){F (s+ τm, u
m,r
s ) + qm,r(s)}ds

for t ∈ [0, tm − τm). Since ūm(t) = ū(t+ τm) is a solution of

du

dt
= Au+ F (t+ τm, ut)

with the same δ(·) as the one for ū(t), from the fact that supt≥0 |qm,r(t)|X <
δ(ε/2)/2 < δ(ε/2) it follows that |um,r(t) − ū(t + τm)|X < ε/2 on [0, tm − τm).
In particular, we have |um,r(tm − τm) − ū(tm)|X < ε or |ûm(tm) − ū(tm)|X < ε,
which contradicts (3.41).

Theorem 3.13 Assume that conditions (H1)–(H4) are hold. Then the solution
ū(t) of (3.26) is BC-UAS if and only if it is ρ-UAS w.r.t.U for any closed bounded
set U in X such that U i ⊃ Oū := {ū(t) : t ∈ R}.

Proof. The “if” part is easily shown by noting that ρ(φ, ξ) ≤ |φ− ξ|BC for φ, ξ ∈
BC. We shall establish the “ only if” part. The solution ū(t) of (3.26) is ρ-US w.r.t.U
by Theorem 3.12. Thus it suffices to establish the following assertion:
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(*) For any ε > 0 there exists a t∗(ε) > 0 such that ρ(φ, ūτ ) < δ1 := δ∗(δ0/4)
with φ(s) ∈ U, s ∈ R−, implies ρ(ut(τ, φ, F ), ūt) < ε for all t ≥ τ+t∗(ε), where
δ∗(·) is the number for ρ-US of ū(t) and δ0 is the number for the BC-UAS in
Ω(F ) of ū(t).

If this assertion is not true, then there exist an ε > 0 and sequences {τk} ⊂
R+, {tk}, tk ≥ τk + 2k, {φk} ⊂ BC, and solutions {u(t, τk, φk, F )} such that

ρ(φk, ūτk
) < δ1, φ

k(s) ∈ U, s ∈ R− (3.43)

and

ρ(utk(τk, φk, F ), ūtk) ≥ ε (3.44)

for all k ∈ N. Since ū(t) is ρ-US, (3.43) and (3.44) imply that

ρ(ut(τk, φk, F ), ūt) <
δ0
4

for all t ≥ τk (3.45)

and ρ(ut(τk, φk, F ), ūt) ≥ δ∗(ε) for all t ∈ [τk, τk + 2k] or

ρ(ut+τk+k(τk, φk, F ), ūt+τk+k) ≥ δ∗(ε) for all t ∈ [−k, k], (3.46)

respectively. Set uk(t) = u(t + τk + k, τk, φ
k) for t ∈ R. Since ρ(φ, ψ) ≥ 2−1|φ −

ψ|1/[1+ |φ−ψ|1] ≥ 2−1|φ(0)−ψ(0)|X/[1+ |φ(0)−ψ(0)|X], we have |φ(0)−ψ(0)|X ≥
2ρ(φ, ψ)/[1− 2ρ(φ, ψ)] whenever ρ(φ, ψ) ≤ 1/2; hence (3.45) implies that

|uk(t)− ū(t+ τk + k)|X ≤ δ0
2− δ0

for all t ∈ [−k, k]. (3.47)

We shall show that the setO := {uk(t) : −k+1 ≤ t ≤ k, k ∈ N} is relatively compact
in X and that {uk(t)} is a family of equicontinuous on any bounded interval in R. To
certify the assertion, we use the Kuratovski’s measure α(·) of noncompactness of set
in X. Let 0 < ν < 1. Since uk(t) is a mild solution of du(t)

dt = Au(t)+F (t+τk+k, ut)
through (−k, φk), we get

uk(t) = T (t+ k)φk(0) +
∫ t

−k
T (t− s)F (s+ τk + k, uks)ds

= T (1)[T (t+ k − 1)φk(0) +
∫ t−1

−k
T (t− 1− s)F (s+ τk + k, uks)ds]

+
∫ t

t−1

T (t− s)F (s+ τk + k, uks)ds

= T (1)[uk(t− 1)] + T (ν)
∫ t−ν

t−1

T (t− s− ν)F (s+ τk + k, uks)ds

+
∫ t

t−ν
T (t− s)F (s+ τk + k, uks)ds
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for t ≥ −k+1. It follows from Axiom (A1-iii), (H2) and (3.47) that sups∈[−k,∞) |F (s+
τk+k, uks)|X =: C2 <∞. Then the set {

∫ t−ν
t−1

T (t−s−ν)F (s+τk+k, uks)ds : t ≥ −k+

1} is bounded in X, and hence T (ν){
∫ t−ν
t−1

T (t−s−ν)F (s+τk+k, uks)ds : t ≥ −k+1}
is relatively compact in X because of the compactness of the semigroup {T (t)}t≥0.
Similarly, one can get the relative compactness of the set T (1){uk(t−1) : t ≥ −k+1}.
Thus we obtain

α(O) ≤ α({
∫ t

t−ν
T (t− s)F (s+ τk + k, uks)ds : t ≥ −k + 1})

≤ C2C3ν,

where C3 = sup0≤τ≤1 ‖T (τ)‖. Letting ν → 0 in the above, we get α(O) = 0;
consequently, O must be relatively compact in X. To certify the assertion on the
equicontinuity, let −k + 1 ≤ s ≤ t ≤ s+ 1. Then

uk(t) = T (t− s)uk(s) +
∫ t

s

T (t− τ)F (τ + τk + k, ukτ )dτ. (3.48)

Hence

|uk(t)− uk(s)|X ≤ |T (t− s)uk(s)− uk(s)|X

+|
∫ t

s

T (t− s)F (τ + τk + k, ukτk
)dτ |X

≤ sup{|T (t− s)z − z|X : z ∈ O}+ C2C3|t− s|.

Since the set O is relatively compact in X, T (τ)z is uniformly continuous in τ ∈ [0, 1]
uniformly for z ∈ O. This observation proves the assertion.

Now, applying the Ascoli-Arzéla theorem and the diagonalization procedure,
one may assume that uk(t) → w(t) compactly on R for some w(t) ∈ BC(R;X).
Then ukt → wt compactly on R by Axiom (A1-iii). Also, we may assume that
(ūτk+k, F τk+k)
→ (v̄, G) compactly on R+×B for some (v̄, G) ∈ Ω(ū, F ). Letting k →∞ in (3.47)
and (3.48), w(t) = u(t, 0, w0, G) on R and |w0 − v̄0|BC ≤ δ0/[2 − δ0] < δ0. Then
|w(t)− v̄(t)|X → 0 as t→∞, by Theorem 3.11. On the other hand, letting k →∞
in (3.46), we have ρ(wt, v̄t) ≥ δ∗(ε) for all t ∈ R, a contradiction. This completes
the proof of Theorem 3.13.

3.4.3. Equivalent Relationship Between BC-Total Stability and ρ-Total
Stability

The bounded solution ū(t) of (3.26) is said to be ρ-totally stable with respect to
U (ρ-TS w.r.t.U) if for any ε > 0 there exists a δ(ε) > 0 with the property that
σ ∈ R+, φ(s) ∈ U for s ∈ R−, with ρ(ūσ, φ) < δ(ε) and h ∈ BC([σ,∞);X) with
supt∈[σ,∞) |h(t)|X < δ(ε) imply ρ(ūt, ut(σ, φ, F + h)) < ε for t ≥ σ.

In the above, if the term ρ(ut(σ, φ, F + h), ūt) is replaced by |u(t, σ, F + h) −
ū(t)|X, then we have another concept of ρ-total stability, which will be referred to
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as the (ρ,X)-total stability ((ρ,X)-TS). As was shown in Proposition 3.2, these
two concepts of ρ-TS are equivalent.

We shall discuss the equivalence between the BC-TS and the ρ-TS, and extend
a result due to Murakami and Yoshizawa [161, Theorems 1]) for X = Rn to the
case of dimX = ∞.

Theorem 3.14 Assume that conditions (H1), (H2) and (H4) hold. Then the solu-
tion ū(t) of (3.26) is BC-TS if and only if it is ρ-TS w.r.t.U for any bounded set U
in X such that U i ⊃ Oū := {ū(t) : t ∈ R}.

Proof. The “if” part is easily shown by noting that ρ(φ, ψ) ≤ |φ−ψ|BC for φ, ψ ∈
BC. We shall establish the “only if” part. We assume that the solution ū(t) of (3.26)
is BC-TS but not (ρ,X)-TS w.r.t.U ; here U ⊂ {x ∈ X : |x|X ≤ c} for some c > 0.
Since the solution ū(t) of (3.26) is not (ρ,X)-TS w.r.t.U , there exist an ε ∈ (0, 1),
sequences {τm} ⊂ R+, {tm}(tm > τm), {φm} ⊂ BC with φm(s) ∈ U, s ∈ R−, {hm}
with hm ∈ BC([τm,∞)), and solutions {u(t, τm, φm, F + hm) := ûm(t)} of

du

dt
= Au(t) + F (t, ut) + hm(t)

such that

ρ(φm, ūτm
) < 1/m and |hm|[τm,∞) < 1/m

and that

|ûm(tm)− ū(tm)|X = ε and |ûm(t)− ū(t)|X < ε on [τm, tm) (3.49)

form ∈ N. Thus if we can show that {um(t)} is a family of uniformly equicontinuous
on R+, where {um(t)} is given by the parallel style as in the proof of Theorem 3.12,
we have the conclusion by using the same arguments as in the proof of Theorem
3.12.

For any m ∈ N, set um(t) = ûm(t+ τm) if t ≤ tm − τm and um(t) = um(t− τm)
if t > tm − τm. Moreover, set um,r(t) = φm,r(t) if t ∈ R− and um,r(t) = um(t)
if t ∈ R+. In what follows, we shall show that {um(t)} is a family of uniformly
equicontinuous functions on R+. To do this, we first prove that

inf
m

(tm − τm) > 0. (3.50)

Assume that (3.50) is false. By taking a subsequence if necessary, we may assume
that limm→∞(tm − τm) = 0. If m ≥ 3 and 0 ≤ t ≤ min{tm − τm, 1}, then

|um(t)− ū(t+ τm)|X =

= |T (t)φm(0) +
∫ t

0

T (t− s){F (s+ τm, u
m
s ) + hm(s+ τm)}ds

−T (t)ū(τm)−
∫ t

0

T (t− s)F (s+ τm, ūs+τm
)ds|X

≤ C2{|φm − ūτm
|1 +

∫ t

0

(2L(H) + 1)ds}

≤ C2{2/(m− 2) + t(2L(H) + 1)},
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whereH = sup{|ūs|B, |ums |B : 0 ≤ s ≤ tm−τm, m ∈ N} and C2 = sup0≤s≤1 ||T (s)||.
Then (3.49) yields that

ε ≤ C2{2/(m− 2) + (tm − τm)(2L(H) + 1)} → 0

as m→∞, a contradiction. We next prove that the set O := {um(t) : t ∈ R+, m ∈
N} is relatively compact in X. To do this, for each η such that 0 < η < infm(tm−τm)
we consider the sets Oη = {um(t) : t ≥ η, m ∈ N} and Õη = {um(t) : 0 ≤ t ≤
η, m ∈ N}. Then α(O) = max{α(Oη), α(Õη)}, where α(·) is the Kuratowski’s
measure of noncompactness of sets in X. Let 0 < ν < min{1, η}. If η ≤ t ≤ tm−τm,
then

um(t) = T (t)φm(0) +
∫ t

0

T (t− s){F (s+ τm, u
m
s ) + hm(s+ τm)}ds

= T (ν)[T (t− ν)um(0) +

+
∫ t−ν

0

T (t− ν − s){F (s+ τm, u
m
s ) + h(s+ τm)}ds]

+
∫ t

t−ν
T (t− s){F (s+ τm, u

m
s ) + h(s+ τm)}ds

= T (ν)um(t− ν) +
∫ t

t−ν
T (t− s){F (s+ τm, u

m
s ) + h(s+ τm)}ds.

Since the set T (ν){um(t − ν) : t ≥ η, m ∈ N} is relatively compact in X because
of the compactness of the semigroup {T (t)}t≥0, it follows that

α(Oη) ≤ C2{L(H) + 1}ν.

Letting ν → 0 in the above, we get α(Oη) = 0 for all η such that 0 < η <
infm(tm − τm). Observe that the set {T (t)φm(0) : 0 ≤ t ≤ η, m ∈ N} is relatively
compact in X. Then

α(O) = α(Õη)
= α({T (t)φm(0)

+
∫ t

0

T (t− s){F (s+ τm, u
m
s ) + h(s+ τm)}ds : 0 ≤ t ≤ η, m ∈ N})

= α({
∫ t

0

T (t− s){F (s+ τm, u
m
s ) + h(s+ τm)}ds : 0 ≤ t ≤ η, m ∈ N})

= C2(L(H) + 1)η

for all η such that 0 < η < infm(tm − τm), which shows α(O) = 0; consequently O
must be relatively compact in X.

Now, in order to establish the uniform equicontinuity of the family {um(t)} on
R+, let σ ≤ s ≤ t ≤ s+ 1 and t ≤ tm − τm. Then
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|um(t)− um(s)|X ≤ |T (t− s)um(s)− um(s)|X +

+|
∫ t

s

T (t− τ){F (τ + τm, u
m
τ ) + h(τ + τm)}dτ |X

≤ sup{|T (t− s)z − z|X : z ∈ O}+ C2{L(H) + 1}|t− s|.

Since the set O is relatively compact in X, T (τ)z is uniformly continuous in τ ∈ [0, 1]
uniformly for z ∈ O. This leads to sup{|um(t)− um(s)|X : 0 ≤ s ≤ t ≤ s+ 1, m ∈
N} → 0 as |t− s| → 0, which proves the uniform equicontinuity of {um} on R+.

3.4.4. Equivalent Relationships of Stabilities for Linear Abstract Func-
tional Differential Equations with Infinite Delay

Next, we consider the case where (3.26) is linear, that is,

(H5) F (t, φ) is linear in φ with supt≥0 |F (t, ·)|X ≤ L.

Theorem 3.15 Assume that the conditions (H2) and (H5) hold. Let B be a fading
memory space. Then the following statements hold:

i) If the null solution of (3.26) is BC-TS, then it is BC-UAS .

ii) Assume that B is a uniform fading memory space. If the null solution of
(3.26) is B-TS then it is B- UAS.

Proof. Claim i). Let σ ∈ R+ and φ ∈ BC with |φ|BC < min(1, δ(1)), where δ(·)
is the one given for the BC-TS of the null solution of (3.26). Then u(t) := u(t, σ, φ)
satisfies |u(t)|X < 1 for all t ∈ R. Now, for any ε > 0, 0 < ε < 1, and α > 0, we set

a(t) := a(t, α, ε) =

 (1 + 2αt)(1 + εαt), t ≥ 0

1, t < 0,

and define v(t) and h(t) by

v(t) = a(t− σ)u(t), t ∈ R

and
h(t) = ȧ(t− σ)u(t) + a(t− σ)F (t, ut)− F (t, vt), t ≥ σ, (3.51)

respectively, where ȧ denotes the right hand derivative of a. Clearly h(t) is contin-
uous in t ≥ σ and it satisfies

|h(t)|X ≤ 2α|u(t)|X + |F (t, a(t− σ)ut − vt)|X
≤ 2α+ L|a(t− σ)ut − vt|B

for t ≥ σ by (H2), because of |ȧ(t)| ≤ 2α for t ≥ 0. We first assert that v(t) is the
(mild) solution of (3.34) with h(t) given by (3.51); that is, v(t) satisfies the relation
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v(t) = T (t− σ)v(σ) +
∫ t

σ

T (t− s){ȧ(s− σ)u(s) + a(s− σ)F (s, us)}ds, (3.52)

for all τ ≥ t > σ. Indeed, one can take sequences {xn} ⊂ D(A) and {hn} ⊂
BC([σ, τ ];X) such that hn is continuously differentiable on [σ, τ ] and |xn−φ(0)|X+
supσ≤t≤τ |hn(t) − F (t, ut)|X → 0 as n → ∞. Set un(t) = T (t − σ)xn +

∫ t
σ
T (t −

s)hn(s)ds and vn(t) = a(t− σ)un(t) for t ∈ [σ, τ ]. Then un(t) → u(t) and vn(t) →
v(t) in X as n → ∞ uniformly for t ∈ [σ, τ ]. From [179, Theorem 4.2.4] it follows
that un is continuously differentiable on (σ, τ ] with (dun(t))(dt) = Aun(t) + hn(t).
Hence vn is continuously differentiable on (σ, τ ] with (dvn(t))(dt) = Avn(t) + ȧ(t−
σ)un(t) + a(t− σ)hn(t). Then, from [179, Corollary 4.2.2] it follows that

vn(t) = T (t− σ)vn(σ) +
∫ t

σ

T (t− s){ȧ(s− σ)un(s) + a(s− σ)hn(s)}ds

for t ∈ [σ, τ ]. Letting n→∞ in the above, we get (3.52) as required.
Now, for each positive integer n we set Sn := sup{|φ|B : φ ∈ BC, |φ|BC ≤ 1

and supp φ ⊂ (−∞,−n]}, where supp φ denotes the support of φ. Observing that
Sn → 0, by (A2), as n→∞, we take so large n := n(ε) that Sn < εδ(1)/(8L), and
then choose α := α(ε) such that 2α(1 + LJn) < δ(1)/2. We claim that |h|[σ,∞) <
δ(1). To see this, for any t ≥ σ we consider functions q, qn and wn in BC defined
by

q(θ) = a(t− σ)u(t+ θ)− v(t+ θ)
= [a(t− σ)− a(t+ θ − σ)]u(t+ θ), θ ≤ 0,

qn(θ) =

 q(θ) if − n ≤ θ ≤ 0,
linear if − n− 1 ≤ θ ≤ −n,

0 if θ ≤ −n− 1,

and wn = q− qn. Then the support of wn is contained in (−∞,−n], and |wn|BC ≤
2 sups∈R |a(s)| ≤ 4/ε. Consequently, |wn|B ≤ (4/ε)Sn < δ(1)/(2L). Also, since
|qn|BC ≤ |q|[−n,0] ≤ 2αn, we get |qn|B ≤ J |qn|BC ≤ 2αJn. Then |h(t)|X ≤ 2α +
L|q|B < δ(1) or |h|[σ,∞) < δ(1) as required. Since the null solution of (3.26) is
BC-TS, we get |v(t)|X < 1 for all t ≥ σ. Hence, if t ≥ σ + (1 − ε)/(εα(ε)), then
|u(t)|X < 1/a(t− σ) < ε, which proves the first claim of the theorem.

Claim ii). Let σ ∈ R+ and φ ∈ B with |φ|B < δ(1), where δ(·) is the one given
for the B-total stability of the null solution of (3.26). In what follows, we employ
the same notation as in the proof of the first claim. Since B is a uniform fading
memory space, we may assume that the functions K(·) and M(·) in (A1) satisfy
supt≥0K(t) =: K < ∞, supt≥0M(t) =: M < ∞ and M(t) → 0 as t → ∞. In
virtue of (A1-iii), we obtain |ut|B ≤ K supσ≤s≤t |u(s)|X +M |uσ|B ≤ K+Mδ(1) for
t ≥ σ. Similarly, we can get supt≥σ |vt|B ≤ (2/ε)K+Mδ(1). Take an t0 := t0(ε) > 0
so that

L(2/ε+ 1)(2K/ε+Mδ(1))M(t0) < δ(1)/2,



200 CHAPTER 3. STABILITY METHODS

and then choose an α := α(ε) > 0 so that

2α{1 + Lt0(K +Mδ(1))} < δ(1)/2.

If t ≥ t0 + σ, then

|h(t)|X ≤ 2α+ L|a(t− σ)ut − vt|B
≤ 2α+ L{K sup

−t0≤θ≤0
|a(t− σ)− a(t− σ + θ)||u(t+ θ)|X

+M(t0)|a(t− σ)ut−t0 − vt−t0 |B}
≤ 2α+ L{2αKt0 + (2/ε+ 1)(2K/ε+Mδ(1))M(t0)}
< δ(1)

by (A1-iii). On one hand, if σ ≤ t ≤ t0 + σ, then

|h(t)|X ≤ 2α+ L{K sup
σ−t≤θ≤0

|a(t− σ)− a(t− σ + θ)||u(t+ θ)|X

+M |a(t− σ)− 1||φ|B}
≤ 2α+ L{2Kα(t− σ) + 2Mα(t− σ)δ(1)}
< δ(1)/2.

We thus obtain |h|[σ,∞) < δ(1). Then the B-UAS of the null solution of (3.26) follows
from the same reasoning as in the proof of the first claim.

It is natural to ask if the additional assumption that B is a uniform fading
memory space can be removed in the second claim of Theorem 3.15. As the following
example shows, however, one cannot remove the assumption, in general.

Example 3.2 For X = R and g(s) = 1− s, we consider the space C0
g constructed

in Section 3.3, and define a functional G : R+ × C0
g 7→ R by

G(t, φ) =
φ(−t)
g(−t)

, (t, φ) ∈ R+ × C0
g .

For each t ∈ R+, G(t, ·) : C0
g 7→ R is a bounded linear operator with ‖G(t, ·)‖ ≤ 1.

Moreover, one can see that G is continuous on R+×C0
g . We now consider the linear

functional differential equation

du

dt
= −u(t) +G(t, ut), t ≥ 0. (3.53)

We first show that the null solution of (3.53) is C0
g -TS. Indeed, if σ ∈ R+, φ ∈ C0

g

with |φ|g < ε/3 and h ∈ BC([σ,∞);R) with |h|[σ,∞) < ε/3, then the solution v(t)
of (d/dt)u = −u(t) +G(t, ut) + h(t), t ≥ σ, through (σ, φ) satisfies

|v(t)| = |e−(t−σ)φ(0) +
∫ t

σ

e−(t−s)(G(s, vs) + h(s))ds|
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≤ |φ(0)|+
∫ t

σ

e−(t−s)(|φ(−σ)|/(1 + s) + |h(s)|)ds

≤ |φ|g +
∫ t

σ

e−(t−s)(|φ|g + |h|[σ,∞))ds

≤ 2|φ|g + |h|[σ,∞) < ε

for t ≥ σ, which shows the C0
g -TS of the null solution of (3.53). We claim that the

null solution of (3.53) is not C0
g -UAS. Indeed, if this is not true, then for any ε > 0

there exists a t0 := t0(ε) > 1 such that supσ≥0 |u(σ+ t0, σ, φ)| < ε whenever φ ∈ C0
g

with |φ|g ≤ 1. For each σ ≥ 0, choose a nonnegative function φσ in C0
g so that

φσ(0) = 0 and |φσ|g = φσ(−σ)/g(−σ) = 1. Then

sup
σ≥0

|u(σ + t0, σ, φ
σ| < ε. (3.54)

On the other hand,

u(σ + t0, σ, φ
σ) = e−t0φσ(0) +

∫ σ+t0

σ

e−(σ+t0−s)G(s, us)ds

=
∫ t0

0

eθ−t0G(θ + σ, uθ+σ)dθ

=
∫ t0

0

eθ−t0(1 + σ)/(1 + θ + σ)dθ

≥
∫ t0

0

eθ−t0dθ · (1 + σ)/(1 + t0 + σ)

≥ (1− e−t0)(1 + σ)/(1 + t0 + σ).

Hence we get supσ≥0 |u(σ+ t0, σ, φ
σ)| ≥ 1−e−t0 > 1−e−1, which is a contradiction

to (3.54). Consequently, the null solution of (3.53) cannot be C0
g -UAS.

As a direct consequence of Theorems 3.11 and 3.15, one can obtain the following
result which is an extension of [93, Theorem] and [98, Theorem 3] with X = Rn to
the case where dimX = ∞.

Theorem 3.16 Let B be a fading memory space, and assume (H1)-(H2) and (H5).
Then the following statements hold.

i) The null solution of (3.26) is BC-TS if and only if it is BC-UAS.

ii) Assume that B is a uniform fading memory space. Then the null solution of
(3.26) is B-TS if and only if it is B-UAS.

We note that in Claim ii) of Theorem 3.16, the additional condition that B is a
uniform fading memory space cannot necessarily be removed as Example 3.2 shows.
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3.5. EXISTENCE OF ALMOST PERIODIC SOLUTIONS

3.5.1. Almost Periodic Abstract Functional Differential Equations with
Infinite Delay

In this section, we assume that B is a fading memory space which is separable.
Now we shall consider the following functional differential equation

du

dt
= Au(t) + F (t, ut), (3.55)

where A is the infinitesimal generator of a compact semigroup {T (t)}t≥0 of bounded
linear operators on X and F (t, φ) ∈ C(R× B;X).

We always impose the following conditions on (3.55) in addition to (H1)–(H2):

(H6) F (t, φ) is almost periodic in t uniformly for φ ∈ B, where F (t, φ) is said to
be almost periodic in t uniformly for φ ∈ B, if for any ε > 0 and any compact
set W in B, there exists a positive number l(ε,W ) such that any interval of
length l(ε,W ) contains a τ for which

|F (t+ τ, φ)− F (t, φ)|X ≤ ε

for all t ∈ R and all φ ∈W .

A sequence {F k} in C(R × B;X) is said to converge to G Bohr-uniformly on
R × B if F k converges to G uniformly on R ×W for any compact set W in B as
k →∞. It is known (e.g. [121], [231, Theorems 2.2 and 2.3]) that F (t, φ) is almost
periodic in t uniformly for φ ∈ B if and only if for any sequence {tk} in R, the
sequence {F (t+ tk, φ)} contains a Bohr-uniformly convergent subsequence.

We denote by H(F ) the set of all functions G(t, φ) such that {F (t + tk, φ)}
converges to G(t, φ) Bohr-uniformly for some sequence {tk}. In particular, Ω(F ) is
the subset of H(F ) for {tk} which tends to ∞ as k →∞. Clearly G(t, φ) is almost
periodic in t uniformly for φ ∈ B if G ∈ H(F ). For ū(t) assured in (H4), we shall
denote by Ω(ū, F ) the set of all (v̄, g) ∈ H(ū, F ) for which there exists a sequence
{tk}, tk → ∞ as k → ∞, such that F (t + tk, φ) → G(t, φ) ∈ H(F ) Bohr-uniformly
and ū(t + tk) → v̄(t) compactly on R. We can see that Ω(ū, F ) is nonempty and
that v̄(t) is the solution of

dv

dt
= Av(t) +G(t, vt), (3.56)

whenever (v̄, G) ∈ Ω(ū, F ).
The following proposition follows from Theorem 3.4, immediately.

Proposition 3.3 Assume that conditions (H1), (H2), (H4) and (H6) hold. If the
solution ū(t) of (3.55) is an asymptotically almost periodic solution, then (3.55) has
an almost periodic solution.
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3.5.2. Existence Theorems of Almost Periodic Solutions for Nonlinear
Systems

We shall discuss the existence of an almost periodic solution of an almost periodic
system (3.55).

Theorem 3.17 Assume that conditions (H1), (H2), (H4) and (H6) hold. If the
solution ū(t) of (3.55) is BC-TS, then it is asymptotically almost periodic in t.
Consequently, (3.55) has an almost periodic solution.

Proof. By Theorem 3.12, the solution ū of (3.55) is ρ -TS w.r.t.U for any bounded
set U in X such that Oū,R+{ū(t) : t ∈ R} ⊂ U i.

For any sequence {τ ′k} such that τ ′k → ∞ as k → ∞, there is a subsequence
{τk} of {τ ′k} and a (v̄, G) ∈ Ω(ū, F ) such that ū(t + τk) → v̄(t) compactly on R
and F (t+ τk, φ) converges to G(t, φ) Bohr-uniformly on R×B. We shall show that
ū(t+ τk) is convergent uniformly on R+.

Suppose that ū(t+τk) is not convergent uniformly on R+. Then, for some ε > 0
there are sequence {tj}, {kj} and {mj} such that

kj →∞,mj →∞ as j →∞,

|ū(τkj + tj)− ū(τmj + tj)|X = ε (3.57)

and

|ū(τkj
+ t)− ū(τmj

+ t)|X < ε on [0, tj). (3.58)

Put vj(t) = ū(τkj
+ t) and wj(t) = ū(τmj

+ t). Since the sequences {vj(t)} and
{wj(t)} converge to v̄(t) uniformly on any compact interval in R, we can assume
that

ρ(vj0, w
j
0) :=

∞∑
J=1

2−J |vj0 − wj0|J/{1 + |vj0 − wj0|J} <
1
j
, j = 1, 2, · · · . (3.59)

The set {vj0, w
j
0 : j ∈ N} is relatively compact in B, because the set Xū,R+ is

compact in B by Lemma 3.5 and vj0 ∈ Xū,R+ . Moreover, the set {vj(t), wj(t) : j ∈
N, t ∈ R+} is contained in the compact set Oū,R+ . From these observations and
Lemma 3.4 it follows that the set W := {vjt , w

j
t : j ∈ N, t ∈ R+} is relatively

compact in B. Consequently,

sup{|F (t+ τk, φ)−G(t, φ)|X : t ∈ R, φ ∈W} → 0 as k →∞. (3.60)

Define a continuous function qj on R+ by

qj(t) =

{
F (t+ τkj , v

j
t )− F (t+ τmj , w

j
t ) 0 ≤ t ≤ tj

qj,r(tj) tj < t.
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By (3.60), we can choose j0 = j0(ε) ∈ N in such a way that

sup{|qj(t)|X : j ≥ j0, t ∈ R+} < δ(ε/2)/2,

where δ(·) is the one for BC-TS of the solution ū(t) of (3.55). Since the function vj

is the solution of
dx

dt
= Ax(t) + F (t+ τmj

, xt) + qj,r(t)

for t ∈ [0, tj ], and since wj(t) is a BC-TS solution of

dx

dt
= Ax(t) + F (t+ τmj

, xt)

with the same δ(·) as the one for ū(t), from the fact that supt≥0 |qj(t)|X < δ(ε/2)
it follows that |vj(t) − wj(t)|X < ε/2 on [0, tj ]. In particular, we have |vj(tj) −
wj(tj)|X < ε, which contradicts (3.58).

The following theorem follows immediately from Theorems 3.11 and 3.17.

Theorem 3.18 Assume that conditions (H1)–(H4) and (H6) hold. If the solution
u(t) is BC-UAS, then it is asymptotically almost periodic in t. Consequently, (3.55)
has an almost periodic solution.

Question. Assume that conditions (H1), (H2) and (H4) hold and F (t, φ) is periodic
(we do not assume the regularity assumption on (3.55)).

i) Does there exist an almost periodic solution of (3.55) if ū is BC-US ?

ii) Does there exist a harmonic solution of (3.55) if ū is BC-UAS ?

The B-stability implies the BC-stability. Therefore, the following results are
direct consequences of Theorem 3.18.

Corollary 3.2 Assume that conditions (H1)–(H4) and (H6) hold. If the solution
ū(t) of (3.55) is B -TS or B -UAS, then it is asymptotically almost periodic in t.
Consequently, (3.55) has an almost periodic solution.

3.5.3. Existence Theorems of Almost Periodic Solutions for Linear Sys-
tems

We consider the case where (3.55) is linear. First, we shall give the existence theorem
of a bounded solution of

du

dt
= Au(t) + F (t, ut) + f(t). (3.61)

Proposition 3.4 Assume that conditions (H1), (H5) and (H6). If the null solution
of (3.55) is BC-TS, then for any bounded and continuous function f(t) defined on
R, (3.61) has a bounded solution defined on R+ which is BC-TS.
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Proof. The solution w(t), w(t) = 0 on R−, of

dw

dt
= Aw(t) + F (t, wt) +

δ(1)
2Q

f(t)

satisfies |w(t)|X < 1 for t ≥ 0, where Q = supt∈R |f(t)|X and δ(1) is the one given
for the BC-TS of the null solution of (3.61). Putting

ū(t) =
2Q
δ(1)

w(t),

ū(t) is a bounded solution of (3.61) and satisfies

|ū(t)|X <
2Q
δ(1)

<∞

on R+.
This ū(t) also is BC-TS with same pair (ε, δ(ε)) as the one for BC-TS of the

null solution of (3.55). Because, if |ūσ − φ|BC < δ(ε) and h ∈ BC([σ,∞);X) with
sup[0,∞) |h(t)|X < δ(ε), then y(t) := u(t, σ, φ, F +f+h)− ū(t) is a solution of (3.55)
through (σ, φ − ūσ) and |y(t)|X = |u(t, σ, φ, F + f + h) − ū(t)|X < ε for all t ≥ σ,
where u(t, σ, φ, F + f + h) denotes the solution of

du

dt
= Au(t) + F (t, ut) + f(t) + h(t), t ≥ σ,

through (σ, φ).

We have the following theorem from Proposition 3.4 and Theorems 3.14 and
3.18, directly.

Theorem 3.19 Assume that conditions (H1), (H5) and (H6) hold. If the null solu-
tion of (3.55) is BC-TS(equivalently, BC-UAS), then for any almost periodic func-
tion f(t), (3.61) has an almost periodic solution.

Question. Assume that conditions (H1), (H4)–(H6) hold. Does there exist an al-
most periodic solution of (3.61) if ū is BC-US ?

Under some additional conditions, we can derive the differentiability of the al-
most periodic solution ensured in Theorem 3.19.

Theorem 3.20 Assume that conditions (H1), (H5) and (H6). Suppose that the
semigroup {T (t)}t≥0 generated by A is analytic and compact, and that F (t, φ) and
f(t) are locally Hölder continuous in t uniformly for φ in bounded sets. Then the
almost periodic solution ensured in Theorem 3.19 is continuously differentiable, and
it satisfies the equation (3.61).
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Proof. By considering A−µI and F (t, φ)+µφ(0) with a sufficiently large constant
µ instead of A and F (t, φ) respectively, it suffices to establish the theorem under
the assumption that

‖T (t)‖ ≤ ce−λt, t ≥ 0; (3.62)

here c and λ are some positive constants. Let p be the almost periodic solution of
(3.61) ensured in Theorem 3.19, and set Q(t) = F (t, pt) + f(t). We claim that the
function Q : R 7→ X is locally Hölder continuous. If the claim holds true, then
the conclusion of the theorem follows from [179, Theorem 4.3.2]. Now, let r be a
constant satisfying r ≥ sup{|pt|B : t ∈ R}, and let ϑ ∈ (0, 1) be the Hölder exponent
for F (t, φ) and f(t). Then there is a constant C such that

|F (t1, φ)− F (t2, φ)|X + |f(t1)− f(t2)|X ≤ C|t1 − t2|ϑ (3.63)

for (t1, φ), (t2, φ) ∈ R × B with |t1| ≤ r, |t2| ≤ r and |φ|B ≤ r. If s ≥ 1 and
0 < h < 1, then

|p(s+ h)− p(s)|X ≤ |T (s+ h)p(0)− T (s)p(0)|X

+|
∫ s+h

0

T (s+ h− τ)Q(τ)dτ −
∫ s

0

T (s− τ)Q(τ)dτ |X

= |
∫ s+h

s

AT (τ)p(0)dτ |X +
∫ s+h

s

|T (s+ h− τ)Q(τ)|Xdτ

+|
∫ s

0

∫ h

0

(−A)1−ϑT (θ)(−A)ϑT (s− τ)Q(τ)dθdτ |X;

here we used the relations

[T (h)− I]x =
∫ h

0

AT (τ)xdτ, x ∈ X,

and
−AT (θ + τ)x = (−A)1−αT (θ)(−A)αT (τ)x,

where x ∈ X, θ > 0, τ > 0, 0 < α ≤ 1, (−A)α, the fractional power of −A,
is well-defined in virtue of (3.62) (cf. [179, Section 2.6]). Using the inequality
‖(−A)αT (τ)‖ ≤ cατ

−αe−λτ for τ > 0 (cf [179, Theorem 2.6.13 (c)]), one can easily
deduce that

|p(s+ h)− p(s)|X ≤ C1h
ϑ, s ≥ 1, 0 < h < 1,

for some constant C1 > 0. Since p(t) is almost periodic, the above inequality must
hold for all s ∈ R. We thus get |pt+h − pt|BC ≤ C1h

ϑ for t ∈ R and 0 < h < 1, and
consequently

|pt+h − pt|B ≤ C2h
ϑ, t ∈ R, 0 < h < 1, (3.64)

by (3.1), where C2 = C1J . Then, if |t| ≤ r and 0 < h < 1, it follows from (3.63)
and (3.64) that
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|Q(t+ h)−Q(t)|X ≤ |F (t+ h, pt+h − pt)|X + |F (t+ h, pt)− F (t, pt)|X
+|f(t+ h)− f(t)|X

≤ {C2 sup
|τ |≤r+1

‖F (τ, ·)‖+ C}hϑ,

which shows the local Hölder continuity of Q(t), as required.

3.6. APPLICATIONS

3.6.1. Damped Wave Equation

Consider the equation utt = uxx − ut + f(t, x, u), t > 0, 0 < x < 1,

u(0, t) = u(1, t) = 0, t > 0,
(3.65)

where f(t, x, u) is continuous in (t, x, u) ∈ R×(0, 1)×R and it is an almost periodic
function in t uniformly with respect to x and u which satisfies

|f(t, x, u)| ≤ 1
6
|u|+ J

and
|f(t, x, u1)− f(t, x, u2)| ≤

1
6
|u1 − u2|

for all (t, x, u), (t, x, u1), (t, x, u2) ∈ R × (0, 1) × R and some constant J > 0. We
consider a Banach space X given by X = H1

0 (0, 1) × L2(0, 1) equipped with the
norm ‖(u, v)‖ = {‖ux‖2L2 + ‖v‖2L2}1/2 = {

∫ 1

0
(u2
x + v2)dx}1/2. Then (3.65) can be

considered as an abstract equation

d

dt

(
u
v

)
= A

(
u
v

)
+
(

0
f(t, x, u)

)
(3.66)

in X, where A is a (unbounded) linear operator in X defined by

A

(
u
v

)
=
(

v
uxx − v

)
for (u, v) ∈ H2(0, 1)×H1

0 (0, 1). It is well known that A generates a C0 -semigroup of
bounded linear operator on X. In the following, we show that each (mild) solution
of (3.66) is bounded in the future, and that it is UAS. Moreover, we show that each
solution of (3.66) has a compact orbit in X. Consequently, one can apply Theorem
3.5 or Corollary 3.2 to the process generated by solutions of (3.66) and its integrals
to conclude that (3.65) has an almost periodic solution which is UAS.

Now, for any solution
(
u(t)
v(t)

)
of (3.66), we consider a function V (t) defined

by
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V (t) =
∫ 1

0

(u2
x + 2λuv + v2)dx

with λ = 1
12 . Since ‖u‖L2 ≤ ‖ux‖L2 for u ∈ H1

0 (0, 1), we get the inequality

11
12

(‖ux‖2L2 + ‖v‖2L2) ≤ V (t) ≤ 13
12

(‖ux‖2L2 + ‖v‖2L2). (3.67)

Moreover, we get

d

dt
V (t) ≤ 2

∫ 1

0

{(λ− 1)v2 − λu2
x − λuv + (λ|u|+ |v|)( |u|

6
+ J)}dx

≤ 2(λ− 1)‖v‖2L2 − 2λ‖ux‖2L2 + λ(ε1‖u‖2L2 + ε−1
1 ‖v‖2L2)

+
λ

3
‖u‖2L2 + λ(ε2‖u‖2L2 + ε−1

2 J2) +
1
6
(ε3‖u‖2L2 + ε−1

3 ‖v‖2L2)

+(ε4‖v‖2L2 + ε−1
4 J2)

for any positive constants ε1, ε2, ε3 and ε4. We set ε1 = 1
10 , ε2 = 1

10 , ε3 = 1
2 and

ε4 = 1
3 to get

d

dt
V (t) ≤ −1

3
‖v‖2L2 −

7
180

‖ux‖2L2 + 4J2. (3.68)

By (3.67) and (3.68), we get

d

dt
V (t) ≤ −C1V (t) + C2

for some positive constants C1 and C2. Then V (t) ≤ e−C1(t−t0)V (t0) + C2
C1

for all
t ≥ t0, and hence supt≥t0 ‖(u(t), v(t))‖X < ∞. Thus each solution of (3.66) is
bounded in the future.

Next, for any solutions
(
u(t)
v(t)

)
and

(
ū(t)
v̄(t)

)
of (3.66), we consider a function

V̄ (t) defined by

V̄ (t) =
∫ 1

0

{(ux − ūx)2 + 2λ(u− ū)(v − v̄) + (v − v̄)2}dx

with λ = 1
12 . By almost the same arguments as for the function V (t), we get

11
12

{‖ux − ūx‖2L2 + ‖v − v̄‖2L2} ≤ V̄ (t) ≤

13
12
{‖ux − ūx‖2L2 + ‖v − v̄‖2L2} (3.69)

and

d

dt
V̄ (t) ≤ −C3V̄ (t) (3.70)
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for some positive constant C3. Then, by (3.69) and (3.70) we get

‖ux(t)− ūx(t)‖2L2 + ‖v(t)− v̄(t)‖2L2 ≤ 11
12
V (t)

≤ 11
12
e−C3(t−t0)V (t0)

≤ e−C3(t−t0){‖ux(t0)− ūx(t0)‖2L2

+‖v(t0)− v̄(t0)‖2L2}

for any t ≥ t0, which shows that the solution
(
u(t)
v(t)

)
of (3.66) is UAS.

Finally, we shall show that each bounded solution (u(t), v(t)) of (3.66) has a
compact orbit. To do this, it sufficies to show that each increasing sequence {τn} ⊂
R+ such that τn →∞ as n→∞ has a subsequence {τ ′n} such that {u(τ ′n), v(τ ′n)}
is a Cauchy sequence in X. Taking a subsequence if necessary, we may assume that
{f(t+τn, x, u)} converges uniformly in (x, u) in bounded sets and t ∈ R. Therefore,
for any γ > 0 there exists an n0 > 0 such that if n > m ≥ n0, then

sup
(t,x,ξ)∈R×(0,1)×O+(u)

|f(t+ τn, x, ξ)− f(t+ τm, x, ξ)|

= sup
(t,x,ξ)∈R×(0,1)×O+(u)

|f(t+ τn − τm, x, ξ)− f(t, x, ξ)| < γ.

Fix n and m such that n > m ≥ n0, and set uτ (t) = u(t+ τ), vτ (t) = v(t+ τ) and
fτ (t, x, ξ) = f(t+ τ, x, ξ) with τ = τn − τm. Clearly, (uτ , vτ ) is a solution of (3.66)
with fτ instead of f .

Consider a function U defined by

U(t) =
∫ 1

0

{(ux − uτx)
2 + 2λ(u− uτ )(v − vτ ) + (v − vτ )2}dx

with λ = 1
12 . Then

11
12
{‖ux − uτx‖2L2 + ‖v − vτ‖2L2} ≤ U(t) ≤ 13

12
{‖ux − uτx‖2L2 + ‖v − vτ‖2L2}

and

d

dt
U(t) ≤ (2λ− 2)‖v − vτ‖2L2 − 2λ‖ux − uτx‖2L2

+2λ
∫ 1

0

|u− uτ |{|v − vτ |+ |f(t, x, u)− fτ (t, x, uτ )|}dx

+2
∫ 1

0

|v − vτ ||f(t, x, u)− fτ (t, x, uτ )|dx.

Since
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|f(t, x, u)− fτ (t, x, uτ )| ≤ |f(t, x, u)− f(t, x, uτ )|+
+|f(t, x, uτ )− fτ (t, x, uτ )|

≤ 1
6
|u− uτ |+ γ,

we get

d

dt
U(t) ≤ −11

6
‖v − vτ‖2L2 −

1
6
‖ux − uτx‖2L2

+
1
12

(
1
10
‖u− uτ‖2L2 + 10‖v − vτ‖2L2) +

1
36
‖u− uτ‖2L2

+
1
12

(
1
2
‖u− uτ‖2L2 + 2γ2)

+
1
6
(ε5‖v − vτ‖2L2 +

1
ε5
‖u− uτ‖2L2) + (ε6‖v − vτ‖2L2 +

1
ε6
γ2)

≤ ‖v − vτ‖2L2(−1 +
ε5
6

+ ε6)

+‖ux − uτx‖2L2(−
1
6

+
1

120
+

1
36

+
1
24

+
1

36ε5
) + (

1
6

+
1
ε6

)γ2.

Putting ε5 = 1 and ε6 = 1
3 , we have

d

dt
U(t) ≤ −C(‖ux − uτx‖2L2 + ‖v − vτ‖2L2) + 4γ2

≤ −C1U(t) + 4γ2,

where C and C1 are some constants independent of γ. Then

U(τm) ≤ e−C1τmU(0) +
4γ2

C1

or

‖ux(τm)− ux(τn)‖2L2 + ‖v(τm)− v(τn)‖2L2 ≤ Ke−C1τm +
8γ2

C1
,

where K = 2U(0). Take n1 ≥ n0 so that Ke−C1τn1 < γ2

C1
. Then

‖ux(τm)− ux(τn)‖2L2 + ‖v(τn)− v(τm)‖2L2 <
9
C1
γ2

if n ≥ m ≥ n1, which shows that {(u(τn), v(τn))} is a Cauchy sequence in X, as
required.

3.6.2. Integrodifferential Equation with Duffusion

We consider the following integrodifferential equation with diffusion
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∂u

∂t
(t, x) =

∂2u

∂x2
(t, x)− u3(t, x)

(3.71)

+
∫ t

−∞
k(t, s, x)u(s, x)ds+ h(t, x), t > 0, 0 < x < π.

In [90, p.85], the equation (3.71) with k ≡ 0 and h ≡ 0 was treated under the Dirich-
let boundary condition, and the uniform asymptotic stability of the zero solution
was derived. In what follows, we shall treat the equation (3.71) under the Neumann
boundary condition

∂u

∂x
(t, 0) =

∂u

∂x
(t, π) = 0, t > 0, (3.72)

and give a sufficient condition under which (3.71) possesses a bounded solution
which is BC-TS. Consequently, one can apply Theorem 3.17 to assure the existence
of an almost periodic solution of (3.71)–(3.72).

We assume that the functions h(t, x) and k(t, s, x) are continuous functions
satisfying 2 < h(t, x) < 7 and 0 ≤ k(t, s, x) ≤ K(t − s) for some continuous
function K(τ) with

∫∞
0
K(τ)dτ < 1/4. Note that one can choose a continuous

nonincreasing function g : R− 7→ [1,∞) so that g(0) = 1, lims→−∞ g(s) = ∞
and

∫∞
0
K(τ)g(−τ)dτ < ∞ (cf. [15]). We now consider the Banach space X =

C([0, π];R), and define the linear operator A in X by

(Aξ)(x) =
d2ξ

dx2
(x), 0 < x < π,

for
ξ ∈ D(A) := {ξ ∈ C2[0, π] : ξ′(0) = ξ′(π) = 0}.

Then the operator A generates a compact semigroup T (t) on X, and (3.71)–(3.72)
is represented as the functional differential equation (5.1) on X with

F (t, φ)(x) = h(t, x)− φ3(0, x) +
∫ 0

−∞
k(t, t+ s, x)φ(s, x)ds

for φ ∈ C0
g (X). We refer to a (mild) solution of (5.1) as a (mild) solution of (3.71)–

(3.72).

Lemma 3.8 Let φ(θ, x) ≡ 3/2 for all (θ, x) ∈ R−× [0, π]. Then the solution u(t, x)
of (3.71)–(3.72) through (0, φ) satisfies the inequality

1 < u(t, x) < 2 on [0,∞)× [0, π].

Proof. It is clear that there exists a (unique) local solution u(t, x) ∈ C([0, a) ×
[0, π]) of (3.71)–(3.72) through (0, φ) for some a > 0. We shall prove that

1 < u(t, x) < 2 on [0, a)× [0, π]. (3.73)
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Then a = ∞ and the conclusion of the Lemma 3.8 must hold. We will prove (3.73)
by a contradiction. Assume that (3.73) is false. Then there exists a t1 ∈ (0, a)
such that 1 ≤ u(t, x) ≤ 2 on [0, t1] × [0, π] and u(t1, x1) = 2 or u(t1, x1) = 1 for
some x1 ∈ [0, π]. Consider a function p(t, x) ∈ C([0, t1]× [0, π]) defined by p(t, x) =∫ t
−∞ k(t, s, x)u(s, x)ds+h(t, x), and choose a sequence {pn(t, x)} ∈ C1([0, t1]×[0, π])

such that 2 ≤ pn(t, x) ≤ 7.5 on [0, t1]× [0, π] and that pn(t, x) → p(t, x) uniformly
on [0, t1]× [0, π] as n→∞. There exists a (classical) solution vn(t, x) of

∂v

∂t
(t, x) =

∂2v

∂x2
(t, x)− v3(t, x) + pn(t, x), 0 < t ≤ t1, 0 < x < π,

∂v

∂x
(t, 0) =

∂v

∂x
(t, 1) = 0, 0 < t ≤ t1,

v(0, x) = 3/2, 0 < x < π.

Clearly, vn(t, x) → u(t, x) uniformly on [0, t1]× [0, π]. We now assert that

3
√

1.9 < vn(t, x) <
3
√

7.6 on [0, t1]× [0, π]. (3.74)

If this assertion holds true, letting n→∞ in (3.74) we obtain 3
√

1.9 ≤ u(t, x) ≤ 3
√

7.6
on [0, t1]× [0, π], which contradicts u(t1, x1) = 1 or u(t1, x1) = 2. Consider the case
(3.74) does not hold true. Then there exists a (t2, x2) ∈ [0, t1] × [0, π] such that
vn(t2, x2) = 3

√
7.6 (or vn(t2, x2) = 3

√
1.9) and that 3

√
1.9 < vn(t, x) <

3
√

7.6 on
[0, t2)× [0, π]. If x2 ∈ (0, π), then ∂2vn/∂x

2 ≤ 0 and ∂vn/∂t ≥ 0 (or ∂2vn/∂x
2 ≥ 0

and ∂vn/∂t ≤ 0) at (t2, x2); consequently 7.5 ≥ pn = −∂2vn/∂x
2 + ∂vn/∂t + v3

n ≥
v3
n = 7.6 (or 2 ≤ pn = −∂2vn/∂x

2 + ∂vn/∂t + v3
n ≤ v3

n = 1.9) at (t2, x2), a
contradiction. Thus we must get 3

√
1.9 < vn(t, x) <

3
√

7.6 for all (t, x) ∈ [0, t2]×(0, π)
and x2 = 0 or x2 = π; say x2 = π. Hence, by the strong maximum principle
[183, Theorem 3.7] we get ∂vn/∂x(t2, π) > 0 (or ∂vn/∂x(t2, π) < 0). But this is a
contradiction, because of ∂vn∂x(t2, π) = 0. Therefore, we must have the assertion
(3.74).

Proposition 3.5 Let u(t, x) be the solution of (3.71)–(3.72) ensured in Lemma 3.8.
Then u(t, x) is BC-TS. Hence, if h(t, x) and k(t, t + s, x) are almost periodic in t
uniformly for (s, x) ∈ R− × [0, π], then u(t, x) is asymptotically almost periodic in
t uniformly for x ∈ [0, π].

Proof. In order to show that u(t, x) is BC-TS, it is sufficient to certify that

|u(t, x)− v(t, x)| < ε, t ≥ σ, x ∈ [0, π], (3.75)

whenever v(t, x) is a solution of

∂v

∂t
(t, x) =

∂2v

∂x2
(t, x)− v3(t, x) +

∫ t

−∞
k(t, s, x)v(s, x)ds
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+h(t, x) + r(t, x), t > σ, 0 < x < π,

∂v

∂x
(t, 0) =

∂v

∂x
(t, π) = 0, t > σ,

where r(t, x) ∈ C([σ,∞)× [0, π]) with supt≥σ,0≤x≤π |r(t, x)| < ε/2 and
supθ≤σ,0≤x≤π |u(θ, x)− v(θ, x)| < ε. Set w(t, x) = u(t, x)− v(t, x). Then w(t, x) is a
(mild) solution of

∂w

∂t
(t, x) =

∂2w

∂x2
(t, x)− w(u2(t, x) + u(t, x)v(t, x) + v2(t, x))

+
∫ t

−∞
k(t, s, x)w(s, x)ds− r(t, x), t > σ, 0 < x < π,

∂w

∂x
(t, 0) =

∂w

∂x
(t, π) = 0, t > σ.

Assume (3.75) is not true. Then there exists an (t3, x3) ∈ (σ,∞)× [0, π] such that
|w(t, x)| < ε on [σ, t3) × [0, π] and |w(t3, x3)| = ε, say w(t3, x3) = ε. Consider a
function V (t, x) defined by V (t, x) = w(t, x) − ε for (t, x) ∈ [σ, t3] × [0, π]. Clearly,
V (t, x) is a (mild) solution of

∂V

∂t
(t, x) =

∂2V

∂x2
(t, x)− (V + ε)(u2(t, x) + u(t, x)v(t, x) + v2(t, x))

+
∫ t

−∞
k(t, s, x)w(s, x)ds− r(t, x), σ < t ≤ t3, 0 < x < π,

∂V

∂x
(t, 0) =

∂V

∂x
(t, π) = 0, σ < t ≤ t3.

If V (t, x) is smooth, then

∂2V

∂x2
(t, x)− ∂V

∂t
(t, x)− (u2(t, x) + u(t, x)v(t, x) + v2(t, x))V (t, x)

= ε(u2(t, x) + u(t, x)v(t, x) + v2(t, x))−
∫ t

−∞
k(t, s, x)w(s, x)ds+ r(t, x)

≥ ε{(v(t, x) + (1/2)u(t, x))2 + (3/4)u2(t, x)} − ε

∫ t

−∞
k(t, s, x)ds− ε/2

> 3ε/4− ε/4− ε/2 = 0

on (σ, t3]× [0, π]. Then, repeating the same argument as in the proof of Lemma 3.8,
we can get a contradiction by applying the strong maximum principle. In the case
V (t, x) is not smooth, we can get a contradiction again by approximating V (t, x)
by some smooth functions as in the proof of Lemma 3.8. Thus we must have (3.75).
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3.6.3. Partial Functional Differential Equation

We consider the scalar partial functional differential equations

∂u

∂t
= ∆u+ F(t, x, ut(·, x)) (3.76)

and
∂u

∂t
= ∆u+ F(t, x, ut(·, x)) + f̄(t, x) (3.77)

in R× Ω together with the boundary condition

∂u

∂n
+ κ(x)u = 0 on R× ∂Ω, (3.78)

where Ω is a bounded domain in RJ with smooth boundary ∂Ω (e.g., ∂Ω ∈ C2+α

for some α ∈ (0, 1)), and ∆ and ∂/∂n respectively denote the Laplacian operator
in RJ and the exterior normal derivative at ∂Ω, and moreover κ ∈ C1+α(∂Ω) with
κ(x) ≥ 0 on ∂Ω. As the space X, we take

X = C(Ω̄),

where Ω̄ is Ω ∪ ∂Ω and C(Ω̄) is the Banach space of all real-valued continuous
functions on Ω̄ with the supremum norm, and we define the operator A by the
closed extension of the operator ∆ with domain D(∆) = {ξ ∈ C2(Ω̄) : ∂ξ/∂n +
κξ = 0 on ∂Ω}. By [212, Theorem 2], A generates an analytic compact semigroup
{T (t)}t≥0 on X. In fact, {T (t)}t≥0 is represented as

[T (t)φ](x) =
∫

Ω

U(t;x, y)φ(y)dy, x ∈ Ω̄, (3.79)

where U(t;x, y) is the fundamental solution of the heat equation with the boundary
condition (3.78) (cf. [68], [116], [108]).

On F and f̄ we impose the following conditions:

(H1’) F : R×Ω̄×C0
g (R) 7→ R is continuous in (t, x, φ) ∈ R×Ω̄×C0

g (R) and linear
in φ; here g is a (fixed) continuous nonincreasing function such that g(0) = 1
and g(s) →∞ as s→ −∞;

(H2’) f̄ : R× Ω̄ 7→ R is continous in (t, x) ∈ R× Ω̄;

(H3’) F(t, x, φ) is almost periodic in t uniformly for (x, φ) ∈ Ω̄×C0
g (R), and f̄(t, x)

is almost periodic in t uniformly for x ∈ Ω̄, where g is the function in (H1’).

Set
B = C0

g (C(Ω̄)),

and define F : R× B 7→ X and f : R 7→ X by

F (t, φ)(x) = F(t, x, φ(·, x)), (t, x, φ) ∈ R× Ω̄× B,
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and
f(t)(x) = f̄(t, x), (t, x) ∈ R× Ω̄,

where φ(·, x) is an element in C0
g (R) defined by φ(θ, x) = φ(θ)(x) for θ ∈ R−, and

g is the function in (H1’). Observe that if the set W is compact in B, then the set
{φ(·, x) : φ ∈ W, x ∈ Ω̄} is compact in C0

g (R). From this fact, we can easily see
that (Hi’) implies (Hi) for i = 1, 2, 3. Then (3.77) together with (3.78) is represented
as the (abstract) equation (3.61). From (3.79) we can see that the (mild) solution
u(·, σ, φ, F + f) of (5.7) through (σ, φ) satisfies the relation

u(t, x) =
∫

Ω

U(t− σ;x, y)φ(y)dy (3.80)

+
∫ t

σ

∫
Ω

U(t− s;x, y){F(s, y, u(s+ ·, y)) + f̄(s, y)}dyds

for (t, x) ∈ [σ,∞)× Ω̄, where u(t, x) = u(t, σ, φ, F + f)(x). Henceforth, the function
u satisfying (3.80) will be called a (mild) solution of (3.77) and (3.78).

In what follows, in order to ensure the BC-TS of the null solution of (3.77) and
(3.78), we consider the following condition;

(H4’) there exist positive constants a and b, a < b, such that

sup
t, x

|F(t, x, ξ) + bξ(0)| ≤ a|ξ|BC , ξ ∈ BC(R−;R).

It is easy to check that if F(t, x, ξ) = −bξ(0) +
∫ 0

−∞ k(t, s, x)ξ(s)ds with

supt, x
∫ 0

−∞ |k(t, s, x)|ds ≤ a < b, then (H4’) is satisfied.

Lemma 3.9 Assume (H1’), (H3’) and (H4’). Then the null solution of (3.77) and
(3.79) is BC-TS.

Proof. Let ε > 0 and σ ∈ R be given. To prove Lemma 3.9, it suffices to certify
that φ ∈ BC(R−;X) with |φ|BC < ε and h ∈ BC([σ,∞);X) with supt≥σ |h(t)|X <
(b− a)ε imply |u(t, σ, φ, h)|X < ε for t ≥ σ. If this is not the case, then there exists
a τ > σ such that |u(τ, σ, φ, h)|X = ε and |u(t, σ, φ, h)|X < ε for t < τ. Set q(t) =
F (t, vt) + bv(t) + h(t) for t ∈ [σ, τ ], where v(t) := u(t, σ, φ, F + f + h). The function
q : [σ, τ ] 7→ X is continuous, and it satisfies |q(t)|X < bε on [σ, τ ] by (H4’). Take a
sequence {Qn} ⊂ C1([σ, τ ] × Ω̄;R) with the properties that Q := sup{|Qn(t, x)| :
t ∈ [σ, τ ], x ∈ Ω̄, n = 1, 2, . . .} < bε and that supσ≤t≤τ |qn(t) − q(t)|X → 0 as
n → ∞, where qn(t)(x) = Qn(t, x), x ∈ Ω̄. Let V n(t, x) be the (classical) solution
of linear partial differential equation

∂u

∂t
= ∆u− bu+Qn(t, x) in (σ, τ ]× Ω

which satisfies the boundary condition (3.78) on (σ, τ ]×∂Ω and the initial condition
V n(σ, x) = φ(0)(x), x ∈ Ω̄. Set vn(t)(x) = V n(t, x) for x ∈ Ω̄. Then vn(t) =
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T (t − σ)φ(0) +
∫ t
σ
T (t − s){−bvn(s) + qn(s)}ds for t ∈ [σ, τ ] (cf. [116, Theorems

2.9.1 and 2.9.2]). Applying Gronwall’s lemma, one can see that vn(t) tends to T (t−
σ)φ(0) +

∫ t
σ
T (t − s){−bv(s) + q(s)}ds = v(t) uniformly on [σ, τ ] as n → ∞. Set

k = max(|φ(0)|X, Q/b), and take a positive integer n0 so that k + 1/n0 < ε. We
claim that

|V n(t, x)| < k + 1/n, (t, x) ∈ [σ, τ ]× Ω̄, (3.81)

for all n ≥ n0. If this claim is not true, then there exists some n ≥ n0 and (t0, x0) ∈
(σ, τ ]×Ω̄ such that |V n(t0, x0)| = k+1/n (say V n(t0, x0) = k+1/n) and |V n(t, x)| <
k+ 1/n on [σ, t0)× Ω̄. Set W (t, x) = V n(t, x)− k− 1/n for (t, x) ∈ [σ, τ ]× Ω̄. Then
W (t0, x0) = 0 and W (t, x) < 0 for all (t, x) ∈ [σ, t0)× Ω̄. Moreover, we get

∂W

∂t
(t, x) =

∂V n

∂t
(t, x)

= ∆W (t, x)− b(W (t, x) + k + 1/n) +Qn(t, x),

and hence ∆W (t, x) − (∂/∂t)W (t, x) − bW (t, x) = b(k + 1/n) − Qn(t, x) ≥
Q − Qn(t, x) ≥ 0 on (σ, t0] × Ω. If x0 ∈ Ω, then W (t, x) ≡ 0 on [σ, t0] × Ω̄
by the strong maximum principle (e.g., [183, Theorems 3.3.5, 3.3.6 and 3.3.7]),
which is a contradiction because of V n(σ, x) = φ(0)(x) < k + 1/n. We thus ob-
tain x0 ∈ ∂Ω and W (t, x) < 0 on [σ, t0] × Ω, and hence ∂W/∂n > 0 at (t0, x0)
by the strong maximum principle, again. However, this is impossible because of
(∂W/∂n)(t0, x0) = (∂V n/∂n)(t0, x0) = −κ(x0)V n(t0, x0) ≤ 0. Consequently, the
claim (3.81) must hold true. Letting n → ∞ in (3.81), we get |v(t)|X ≤ k < ε for
all t ∈ [σ, τ ], which is a contradiction to |v(τ)|X = ε. This completes the proof.

Combining Theorem 3.19 with Lemma 3.9, we can immediately obtain the fol-
lowing result.

Proposition 3.6 Assume (H1’)-(H4’). Then there exists an almost periodic (mild)
solution of (3.77) and (3.78).

Under the additional assumption on F(t, x, ξ) and f̄(t, x), we can deduce the
existence of an almost periodic classical solution of (3.77) and (3.78).

Proposition 3.7 In addition to (H1’)-(H4’), assume that F(t, x, ξ) and f̄(t, x) are
locally Hölder continuous in (t, x) ∈ R × Ω̄ uniformly for ξ ∈ C0

g (R) in bounded
sets. Then there exists an almost periodic classical solution of (3.77) and (3.78).

Proof. Combining Theorem 3.19 with Lemma 3.9, we see that (3.77) has an
almost periodic solution (say, p(t)), which is continuously differentiable and satisfies
(3.78) on R. Set P (t, x) = p(t)(x) for (t, x) ∈ R × Ω̄. Clearly P (t, x) is almost
periodic in t uniformly for x ∈ Ω̄. It remains to prove that P is a classical solution
of (3.77) and (3.78). Set Q(t, x)(= Q(t)(x)) = F(t, x, P (t+ ·, x))+ f̄(t, x) for (t, x) ∈
R×Ω̄. The function Q : R×Ω̄ 7→ R is continuous in (t, x), and moreover it is locally
Hölder continuous in t uniformly for x ∈ Ω̄ as seen in the proof of Theorem 3.20. We
assert that Q(t, x) is Hölder continuous in x ∈ Ω̄ uniformly for t in bounded sets. If
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the assertion is true, then Q(t, x) is Hölder continuous on [s, r] × Ω̄ for any r > s;
consequently P (t, x) =

∫
Ω
U(t− s;x, y)P (s, y)dy+

∫ t
s

∫
Ω
U(t− τ ;x, y)Q(τ, y)dydτ is

a classical solution of (3.77) and (3.78), as required (cf. [116, Theorem 2.7.1]). Now,
in order to prove the assertion we first show that the function x ∈ Ω̄ 7→ P (t+ ·, x) ∈
C0
g (R) is Lipschitz continuous, uniformly for t ∈ R. By the same reason as in the

proof of Theorem 3.20, we can assume that the semigroup {T (t)}t≥0 satisfies (3.62).
Take a constant α with 1/2 < α < 1. Recall that (−A)α, the fractional power of −A,
is a closed linear operator. It is known (e.g., [90, Theorem 1.6.1]) that the Banach
space D((−A)α), which is the space of the definition domain of (−A)α equipped
with the graph norm, is continuously imbedded to the space C1(Ω̄). If t > σ, then

|(−A)αp(t)|X = |(−A)α(T (t− σ)p(σ) +
∫ t

σ

T (t− s)Q(s)ds)|X

≤ cα(t− σ)−αe−λ(t−σ)|p(σ)|X +

+
∫ t

σ

cα(t− s)−αe−λ(t−s)ds · sup
s∈R

|Q(s)|X.

Passing to the limit as σ → −∞, we get supt∈R |(−A)αp(t)|X <∞; hence
supt∈R |P (t, ·)|C1(Ω̄)(=: C) <∞. Then

sup{|x− y|−1|P (t+ θ, x)− P (t+ θ, y)| : t ∈ R, θ ≤ 0, x 6= y} ≤ C,

and consequently

sup{|x− y|−1|P (t+ ·, x)− P (t+ ·, y)|C0
g(R) : t ∈ R, x 6= y} ≤ CJ

by (3.25). Thus the function x ∈ Ω̄ 7→ P (t+ ·, x) ∈ C0
g (R) is Lipschitz continuous,

uniformly for t ∈ R. Therefore, in virtue of the Hölder continuity of F(t, x, ξ) and
f̄(t, x), we can see that Q(t, x) is Hölder continuous in x ∈ Ω̄ uniformly for t in
bounded set, as required.

3.7. NOTES

The concept of processes discussed by Dafermos [53], [54], Hale [77], [78] and Kato,
Marttynyuk and Shestakov [120] is a useful tool in the study of mathematical analy-
sis for some phenomena whose dynamics is described by equations that contain the
derivative with respect to the time variable. Indeed, Hale [77] derived some stability
properties for processes and applied those to get stability results for some kinds of
equations, including functional differential equations, partial differential equations
and evolution equations. These equations have the same property that the space of
initial functions is identical with the phase space and solutions take values at time
t in the phase space.

Hino and Murakami [101], [103] generalize the concept of processes and get a
more extended concept which is called quasi-processes. Furthermore, they discuss
some stability properties for quasi-processes and obtain some equivalence relations
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concerning with stabilities for quasi-processes in connection with those for “limit-
ing” quasi-processes. Theorems 3.1 and 3.2 due to Hino and Murakami [101], [103]
are generalizations of [77, Theorem 3.7.4]. Furthermore, Hino and Murakami [102],
[104] have given existence theorems of almost periodic integrals for almost periodic
processes and almost quasi-processes those include Dafermos’s result [53]. That is,
Theorems 3.3–3.7 and Theorem 3.8 are due to [102], [104], respectively.

For functional differential equations on a uniform fading memory space with X =
Rn, an axiomatic approach and B-stabilities were given by Hale and Kato [79] and
Hino, Murakami and Naito [107]. Henŕiquez [91] extended fundamental theories on
functional differential equations with infinite delay to the case where X is a general
Banach space. Theorem 3.9 is given by Hino and Murakami [101], [103], which is
an extension of results for X = Rn by Hale and Kato [79], Hino [94] and Murakami
[155], [156] to the case of dim X = ∞. For functional differential equations on
a fading memory space with X = Rn, ρ-stabilities properties were discussed by
Hamaya [81], [82], Hamaya and Yoshizawa [83], Murakami [157] and Yoshizawa
[232]. Theorem 3.10 is given by Hino and Murakami [101]. Proposition 3.2 is an
extension of Murakami and Yoshizawa [161] for X = Rn to the case of dimX = ∞.
As pointed out in [15], some integrodifferential equation can be set up as functional
differential equations on a fading memory space (not uniform) and BC-stability is
more practical. Thus the BC-stabilities would seem to be more usual than the ρ-
stabilities. This fact would produce some difficulties when one tries to discuss the
existence of periodic solutions or almost periodic solutions under some BC-stability
assumption. Theorems 3.11–3.13 and 3.14 are due to Hino and Murakami [105] and
[106], respectively. Theses theorems show that equivalent relations established by
Murakami and Yoshizawa [161] for X = Rn hold even for functional differential
equations with infinite delay on a fading memory space B = B((R−;X) with a
general Banach space X.

Theorems 3.15 and 3.16 are due to Hino and Murakami [100]. For a linear ordi-
nary differential equations, Massera [147] proved that the null solution is TS if and
only if it is UAS. For functional differential equations on a uniform fading memory
space B with X = Rn, Hino [93] proved that the null solution of homogeneous
systems is B-TS if it is B-UAS, and that the converse also holds under a mild as-
sumption. Moreover, Hino and Murakami [98] have established a similar relation
for BC-TS and BC-UAS in linear Volterra integrodifferential equations.

For functional differential equations on a uniform fading memory space B with
X = Rn, Hino [92] obtained a result on the existence of almost periodic solutions
by assuming the existence of a bounded solution which is B-TS or B-UAS. Hino and
Murakami [96], Hino, Murakami and Naito [107] and Sawano [194] also obtain results
concerning with the existence of almost periodic solutions of nonhomogeneous lineat
systems under some stability properties of the null solution of homogeneous systems.
Murakami and Yoshizawa [161] have discussed the existence of an almost periodic
solution for functional differential equations on a fading memory space with X = Rn

in the context of BC-stability. For nonhomogeneous systems, see Hino [95] and Hino
and Murakami [98].
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Hino and Murakami [100] have established a result on the existence of an al-
most periodic solution of nonhomogeneous linear systems on a fading memory space
B(R−;X) with a general Banach space X. Theorems 3.17 and 3.18 due to Hino,
Murakami and Yoshizawa [108] would be considered as some extensions of Hino [94,
Theorem 4] and Murakami and Yoshizawa [161, Corollary 1] to the case where X
is a general Banach space, and of Hino and Murakami [97, Theorem 1] to a nonlin-
ear equation. Proposition 3.4 is due to Hino, Murakami and Yoshizawa [109] and
Theorem 3.19 is due to Hino and Murakami [97].

Applications 3.6.1 and 3.6.3 are given by Hino and Murakami [102] and [100],
respectively. Application 3.6.2 is given by Hino and Murakami [99].
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CHAPTER 4

APPENDICES

4.1. FREDHOLM OPERATORS AND CLOSED RANGE
THEOREMS

Let X be a Banach spaces, and T a linear operator from a linear subspace D(T ) of
X to X, where D(T ) denotes the domain of T . Denote by R(T ), N(T ) the range of
T and the null space of T , respectively. For a complex number λ, set Tλ := λI − T,
where I is the identity. The resolvent set, ρ(T ), is the set of λ such thatN(Tλ) = {0},
R(Tλ) = X, and T−1

λ is continuous, where R(Tλ) denotes the closure of R(Tλ). The
set σ(T ) := C \ ρ(T ) is called the spectrum of T . It is classified into three disjoint
subsets: the continuous spectrum Cσ(T ) = {λ ∈ σ(T ) : N(Tλ) = {0}, R(Tλ) = X,
and T−1

λ is not continuous; the residual spectrum Rσ(T ) = {λ ∈ σ(T ) : N(Tλ) =
{0}, R(Tλ) 6= X}; the point spectrum Pσ(T ) = {λ ∈ σ(T ) : N(Tλ) 6= {0}}. If T is a
closed operator, λ ∈ ρ(T ) if and only if N(Tλ) = {0}, R(Tλ) = X.

If λ in Pσ(T ), λ is called the eigenvalue of T , N(Tλ) is called the (geometric)
eigenspace of T with respect to λ, and its dimension is called the geometric mul-
tiplicity of λ, [223, p.163]. The space Mλ := ∪∞n=1N(Tnλ ) is a linear subspace of
X, and is called the generalized eigenspace of T with respect to λ. The dimension
of Mλ is called the algebraic multiplicity of λ,[64, p.9], [223, p.163]. If there is a
positive integer k such that N(T kλ ) = N(T k+jλ ) for all j = 1, 2, · · · , then λ is said to
have finite index and the smallest such k for which this is true is called the index,
or the ascent of λ.

Let T be a compact, linear operator on X: that is, T (B) is relatively compact
in X for every bounded set B of X. Then the Fredholm alternative [195, pp.94]
says that R(I − T ) is closed and dimN(I − T ) = dimN(I − T ∗) is finite, where T ∗

denotes the dual operator of T . In particular, either R(I−T ) = X,N(I−T ) = {0},
or R(I−T ) 6= X,N(I−T ) 6= {0}. This implies that, for λ 6= 0, R(Tλ) is closed, and
either R(Tλ) = X,N(Tλ) = {0}, that is, λ ∈ ρ(T ), or N(Tλ) 6= {0}, R(Tλ) 6= X,
that is, λ ∈ Pσ(T ). Furthermore, the spectrum σ(T ) is a nonempty set, and is either
a finite set or a countable set with the only limit point λ = 0, which belongs to
σ(T ). cf. [240, pp.296-298]. Hence, if λ ∈ σ(T ) and λ 6= 0, then λ ∈ Pσ(T ),R(Tλ)
is closed, dim(X/R(Tλ)) = dimN(Tλ) = dimN(T ∗λ ) is finite and y ∈ R(Tλ) if and
only if (y, x∗) = 0 for all x∗ ∈ N(T ∗λ ). Notice that, if dimX = ∞, then 0 ∈ σ(T ),
see [64, p.5].

Let T be a bounded linear operator from X to a Banach space Y . It is said to
be a Fredholm operator from X to Y if

i) dimN(T ) is finite,

ii) R(T ) is closed,
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iii) dimN(T ∗) is finite.

Recall the following two facts.

iv) N(T ∗) = R(T )⊥.

v) If M is a closed subspace of Y , then codimM = dimM⊥, codimM⊥ = M,
cf. [122, p.140], where M⊥ := {y∗ ∈ Y ∗ :< y, y∗ >= 0 for y ∈ M}, and
codimM = dimY/M, codimM⊥ = dimY ∗/M⊥.

Hence dimN(T ∗) = codimR(T ), that is, the condition iii) is equivalent that

iii)’ codimR(T ) is finite.

If T satisfies the condition ii) and at least one of the conditions i) and iii), it is called
a semi-Fredholm operator. The set of Fredholm operators from X to Y is denoted by
Φ(X,Y ), whereas Φ+(X,Y )(Φ−(X,Y )) denotes the set of semi-Fredholm operators
which satisfies ii) and i)(iii)). If X = Y , Φ(X) := Φ(X,X),Φ±(X) := Φ±(X,X).
If T is a compact operator on X, λI − T is a Fredholm opertor for λ 6= 0 whose
index is zero. These definitions are adopted for closed linear operators provided its
domain is dense.

We will use the closed range property of an operator having a form I − T in
applications of the Chow-Hale fixed point therem for the existence of periodic solu-
tions of periodic linear functional differential equaitons. For this purpose we recall
perturbation results of semi-Fredholm operators. If the perturbation is compact, we
have the following result [195, p.128, p.183].

Theorem 4.1 If T ∈ Φ+(X,Y ) and if K : X → Y is a compact operator, then
T + S ∈ Φ+(X,Y ).

Theorem 4.2 Let T be an injective, closed linear operator from X to Y . Then
R(T ) is closed if and only if there exists a constant c > 0 such that |x| ≤ c|Tx| for
x ∈ D(T ).

Proof. T−1 is a closed operator whose domain is R(T ). If R(T ) is closed, then
T−1 becomes a bounded linear operator from the closed graph theorem. Hence,
there exists a constant c ≥ 0 such that |T−1y| ≤ c|y| for y ∈ R(T ); or |x| ≤ c|Tx|
for x ∈ D(T ).

The converse implication is proved easily.

If T is not injective in the above theorem, we take the quotient space X/N(T ).
Set [x] := x + N(T ) for x ∈ X. Since N(T ) is a closed subspace, this be-
comes a Banach space with the norm |[x]| = inf{|x + y| : y ∈ N(T )}. Define
[T ] : D(T )/N(t) → Y by [T ]([x]) = T (x), x ∈ D(T ). Then R(T ) = R([T ]) and T is
a closed linear operator and R(T ) = R([T ]), see [64, pp.28-29]. Hence we have the
following corollary.
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Corollary 4.1 Let T be a closed linear operator from X to Y . Then R(T ) is closed
if and only if there exists a constant c > 0 such that |[x]| ≤ c|Tx| for x ∈ D(T ).
In particular, if there exists a constant c > 0 such that |x| ≤ c|Tx| for x ∈ D(T ),
R(T ) is closed.

If T is a closed linear operator such that D(T ) = X, it is a bounded linear
operator. Suppose that dimN(T ) is finite. Then there exists a closed subspace Z
of X such that X = N ⊕ Z. Now we define a map π : Z → X/N by π(z) = [z] for
z ∈ Z. Since π is a continuous isomorphism, π−1 is also continuous from the closed
graph theorem. Therefore, there is a constant kZ such that

|[z]| ≤ |z| ≤ kZ |z| for z ∈ Z.

Let PZ be the projection onto N along Z.

Lemma 4.1 Let T be a bounded linear operator from X to Y , and N,Z, PZ , kZ be
defined as in the above. Then the following statements are equivalent.

i) R(T) is closed.

ii) There exists a constant c such that |[x]| ≤ c|Tx| for x ∈ X.

iii) There exists a constant cZ such that |(I − PZ)x| ≤ cZ |Tx| for x ∈ X.

In fact, ii) implies iii) as cZ = ckZ , while iii) implies ii) as c = cZ .

Proof. It suffices to prove that the conditions ii) and iii) are equivalent. If the
condition ii) holds, then

|(I − PZ)x| ≤ kZ |[(I − PZ)x]| ≤ ckZ |T (I − PZ)x| = ckZ |Tx|.

Conversely, if the condition iii) holds, then

|[x]| = |[(I − PZ)x]| ≤ |(I − PZ)x| ≤ cZ |Tx|.

We refer the following result [195, Therem 6.4, p.128] as a perturbation of semi-
Fredholm operators.

Theorem 4.3 Let T ∈ Φ+(X,Y ), and cZ be the constant appearing in the condition
(3) in the foregoing lemma. If S : X → Y is a bounded linear operator satisfying
‖S‖ ≤ 1/2cZ , then T + S ∈ Φ+(X,Y ) and

dimN(T + S) ≤ dimN(T ).

The best possible estimate of kZ is known as follows, cf. [64, p.6] and [181, B.4.9,
pp.29-30, 28.2.6, p.386].

Theorem 4.4 Let N be an n-dimensional subspace of X. Then there exists a pro-
jection P such that R(P ) = N and ‖P‖ ≤

√
n.
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Summarizing these results, we have the folowing perturbation theorem for the
application to the existence of periodic solutions later.

Theorem 4.5 Suppose that T ∈ Φ+(X,Y ). Let dimN(T ) = n, and c be a positive
constant such that |[x]| ≤ c|Tx| for x ∈ X. If S : X → Y is a bounded linear operator
such that ‖S‖ ≤ 1/2c(1 +

√
n), then T + S ∈ Φ+(X,Y ), and dimN(T + S) ≤ n.

Proof. Take a closed subspace Z such that X = N ⊕ Z and that ‖PZ‖ ≤
√
n.

Let x ∈ X, and set (I −PZ)x = z. Suppose y ∈ [z]. Then y = y− z+ z implies that
y − z = PZ(y). Hence

|z| ≤ |z − y|+ |y| ≤ ‖PZ‖|y|+ |y| ≤ (1 +
√
n)|y|.

Since this inequality holds for all y ∈ [z], we have that |z| ≤ (1 +
√
n)|[z]|. Since

[z] = [x], it follows that |(I−PZ)x| ≤ (1+
√
n)|[x]|. Hence |(I−PZ)x| ≤ c(1+

√
n)|Tx|

for x ∈ X: we can take cZ = c(1 +
√
n).

Theorem 4.6 Suppose that T ∈ Φ+(X,Y ). Set dimN(T ) = n. Then there exists
a closed subspace Z of X such that X = N(T )⊕ Z, and Q := T |Z, the restriction
of T to Z, has a bounded inverse, and ‖Q−1‖ ≤ c(1 +

√
n), where c is the constant

in the previous theorem.

Proof. Take the subspace Z as in the proof of the previous theorem. Take a
z ∈ Z. It is represented by z = (I−PZ)x for some x ∈ X. Since TPZx = 0, we have

|z| = |(I − Pz)x| ≤ c(1 +
√
n)|Tx| = c(1 +

√
n)|T (I − PZ)x| = c(1 +

√
n)|Tz|.

This implies the assertion.

4.2. ESSENTIAL SPECTRUM AND MEASURES OF NONCOM-
PACTNESS

Let A be a closed linear operator from X to X. We will use the definition of the
essential spectrum Eσ(A) by Browder [39]. The complex number ζ lies in Eσ(A)
whenever at least one of the following conditions holds:

i) R(ζI −A) is not closed;

ii) ∪n≥0N((ζI −A)n) is of infinite dimension;

iii) The point ζ is a limit point of σ(A).

The point λ 6∈ Eσ(A) is called a normal point of A. If it lies in σ(A), λI−A ∈ Φ+(X)
and we call it the normal eigenvalue of A.

Let T be a bounded linear operator from X to X. The spectral radius rσ(T ) of
T is defined as rσ(T ) = sup{|λ| : λ ∈ σ(T )}, and the following Gelfand formula is
well known
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rσ(T ) = lim
n→∞

‖Tn‖1/n.

Similary the radius of the essential spectral radius re(T ) is defined for Eσ(T ), and
the corresponding formula is given by Nussbaum [176]. To present it, we introduce
the Kuratowskii measure α of noncompactness of bounded sets of X, cf. [80], [215].
Let B be a bounded set of X. We define

α(B) = inf{d > 0 : B has a finite cover of diameter < d}.

For the bounded linear operator T , we define α(T ) as the infimum of k such that
α(TB) ≤ kα(B) for all bounded sets B ⊂ X. Properties of α(B) and α(T ) are
found in these books. In particular, α(B) = 0 if and only if B, the clolsure of B, is
compact; α(T ) = 0 if and only if T is compact; the Nussbaum formula is given as

re(T ) = lim
n→∞

α(Tn)1/n. (4.1)

If α(T ) < 1, then T is called α-contraction. Let C(I, E) be the Banach space
of continuous functions from a compact subset I of R to E with the supremum
norm. If H is a bounded subset of C(I, E), its α-measure is computed as follows,
Set H(t) = {φ(t) : φ ∈ H},H(I) = ∪t∈IH(t). From the definition of α-measure, it
is clear that

sup{α(H(t)) : t ∈ I} ≤ α(H). (4.2)

If H is equicontinuous, the following result holds, [133, Lemma 1.4.2, p.20].

Lemma 4.2 If H is a bounded, equicontinuous set of the space C(I, E), I being a
comapct interval, then

α(H) = α(H(I)) = sup{α(H(t)) : t ∈ I}.

For a bounded set H ⊂ C([a, b], E) and for t ∈ [a, b] we use the following
notations:

ω(δ; t,H) = sup{|φ(r)− φ(s)| : r, s ∈ [t− δ, t+ δ], φ ∈ H}

ω(t,H) = inf{ω(δ; t,H) : δ > 0} = lim
δ→0+

ω(δ; t,H)

and
ω(H) = sup{ω(t,H) : a ≤ t ≤ b}.

The following lemma can be found in [177] which generalizes the above lemma.

Lemma 4.3 Let H be a bounded subset of C([a, b], E). Then

max{(1/2)ω(H), sup
a≤t≤b

α(H(t))} ≤ α(H) ≤ 2ω(H) + sup
a≤t≤b

α(H(t)).



226 CHAPTER 4. APPENDICES

In what follows we will use the measure of noncompatness to verify the compact-
ness of convolution operators. Let T (t) be a C0-semigroup on E. For u ∈ C([a, b], E),
we put

T ∗ u(t) =
∫ t

a

T (t− s)u(s)ds for t ∈ [a, b],

For a subset U ⊂ C([a, b], E) we put T ∗ U = {T ∗ u : u ∈ U}, which is a subset of
C([a, b], E), and (T ∗ U)(t) = {(T ∗ u)(t) : u ∈ U}, which is a subset of E. If T (t) is
compact for t > 0, we can prove directly that H = T ∗U is equicontinuos. However,
we have a more general results in this case.

Let us define
γT := lim

t→0+
sup{‖T (s)‖ : 0 < s ≤ t}.

Then, we have the following theorem.

Theorem 4.7 Let U be a bounded set in C([a, b], E), and T (t) a C0-semigroup on
E. Then, for a < t ≤ b,

ω(t, T ∗ U) ≤ 2γT sup{α(T ∗ U(s)) : a ≤ s ≤ t}.

Proof. Suppose that a < c < t. Set M = sup{α(T ∗ U(s)) : a ≤ s ≤ t}. Let
ε1 > 0. Then the set T ∗ U(c) is covered by a finite set Bi, i = 1, 2, · · · , n of E with
diameter less than M + ε1. For i = 1, 2, · · · , n, take vi ∈ U such that T ∗ vi(c) ∈ Bi.
Let T ∗ u ∈ T ∗ U . Then there exists an index i such that T ∗ u(c) ∈ Bi. Set
f = T ∗ u, gi = T ∗ vi. If c < t1 ≤ t2 ≤ b, we have that

|f(t1)− f(t2)| ≤ |f(t1)− gi(t1)|+ |f(t2)− gi(t2)|+ |gi(t1)− gi(t2)|.

We estimate the right side. Set

N = sup{|T ∗ u(t)| : t ∈ [a, b], u ∈ C}, S = sup{‖T (t)‖ : t ∈ [a, b]}.

Since T ∗ u(c), T ∗ vi(c) ∈ Bi, we have that

|f(t1)− gi(t1)| ≤ ‖T (t1 − c)‖
∣∣∣∣∫ c

a

T (c− s)(u(s)− vi(s))ds
∣∣∣∣

+
∫ t1

c

‖T (t1 − s)‖|u(s)− vi(s)|ds

≤ ‖T (t1 − c)‖|T ∗ u(c)− T ∗ vi(c)|+ 2NS(t1 − c)
≤ ‖T (t1 − c)‖(M + ε1) + 2NS(t1 − c).

The similar estimate is valid for |f(t2)− g(t2)|. As a result we have that

|f(t1)− f(t2)| ≤ (‖T (t1 − c)‖+ ‖T (t2 − c)‖)(M + ε1)
+2NS(t1 − c+ t2 − c) + |gi(t1)− gi(t2)|.

Let ε2 > 0. Since g1, g2, · · · , gn are continuous, there exists a δ(ε2) such that, if
δ < δ(ε2), then |gi(t1) − gi(t2)| < ε2 for i = 1, 2, · · · and for t1, t2 such that |t1 −
t|, |t2 − t| ≤ δ. Thus we have that, if |t1 − t|, |t2 − t| ≤ δ < δ(ε2), then
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|f(t1)− f(t2)| ≤ (‖T (t1 − c)‖+ ‖T (t2 − c)‖)(M + ε1)
+2NS(t1 − c+ t2 − c) + ε2.

Since f ∈ T ∗ U is arbitrary, it follows that, if δ < δ(ε2) and t− δ > c,

ω(δ; t, T ∗ U) ≤ 2 sup{‖T (s)‖ : 0 < s ≤ t+ δ − c}(M + ε1)
+4(t+ δ − c)NS + ε2.

Taking the limit as δ → 0+, we have that

ω(t, T ∗ U) ≤ 2(M + ε1) lim
δ→0+

sup{‖T (s)‖ : 0 < s ≤ t+ δ − c}

+4(t− c)NS + ε2.

Since ε2 is arbitrary,

ω(t, T ∗ U) ≤ 2(M + ε1) lim
δ→0+

sup{‖T (s)‖ : 0 < s ≤ t+ δ − c}+ 4(t− c)NS.

Let c→ t− 0. Then

ω(t, T ∗ U) ≤ 2(M + ε1) lim
r→0+

sup{‖T (s)‖ : 0 < s ≤ r}.

Since ε1 is arbitrary, we obtain that ω(t, T ∗ U) ≤ 2MγT , as desired.

Theorem 4.8 Let U be a bounded set in C([a, b], E), and T (t) be a C0-semigroup
on E. Then

α(T ∗ U) ≤ γT sup{α((T ∗ U)(t)) : a ≤ t ≤ b}.

In particular, if T (t) is a C0-contraction semigroup, then

α(T ∗ U) = sup{α((T ∗ U)(t)) : a ≤ t ≤ b}.

Proof. Set M := sup{α((T ∗ U)(t)) : a ≤ t ≤ b}. Take ε > 0 and a sequence
a = t1 < t2 < · · · < tn < tn+1 = b. Then every set Bj := (T ∗ U)(tj), 1 ≤ j ≤ n
has a finite cover ∪iB(i, j), 1 ≤ i ≤ kj , such that diamB(i, j) < M + ε. For a
multi-index ι := (i1, · · · , in), where 1 ≤ ij ≤ kj , j = 1, · · ·n, we set Vι := {T ∗ u :
(T ∗ u)(tj) ∈ B(ij , j)}. Then T ∗ U ⊂ ∪ιVι. Suppose that T ∗ u, T ∗ v ∈ Vι, and that
tj < t ≤ tj+1, 1 ≤ j ≤ n. Since

T ∗ u(t) = T (t− tj)
∫ tj

a

T (tj − s)u(s)ds+
∫ t

tj

T (t− s)u(s)ds,

we have that

|T ∗ u(t)− T ∗ v(t)| ≤ ‖T (t− tj)‖|T ∗ u(tj)− T ∗ v(tj)|+

+
∫ t

tj

‖T (t− s)‖|u(s)− v(s)|ds.
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Set δ := max{tj+1 − tj : 1 ≤ j ≤ n}, γδ = sup{‖T (s)‖ : 0 < s ≤ δ}, N = diamT ∗ U .
If a ≤ t ≤ b, t 6= tj , 1 ≤ j ≤ n, then

|T ∗ u(t)− T ∗ v(t)| ≤ γδ(M + ε) + δγδN.

Since |T ∗ u(t)− T ∗ v(t)| is continuous, this inequality holds for all t ∈ [a, b]; hence
diamVι ≤ γδ(B + ε) + δγδN , and α(T ∗ U) ≤ γδ(M + ε) + δγδN . Taking a limit
as δ → 0+, we have that α(T ∗ U) ≤ limδ→0+ γδ(M + ε). Since ε > 0 is arbitrary
small, we obtain the first estimate in the lemma.

Since γT ≤ 1 for a contraction semigroup T (t), in view of the inequality 4.2 we have
at once the second assertion in the lemma.

LetH = {f1, f2, · · ·} be a sequence of strongly measurable functions on I := [a, b]
to E, and set H(t) := {fn(t) : n ≥ 1}, t ∈ I, and

S :=

{∫ b

a

fn(t)dt : n ≥ 1

}
.

Is the behaviour of measure of noncompactness like the one of the norm in E with
respect to integration? Heinz [89] gives answers to this problem for the Kuratowskii
measure α and the Hausdorff measure β, where

β(B) := inf{r > 0 : B has a finite cover of balls of radius < r}.

for bounded sets B. Since the discussion is rather simple for the case of β, we present
here his result for β in the very restricted style, and this result is sufficient for our
use. Before proceeding we remark that β(B) ≤ α(B) ≤ 2β(B). Suppose that B is
contained in a closed subspace F of E. If we compute α(B), β(B) by taking the
covering of B in the set F only, we denote α(B,F ), β(B,F ), respectively. However,
it is clear that α(B) = α(B,F ), β(B) = β(B,F ).

We recall defintions of measurability. A function φ : I → E is said to be finitely-
valued if it is constant on each finite number of disjoint measurable subset of I. A
function f is said to be strongly measurable if there exists a sequence of finitely-
valued functions {φn(t)} strongly convergent to f(t) for t ∈ I \ J0 for some J0 ⊂ I
such that µ(J0) = 0, where µ is the Lubesgue measure. Then the set {f(t) : t ∈
I \ J0} is separable.

Let Jn, n ≥ 1, be the null set such that {fn(t) : t ∈ I \ Jn} is separable. Set
J = ∪n≥1Jn, Then J is a null set, and H(t) is separable for t 6∈ J : that is, there
exists a countable set D ⊂ E such that H(t) ⊂ D. Let E1 be the smallest closed
subset of E which contains D. It is the closure of the set of finite linear combinations
c1x1 + c2x2 + · · · + ckxk, xi ∈ D, 1 ≤ i ≤ k. Hence E1 is a separble Banach space,
and H(t) ⊂ E1 for t 6∈ J .

Put
h(t) := sup{|fn(t)| : n ≥ 1}.

If h(t) is integrable on I, the set S defined in the above is a bounded set of E.
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Theorem 4.9 Suppose that E is a separable Banach space. Let

H = {f1, f2, · · ·}

be a sequence of measurable functions from I = [a, b] to E for which h(t) is integrable
on I. Then β(H(t)) is measurable, and

β

({∫ b

a

fn(t)dt : n ≥ 1

})
≤
∫ b

a

β ({fn(t) : n ≥ 1}) dt.

Proof. First, let us approximate β(H(t)) by a sequence of suitable funcions
rk(t), k = 1, 2, · · · , as follows. Let D be a countable set such that D = E, and
let C be the the family of all closed balls with centers in D and with rational radii.
Then C is a countable set. The set of all finite sequences {A1, A2, · · · , Aq} of sets in
C is again countable and can thus be written as a sequence {Ck}, k = 1, 2 · · · , where

Ck = {Ak1 , Ak2 , · · · , Akq(k)}.

Put
Vk := ∪q(k)j=1A

k
j , k ≥ 1,

and define nonnegative simple functions Rk on I by

Rk(t) :=
{
β(Vk) if H(t) ⊂ Vk
∞ otherwise

for k ≥ 1, and R0 = h. Since

{t ∈ I : H(t) ⊂ Vk} = ∩∞n=1f
−1
n (Vk),

and since f−1
n (Vk) are measurable set, Rk is measurble. Finally, set

rk(t) := min{R0(t), R1(t), · · · , Rk(t)}, t ∈ I,

for k ≥ 1. Then cleary β(H(t)) ≤ rk(t) ≤ R0(t) = h(t) for t ∈ I. Moreover, we have

β(H(t)) = lim
k→∞

rk(t)

a.e. on I. In fact, since h(t) is integrable on I, the set I∞ := {t ∈ I : h(t) = ∞}
is a set of measure zero. Suppose that t 6∈ I∞. Then β(H(t)) ≤ h(t) < ∞. Set
ρ = β(H(t)), and let ε > 0. Then there exists a finite number of balls Bj with radii
less than ρ+ ε/3 such that the union of the balls covers the set H(t). Let B be one
of the balls, and let c be its center. Take a point c′ ∈ D such that |c − c′| ≤ ε/3.
For x ∈ B, we have |x− c′| ≤ |x− c|+ |c− c′| ≤ ρ+ 2ε/3. Take a rational number
ρ′ such that ρ + 2ε/3 < ρ′ < ρ + ε, and let B′ be the ball with the center c′ and
with the radius ρ′. Then B ⊂ B′. If we replace each Bj by such a ball, we have a
member Cm of C such that H(t) ⊂ Vm and Rm(t) = β(Vm) ≤ β(H(t)) + ε. Since
β(H(t)) ≤ rk(t) ≤ Rm(t) for k ≥ m, it follows that
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β(H(t)) ≤ rk(t) < β(H(t)) + ε

for k ≥ m. Hence we have proved limk→∞ rk(t) = β(H(t)) a.e. on I.
Thus the proof of the theorem is complete if we prove that, for k ≥ 1,

β(S) ≤
∫ b

a

rk(t)dt.

Let k be fixed. Set
Ji = {t ∈ I \ I∞ : rk(t) = Ri(t)},

for i = 0, 1, 2, · · · , k, and I0 = J0, Ii = Ji \ ∪0≤j≤i−1Jj , 1 ≤ i ≤ k. Then I =
I0 ∪ I1 ∪ · · · ∪ Ik ∪ I∞ is a decomposition by a disjoint measurable sets. Set

Si =
{∫

Ii

fn(t)dt : n ≥ 1
}
.

Since S ⊂ S0 + S1 + · · ·+ Sk + S∞, β(S) ≤ β(S0) + β(S1) + · · ·+ β(Sk) + β(S∞).
Since µ(I∞) = 0, we have S∞ = {0}, and β(S∞) = 0. If we prove

β(Si) ≤
∫
Ii

rk(t)dt

for 0 ≤ i ≤ k, we complete the proof. This is obvious for i = 0 since∣∣∣∣∫
I0

fn(t)de
∣∣∣∣ ≤ ∫

I0

|fn(t)|dt ≤
∫
I0

h(t)dt =
∫
I0

rk(t)dt.

Let 1 ≤ i ≤ k, and t ∈ Ii. Then H(t) ⊂ Vi and Ri(t) = β(Vi); othewise, Ri(t) = ∞,
which is impossible since Ri(t) ≤ R0(t) = h(t) <∞ for t ∈ Ii. As is well known from
the integration theory, this implies that Si ⊂ µ(Ii)coVi, where coVi is the convex
closure of Vi. Hence we have

β(Si) ≤ β(µ(Ii)coVi) = µ(Ii)β(Vi) =
∫
Ii

Ri(t)dt =
∫
Ii

rk(t)dt.

Corollary 4.2 Let K be a countable or uncountable family of measurable functions
on I = [a, b] to E such that h(t) := sup{|f(t)| : f ∈ K} is integrable on I. Assume
that K(t) := {f(t) : f ∈ K} is relatively compact in E for t a.e. on I. Then the set

T =

{∫ b

a

f(t)dt : f ∈ K

}

is relatively compact in E.

Proof. It suffices to prove that any sequence of T has a convergent subsequence.
Let S be a sequence of T made of a sequence H = {f1, f2, · · ·} in K. As ramarked
before the previous theorem, there exists a separable closed subset E1 of E and null
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set J ⊂ I such that H(t) ⊂ E1. For n = 1, 2, · · · , Redefine fn(t) = 0 for t ∈ J . Then
the integral of fn does not change, fn(t) ∈ E1 for t ∈ E1 and S ⊂ E1. Hence we
have

β(S,E1) ≤
∫ b

a

β(H(t), E1)dt =
∫
I\J

β(H(t), E1)dt.

Since β(H(t), E1) = β(H(t), E), and since β(H(t), E) = 0 a.e. on I, the last integral
is zero. Hence β(S,E) = β(S,E1) = 0, which implies S is relatively compact.

4.3. SUMS OF COMMUTING OPERATORS

In this section we collect some known notions and results concerning spectral prop-
erties of sums of commuting operators. Throughout the paper we always assume
that A is a given operator on X with ρ(A) 6= � , (and thus it is closed).

We recall now the notion of two commuting operators.

Definition 4.1 Let A and B be operators on a Banach space G with non-empty
resolvent set. We say that A and B commute if one of the following equivalent
conditions hold:

i) R(λ,A)R(µ,B) = R(µ,B)R(λ,A) for some (all) λ ∈ ρ(A), µ ∈ ρ(B),

ii) x ∈ D(A) implies R(µ,B)x ∈ D(A) and AR(µ,B)x = R(µ,B)Ax for some
(all) µ ∈ ρ(B).

For θ ∈ (0, π), R > 0 we denote Σ(θ,R) = {z ∈ C : |z| ≥ R, |argz| ≤ θ}.

Definition 4.2 Let A and B be commuting operators. Then

i) A is said to be of class Σ(θ+ π/2, R) if there are positive constants θ,R such
that θ < π/2, and

Σ(θ + π/2, R) ⊂ ρ(A) and sup
λ∈Σ(θ+π/2,R)

‖λR(λ,A)‖ <∞,

ii) A and B are said to satisfy condition P if there are positive constants
θ, θ′, R, θ′ < θ such that A and B are of class Σ(θ + π/2, R),Σ(π/2 − θ′, R),
respectively.

If A and B are commuting operators, A+B is defined by (A+B)x = Ax+Bx
with domain D(A+B) = D(A) ∩D(B).

In the sequel we will use the following topology, defined by A on the space X,
‖x‖TA

:= ‖R(λ,A)x‖, where λ ∈ ρ(A). It is seen that different λ ∈ ρ(A) yields
equivalent norms. We say that an operator C on X is A-closed if its graph is closed
with respect to the topology induced by TA on the product X×X. It is easily seen
that C is A-closable if xn → 0, xn ∈ D(C), Cxn → y with respect to TA in X implies
y = 0. In this case, A-closure of C is denoted by C

A
.
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Theorem 4.10 Assume that A and B commute. Then the following assertions
hold:

i) If one of the operators is bounded, then

σ(A+B) ⊂ σ(A) + σ(B).

ii) If A and B satisfy condition P , then A+B is A-closable, and

σ((A+B)
A
) ⊂ σ(A) + σ(B).

In particular, if D(A) is dense in X then (A+B)
A

= A+B , where A+B
denotes the usual closure of A+B.

Proof. For the proof we refer the reader to [11, Theorems 7.2, 7.3].

Note that the assertion ii) of Theorem 4.10 can be improved a little.

Proposition 4.1 Let A and B be commuting operators such that there are positive
constants R, γ, δ, 0 < θ′ < θ < π, 1 < γ + δ and

i)
Σ(θ + π/2, R) ⊂ ρ(A) and sup

λ∈Σ(θ+π/2,R)

|λ|γ‖R(λ,A)‖ <∞,

ii)
Σ(π/2− θ′, R) ⊂ ρ(B) and sup

λ∈Σ(π/2−θ′,R)

|λ|δ‖R(λ,B)‖ <∞.

Then the assertion ii) of Theorem 4.10 holds also true.

Proof. The proof of the proposition can be taken from that of [11, Theorem 7.3]
by taking into account the convergence of all the integrals used in the proof of [11,
Theorem 7.3].

4.4. LIPSCHITZ OPERATORS

Let X and Y be given Banach spaces over the same field R, C. An operator A :
X → Y is called Lipschitz continuous if there is a positive constant L such that

‖Ax−Ay‖Y ≤ L‖x− y‖X, ∀x, y ∈ X.

For a Lipschitz continuous operator A the following

‖A‖ := sup
x,y∈X, x 6=y

‖Ax−Ay‖/‖x− y‖

is finite and is called the Lipschitz constant of A. The set of all Lipschitz continuous
operators from X to Y is denoted by Lip(X;Y) and Lip(X;X) = Lip(X) for short.
A member A ∈ Lip(X) is said to be invertible if there is a B ∈ Lip(X) such that
A ·B = B ·A = I. B is called the inverse of A and is denoted by A−1
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Theorem 4.11 (Lipschitz Inverse Mapping) Let X be a Banach space, A is an
invertible member of Lip(X) and B is a member of Lip(X) such that ‖B‖·‖A−1‖ <
1. Then A+B is invertible in Lip(X) and

‖(A+B)−1‖ ≤ ‖A−1‖(1− ‖B‖ · ‖A−1‖)−1.

Proof. We first prove the following assertion: If A ∈ Lip(X) such that ‖A‖ < 1.
Then (I −A) is invertible in Lip(X) and

‖(I −A)−1‖ ≤ (1− ‖A‖)−1. (4.3)

In fact, for x, y ∈ X

‖(I −A)x− (I −A)y‖ ≥ ‖x− y‖ − ‖Ax−Ay‖ ≥ (1− ‖A‖)‖x− y‖.

Thus I −A is injective. If z, w ∈ R(I −A), then

‖(I −A)−1z − (I −A)−1w‖ ≤ (1− ‖A‖)−1‖z − w‖.

For x ∈ X by induction we can prove that

‖Bn+1x−Bnx‖ ≤ ‖A‖n‖Ax‖, ∀n = 0, 1, 2, ...

where by induction we define B0 := I, Bn := I +ABn−1, ∀n = 1, 2.... Indeed, this
holds true for n = 0, so if we assume it to be true for n− k, then

‖Bk+1x−Bkx‖ = ‖ABkx−ABk−1x‖
≤ ‖A‖ · ‖Bkx−Bk−1x‖
≤ ‖A‖ · ‖A‖k−1‖Ax‖,

so the assertion follows by induction. For any positive integer p,

‖Bn+px−Bnx‖ =

∥∥∥∥∥
p−1∑
k=0

(Bn+k+1x−Bn+kx)

∥∥∥∥∥
≤

p−1∑
k=0

‖(Bn+k+1x−Bn+kx)‖

≤
p−1∑
k=0

‖A‖n+k‖Ax‖ ≤ ‖An‖‖Ax‖(1− ‖A‖)−1.

Since ‖A‖ < 1 and X is a Banach space, Cx = limm→∞Bmx exists for all x ∈ X
and

‖Cx−Bnx‖ = lim
p→∞

‖Bn+px−Bnx‖ ≤ ‖A‖n‖Ax‖(1− ‖A‖)−1.

Since A is continuous,

Cx = lim
n→∞

Bnx = lim
n→∞

(I −ABn−1)x = x+ACx.
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This shows that C = I + AC, so C is a right inverse of I − A, i.e. (I − A)C = I.
Finally, this shows the surjectiveness of I − A, proving the assertion that I − A is
invertible in Lip(X).

We are now in a position to prove the theorem. In fact, we have (A + B) =
(I+BA−1)A and ‖BA−1‖ ≤ ‖B‖·‖A−1‖ < 1. By the above assertion, (I+BA−1)−1

exists as an element of Lip(X). Hence (A+B)−1 = A−1(I +BA−1)−1. and

‖(I +BA−1)−1‖ ≤ (1− ‖B‖ · ‖A−1‖)−1.

A modification of the above theory for Lipschitz continuous operators from a
Banach space X to another Banach space Y can be easily made. For instance, the
following is true:

Theorem 4.12 Let A be an invertible member of Lip(X,Y). Then for sufficiently
small positive k, the operator A+B is an invertible member of Lip(X,Y) if ‖B‖ < k.

Proof. Set C = A−1(A + B) − I. Then C is a member of Lip(X), and for all
x, y ∈ X,

‖Cx− Cy‖X = ‖(A−1(A+B)−A−1A)x− (A−1(A+B)−A−1A)y‖
≤ ‖A−1‖ · ‖B‖ · ‖x− y‖.

Thus for sufficietly small positive k, I + C is invertible, so is A+B.
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115. H. Ishii, On the existence of almost periodic complete trajectories for contractive
almost periodic processes, J. Diff. Eq. 43 (1982), no. 1, 66–72.

116. S. Itô, ”Diffusion Equations”, Kinokuniya, Tokyo, 1979 (in Japanese).

117. R. Johnson, A linear almost periodic equation with an almost automorphic solution,
Proc. Amer. Math. Soc. 82 (1981), no. 2, 199–205.



REFERENCES 241

118. M.A. Kaashoek, S.M. Verduyn-Lunel, An integrability condition on the resolvent for
hyperbolicity of the semigroup, J. Diff. Eq. 112(1994), 374-406.

119. A. G. Kartsatos, On the compactness of the evolution operator generated by certain
nonlinear Ω-accretive operators in general Banach spaces, Proc. Amer. Math. Soc. 123
(1995), no. 7, 2081–2091.

120. J. Kato, A.A. Martynyuk, A.A. Shestakov, ”Stability of motion of nonautonomous
systems (method of limiting equations)”. Stability and Control: Theory, Methods and
Applications, 3. Gordon and Breach Publishers, Amsterdam, 1996.

121. J. Kato, Uniformly asymptotic stability and total stability, Tohoku Math. J. 22
(1970), 254-269.

122. T. Kato, ”Perturbation Theory for Linear Operators”, Springer-Verlag, 1966.

123. S. Kato, Almost periodic solutions of functional differential equations with infinite
delays in a Banach space, Hokkaido Math. J. 23(1994), 465-474.

124. S. Kato, M. Imai, Remarks on the existence of almost periodic solutions of systems
of nonlinear differential equations, Nonlinear Anal. 25(1995), N. 4, 409-415.

125. S. Kato, Y. Sekiya, Existence of almost periodic solutions of nonlinear differential
equations in a Banach space, Math. Japon. 43 (1996), no. 3, 563–568.

126. Y. Katznelson, ”An Introduction to Harmonic Analysis”, Dover Publications, New
York , 1968.

127. N. Kenmochi, M. Otani, Nonlinear evolution equations governed by subdifferential
operators with almost periodic time-dependence, Rend. Accad. Naz. Sci. XL Mem.
Mat. (5) 10 (1986), no. 1, 65–91.
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decomposition of solution operators,
110

equation in the hull, 179
essential spectral radius, 225
essential spectrum, 224
evolution semigroup, 31
evolutionary process, 32

fading memory space, 177
Fourier- Carleman transform, 25

generalized solution, 156

integer and finite basis, 86
integral of the quasi-process, 164

Kuratowski’s measure of noncompact-
ness, 181

limiting equation, 179
limiting quasi-processes, 164
Lipschitz Inverse Mapping, 233

mild solution of functional evolution
equation, 62

mild solution of higher order equa-
tions, 56

mild solution on R, 48
mildly admissible, 49
monodromy operator, 35

normal point, 224
Nussbaum formula, 225

operator LM, 49

point spectrum, 14
processes, 163

quasi-process, 163

regular, 180
relatively dense, 26
residual spectrum, 14

semi-Fredholm operator, 222
semigroup of type ω, 17, 144
separation condition, 172
skew product flow, 164
solution on R, 48
solution operator U(t, σ), 110
Spectral Decomposition Theorem, 82
spectral inclusion, 13
spectral mapping theorem, 11
spectral radius, 224
spectral separation condition, 85
spectrum of a function, 25
spectrum of a sequence, 133
strongly asymptotically smooth, 164
strongly continuous group, 14
strongly continuous semigroup, 7

totally ergodic, 29
trigonometric polynomial, 26
type number, 122

ultimate boundedness, 151
uniform fading memory space, 177

weak spectral mapping theorem, 15
weakly admissible, 48


